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On the representation of the integer by positive
guadratic forms with square-free variables

by

E. V. PoosyraNIN (Leningrad)

1. Introduction. Liot

k
F = By ooy @) = 2 Ay (B = 8y, L4, 5 h)
~ ti=1

be a positive quadratic form with integral coetficients @y, ..., t 201,
.oy 20y, 5 and determinant D - det{a) == 0. k(f, n) denotes the num-
ber of representations of the posifive integer » by the quadratic form f
with square-free variables, i.e. the number of solutions of the equation
i) =N ‘
in sgquare-free integers ., ..., #,. Estermann [1] has ebtained the asym-
ptotic value of E(f,n) for k=5 and f == a%+ ... +}; he has also con-
gidered the singular series (see also [3]). In [11] improvement has been ob-
tained for the error term in the Bstermann formula(?).

In the present paper we consider the agymptotie value of E(f, fn,)
in the case when f is an arbitrary positive guadratic form in % > 4 variables.
We deduce the following '

—3

k
TaeogeM 1. Let k=24, ¢ = ——
1o Let k=% o = 90Ty

£>=0 — an arbitrary positive
number. Then .

Tck,'z :

D1/21‘r(k/2) G(f? ﬂ") ﬂkm_l + O (%k,lﬂ—l—a+s)

(2) E(f,n) =

where G(f, ») s the singular series:

G(f,n) = 5’” mﬂmﬁwm

i 1 ,ik*I

{1) Unfortunatly, izsues [5], [8] have been fotmd to be mistaken (see [Ijl]).

-
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here u(t) 48 Mobius’ funetion,

A = f(#@s, -5 Ga)y

S ! i
By = D 50, 00~ )

g=1 h{mod g)

3(3) = ezm'z’

a
Sy @ = D el (o, ey )/ 0)5

[ Treacs zp=1

the constant implied in O depends only on f and e.

In § 7 we obtain estimates for the singular series G(f,n). We find
that there is a finite set P, of prime numbers p and integers N, such
that if the congruences

(3) fl@y, +oey ) = n(mod p™p)
are soluble in integers w, ..., &, not divisible by p? for each pe Py, then

G(f,m) > G0

for some G¥ > 0. Otherwise G(f,n) = 0.

From Theorems 1 and 2 it follows that for sufficiently large » the
equation (1) is soluble in square-free integers y,...,®, provided that
congruences (3) are soluble.

The singular series &(f, #) has been considered in [9] for % > 5. Bub
one can apply arguments of that paper, strictly speaking only for diagonal
forms f = a; 8+ ... +a%h. _

A combination of methods of this paper and [11] gives (for % 2= 6)

5

the agymptotic formula for R(f, n) with the error term O(n:"'—ﬁs).

A remark on notation & denotes a positive number as small
as we please. The constant implied in O-notation will depend only on f
and e For two vectors @ ={a,,...,a;),b = (by,..., b;) we define ab
= (@ by, .-y B,0;). - Thronghout this paper the vector &= {&,...,%)
will have sguare-free coordinates.

.‘~"(t_):= #(E) - .U'_(tk):

t<a 1gh=<a I sa

In the sum 3" the index % runs the reduced. system of residues mod g.
h{mod ¢) . .

iom

e P
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2, Preliminary results. For any positive integers i, ..., I, we write

fe =f(x) Z'"fil....,tk(mla ceey @) = T ooy ),

X o= (@yy eeey B3

(4)

Lot N (fe, n) and N*(f;, n) denote the number of solutions of the equation

(5) Je(®) =n

in integers and non-zero integers x,, ..., &, respectively.
ImMMA 1. There is a constant ¢ = ¢{f) such that for any solulion
x = (@y, -, D) of the equation (1) we have

(6) o) < ent® (i =1, ..., k).

Proof. In the rational field f is equivalent to & diagonal form, say,
a4 . FapyE e > 0,00, ;> 0, and

{(Bry vres Bp) = Yoy o oos Y2} 8

for some mabrix 8§ = (8;)f;o. I @y, ..., 3, 8 a solution of the equation
(1), then

~lpth

lysl << a5 (i =1,...; k),

hence

2] < % - max |8y - maxly) <eo(f)n? =en®  (i=1,...,k).
lﬁi,jgk 1415%3‘;

COROLLARY. The equation (B) does not have any non-zero indeger solutions
provided

(7) max |t > ¢Patt.
1<ish

Indeed, let @ be a solution of the equation (5), then by (4) and Lemma. 1
o) <en®  (i=1,..., k)
This contradicts the above inequality.

LA 2. Let of, ..., @ be any fived integers. Then there is a constant

y = v(f, &) independent of a3, ..., &} such that the mumber of solutions of
the- equation : ‘

(8) f(mlﬂwzimgf'“?w?c) =%

in integers x,, o, does not exceed yn'.
Proof. We have ‘

f(wn ey Bg) = dl_l'yi+(dldz)ﬁlyg“f“(dldz)—l‘ﬁ’(%: ey Bi)s
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where - _

. k& I

(9 ) = Z.alimz'f Yo = 2(“11“21’”““’12 ) 83

i=l =2

(10} @(ws, ‘e g)

— 2 [(ty; oy — 003 ) {Byy G5 — Q15 Oz — (Baa gy — Uiy B3 (g By — By 00y5) |0,
3L i<k

— the positive quadratie form with integer coefficients;

dy = a; > 0,

g
dy == By oy — gy > 0.

Now, let 23, ..., 2} be fixed. One can obtain different solutions of
tha equation (8) from (9) by using different solutions of the equation

1. - dzy%+y§ = dldzn_‘?’(mg: vony )

in integers s, ¥». It 18 known that the number of solutions of-the equation
(11) does not exeeed

Y12 (dldz%“"‘P(wg) ceny m‘g))a S Vi (A d,)n’ < v(f, e)n’ = yn’

since p is the positive quadratic form.
Lenowa 3. We have

(12) Bifimy = D u(®F(fi,n).

t<elRali4

‘Proof. Since for z £ 0

© 18 @ sguare-free integer,

1,
we) = D) =

e , otherwise,
then
B(fymy= D w@)= 3 H}ju = > plly= D u®F*(fyyn).
- meEk me(ZHE j=1 iz, f<oo, E<eo
Ji@)=n Ha)=n Le(Z")
fifw)=n.

If we have ¢, > 221 for some j then N*(f,, n) = 0 by corollary to Lemma
1. This completes the proof.

Levmma 4. Let a be any positive number. Then

( ) (ft: ) <,nk.'2—1—a+n
L{_élﬂnlfé
m?xtj;vn

icm
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Proof. We have

Ik
BON (fim) < 3 N N, m).

tZel/Znl/t T=1 gegeli2plid
maxiy>nt i>nt
7

It is sufficient to estimate

N* 7y = %
E‘ (fer ») 5\ ,YT N¥(fes m).
Ld L
Beeli2p 14 >0 dy,.. 0, <cliZnilt
tn
Now we fix some #, > 2" Let
(Bogy Bigy wes ) {(E=1,..,0)

be all the golutions of the equation
(13) Flan, ...

in non-zero integers z,,...,®, ., ;. We write oy =yhey (0 =1,.., 8
j=1,..., k), where 2; are square-free.- For given ¢, one can obiain all
non-zero solutions of all equations of the type (5) with the fixed value
of ¢, from non-zero solutions of the equation (13), and from the solution
(55 --s @) we can obtain ©(yy) ... 7(Y;,_.) solutions of equations of
type (5) with the fixed value of f, (here z(m) is the nmmber of divisors
of m). Thus for the fixed value of t,

i
’ %"'k—l: By) = 0

(14) D Ny @)

I SO M M T

2 T (%1

=N (fz,...

yﬂ,k—-l) € —n ‘1

2 1otz ? ﬂ') .

For fixed values of @, ..., %, {, the number of solutions of the equa-
tion (13) does not exceed pn® (Lemma 2) and we may fix each of o, ...
<oy By_; by 2en'® manners (Lemma 1) and a, by 2en**#;* manners, hence

(f1, olips B) <

(20)75— y,nkﬁ 1+st 2 & t—') kf2-1+a

Thus, .
> > N (Fpotr®) €08 3 N (fr, 00 ™)
R R S e P tk>n
& i1t 2 t;‘z < pffa—1-o+is
>t

The lemma is therefore proved.
Lemua 5. Let N* (Frpstin,.ps 1) Be The mumber of solutions of the

 equation

f(ﬁmn---)ﬁmr:oi ceey 0) =n
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in integers o, ...,#,. Then

Tomn
F F* (Figr ) €m0
,tkgﬂ

and for v =2, ...,Ic——l
N* (filr--:‘r;o; .

oy B} € Rl

Proof. We have for 1<<r<{k—1
<

N*(.fil,...,i,.:ﬂ,...,m ”)

faemlpsn® fppenslpnn®

n-ne N*(fsl, el 0y 0 n).

Let

(B e Byy)  (E=1,.., 1)

be all solutions of the equation

x

as) F@r ey By 0y ey 0) =m0

in non-zero integers ay, ..., #,. Putting

mij=y§j‘zij ('b ml,...,l,.;j=l,...,'l")

we have, as in the proof of Lemma 4, for L<r < k—1

]

N F (ftonor WS Y (W) 7)€ W= 0N (1,00 )

. ‘1,...,‘,&11& i=1
ne for r =1,
< ,
a2t fgr Sy h—1
and the lemma is proved.
In particular, for a = ——— and 1<r < k—1
P ’ « 4(k+1) HT%
‘E QN*(ftl w00 ) < pElahe,

3. Estimations of éxponentia;l sums. Let A be the matrix of the gnad-

ratic form f. Minors of the mafrix 4 which have the same diagonal, we

- shall call principal minors. Let .#; be the set of principal minors of the
matrix 4 and

P; = {p—prime: p|m,me 2" .43},

The matrix 4 has only non-vanishing prineipal minors (f is a positive
quadratic form) and card 4, = 2¥ —1, therefore the set P, is finite. In a par-
teular case when f is a diagonal form the set Pf consists of all prime
divisors of 2 det 4.

Sy s e 30

< e s memnes
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Lmvyva 6, Let p be a prime, pé Py an inléeger v=1,8,...,8, be
equal to 0 or 1. Then there ewisis a form @, which is equivalent mod p” to
the form [ and satisfies the following two conditions:

(1) ¢ i a diagonal form;

(2) two forms fpsl,..hp
mod p’.

Proof. Without loss of generality we may suppose that ¢ = ...
=g, =1 for some 0<r <<k Write

_ (An A)
‘A21 A‘ﬂ?.

where A,, i8 an 7 Xr matrix. Then the guadratic form f;

the matrix
(Au PzAlz) (Er 0 )A(Er 0 )
p2As PP A 0 B,/ \0 pE_,

where F; is the unit ¢ x¢ matrix.
If p¢ P, then in Z(p®) there is a triangular unimodular substitution

8§ = (8011 *g,“‘) which transforms the form f to & diagonal form ¢ =a;y1+

e, and O af the type (4) are equivalent

.....

=& =0, 8,4, =

Lsee,n BB

29

... +aui. We may take the substitution § obtained by the Jacobi
method of a reduction of the quadratic form to & diagonal form, since
denominators of coefficients in the Jacobi formula, being some prineipal

‘minors of 4, are inversible mod p”. We have pte; (i =1,...,k) and

0
STAS = (‘:; ) (mod 7).

ay,
Then the unimodular substitution

81 9285,

St = (0 S )’ det 8,,...,15,...0 = G6LS
22

transforms the form f,__;

(16} ‘Pl,...,:,p,...,p(yla ey Y = a‘ly?. +

The lemma is therefore proved.
For two vectors § = (I, ..., 5) and & = (&, ...

5...p IO the diagonal form

2 4,2 a3 -
cor @Y A G DYy e 0T Y

) @) We put {1, ®)

‘=hhoy+ ... L. Then
8, ) = D elhf(®)]g)
weZ¥(g)
8,10 = 3 el(kf(@)+@, %)jg)

xezl(g)

30 — Acta Arithmetica XXVIL
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are homogeneous and non-homogeneous Gauss’ sums respectively. We write
(&, Q)f = H (aaﬁyp(g}) = (aa H ppp(g)):
Febr DePy

where p#@]|g (the greatest power of p, which divides q) and (a,b)
= g.c.d.(a, D).

Lemma 7. Let &y, ..., &, be square-free integers; Ly, ..
n, ¢ be positive integers. Then

@y > B, @)el(—nh+uhT) fg)

A(moda)

-y lyy 4 be inlegers;

kb
< gFrR e (a, ) H (t

where b@ denotes I such that W' h =1 (mod ¢), and the constant implied
in < depends only on f end &, and does not depend on q, 3y, ..y Bgy biyerey gy 7y .
If (8, )Yy for some §, L < § << &, then

S(hft: la Q) == 0.
Proof. 'We have (see [10], p. 17) for @, = g/p*»®
(18) o S L g zn 8(1Qyfs, T, P50,

Big

Consider each factor separately. We put »,(g} = » for brevity.

{1)p¢ P;. Bincety, ..., i; are square-free mtagers then there are nu_‘mbers
_Oorlsuchthatpﬂjg b =Pt (§ =1, ..., k). We have

(1% Jipos tkl(wn v @) = f Lk

D

I;" = lj(i;z)_](pv): ”p(la") = 7p(

(t£2w1: '-'7#?{%)3
L) (J=1,.., k.

If & yuns over a complete residue system mod p* and pt¢ then t’gm also TUns
over a complete residme system mod p". Therefore

(20) S(Qufer 1, 1) = B(Qufe s ¥ 2")-

By Lemma 6 f i3 equivalent mod p¥ to a diagonal form ¢ such that
fpal. e 18 -mod p° equivalent to the diagonal form P g ‘Without
10ss of genemhty we suppose that &, = ... =¢. =0, =g =1
for some r,0<{r<k Then the substitution S R which trans-
forms f o 50 the form P is triangular and n mod " inversible.
Let 8 Lt transform I to . We write

: Sll p SIE ’ " .t;r
Spgl gtk = ( ' . y V=0, V= (& beey)
; h . O 522 .

icm

AR e i e o O

e b A AV e e i

Represoniation of inlegers by positive quadratic forms 467
 then
RN & ol Sl et A
(21) (Eﬂ lk—r) = (Ir H lk—r)( 0 S_l(pv)
22

P I _ ' e Gl — &
= (I 851, B, S50 — po) 8508, 657)).

We have by [107, p. 17, (16), (18) and (20)

k

== HS(th“quja I’;’:P’)-

=i

(22) . S (G, Tes L3 8]

" T4 is known that if (p*9, p')1E then S(hQ,a;p™, 1, p°) = 0. Therefore,

and by (21), if for some § we have (p*¥, 9")17; then S(hQyfs, L, ") = 0. Thus
the second statement of the lemma. is proved.

Putting p7 = (p*Y, p7), 75 =¥ — v, PPy =L ( =1,...,k), we have
8(hQpasp™, T, ) = 18 (RQpay, 1)
by [107, p. 17. Henee by [10], p. 20
| JEE h o
Iy ” h ’ 1(p ) ™,
Ay %
h 1)
= 15 pe(—h {iplP)
Pf
wheie
e, it 21y,
¢ = 102 vy . N rre
Tl 407, #2HY,
p”;'—l 2
gj’p — (ngﬂ ) ‘i( 2 )
» p?

does not depend on k and i§,] =1,

Gip = (Qpa‘j) 1(;; j)czg/‘.p i

is integer. Hence by (22)

(23) S(hQpfes _laPr) = ¥n

B\ ey .
[ole 7 e %,
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whers

% o
=nfj,:m 1] =1, 8 =Z”Jca
" ‘_'gti,:@’

are numbers which are independent of A.
(2) pe PN{2}. Thete is a diagonal form ¢, which is mod p” equivalent

yp =0 0r 1

'50 f;p!l,...,ﬂ!k aﬂd i}
(p == 2 ajpeim?
F=1
where
i
Qo< (dotf ;) v, (A6t A) 4k
i=1
We have
, I3 }kv+§§.,'cj
(24) S(thft; Lp) = Vo (E).’p ? Epe( _h-l(meIQ)

in the same way as we have used in the cage (1),

8) p = 2 In this case the form f, o g% 18 mod 2" equivalent to

a form ¢ = 22%%,, where variables of forms ¢, are not overlapping and
Menl

¢y, Have one of two forms,
km .
(25) Pm = 2 a’mmlmiiml
my=1

or

Topp 2
(26) P == 2 (2a'mm1 mml“i"“a’mml B, Yooy +2 ;;n'rnlyfnml)

my=1
and .

“lga<a<. <<y, d4,=debg,, 21d,.
We have : . '
., #{k— Dles)
8(hQafer 1, 2) = S (WQafypy s ¥, 27) = H 8(hQgn2m, 1, 2’)2 ™

m=1

where 1,,, is the part of I’ which have the same vamlables a8 @, If 2% does
not d:mde some coordinate of I, then

B(hQ:0,,2m, 1, 2") = 8(hQafy, 1, 2) = 0.

icm
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Otherwise, for ¢, # —1
S (hQa@20m, 1, %) = 25nmS (RQ gy, ur', 27=5m).
If 2 divides each coordinate of 1, then gee [10], p. 29

,rn

S{(5Qagm, Ly 5 27n) = S{hQoqpy,, 2 m)e( — @M ),
(21, S(hQupy, 27%)

Mg Fom +1) h?
—ﬂ 1 Hep—1)
=p(v—ex)(—1)’ (-1 *

where y{»—e,) =0, if v = ¢, +1 and ¢, is of the type (2B), otherwise
ylr—e,) = 1;* denotes omission of the multiplier for ¢, which is of the
type (26); &™ is independent of & and [£| = 1. If 241, and ¢, is of
the type (26) then 8 (AQsgm, by , 2°-5m) = 0. T 211, and ¢, is of the type
(25) then

h—1y2 2
Tante~em) {57 Ko ™ gl g¥enlo-+1)

o,
S Qo by , 27m) == H S(]"Qzﬁlmmp z;:’z;m: 27,

my=1
We have
1\
S(a,z”)e(—(;)a-mljz”) it 2],

Sla, L7 =1, it ofl,r>2,

S(a, 2) . it 2l v=1,
e

B(a, ) =y(r)(—1) " ° ~(14+i92",

where y(1) =0 and y(v) ~1 for » > 2. Hence formulae (27) hold in
this case, a3 in the case when e, = —1. Thus formulae (27) are true in
all cases.

(4) Let Elg, (j, I) =1 and every prime p which divides ¢ divides g.

Putting
‘ ‘(R —nh-l—uh"(‘ﬂ)
2 (Q)( g

Aimodyg)
he=f (mod I,

KQ(”! 'u’:j: -L: Q) =

we have by [10], p. 51

IKQ(')’& Uy gy Ly @l
where x, = ( depends only on &
(6} Putting 27[j¢ and

o= 2 S(fu 1, q)e(

k(modg)

xegtte (i, @

R R e )
q .
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we have four cases: .
(a) » = 0. Then by (18), {23) and (24)

ﬂp(a)HZ"%(i’)

o= H {E_pp i }” {H (p), g2, 7 p(a}} y
p<By mPy i=1
nia ple
« tf R )e( —nh +’wlh‘1@)
’ 8 -
k(modg) ﬂpm g
Here we put
Ml:%_cha Q=Hpsi’.
»la nlg

Hencs,

lo] < detA[™ [T p*}g™ H (1, Q1 Ep(m, %, 1,1, )]
F=1

pePy

(’”‘: gy H (%, 1."’

J=1
Henceforth we shall write p(e,,) instead of g, and k(e,) ingtead of
k,,. Everywhere we have: ¢( —1) is of the type (26), k( —1} 18 even, p(v—1)
is a diagonal form. If (v —1) = 0 then o0 =0, therefore we Inay suppose
that p(v—-1) =
(b) v =1, 6, = —1 or 0. In the first case

k+1

B1@ é'z)
q

where £, does not depend on k. We omit the second ecase because ¥ —1 = 0.

S(hQﬂffl,..,,gsl’H I;Q.) = & 9h g (__

k+1

lo] < 2" g, H (8 DI (1w, 1,1, < g F (@ H (#, g
. F=1
where ‘
¢y = |det A'* np”“.
peby )
(¢) » =2,¢, = —1,0,or 1. We have
’ ; 14
- o 3
h{modq) A{modg) h{modg)
k=1(mod4) h=3{mod 4)

If h = h,(mod 4) then

Bl Ryl modg), (ML)
=g (mod 2, 2

2

h—142 4
( ) ) (mod 4).
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In forimula (2 me(‘-'* e,,) i8 the even number, therefore

lo| < szcfgk"'"'n (t, q)}” Z |Hg(#, Uy, Iy 44 g}

hy=1,3
k
: +s
<qg? (n,q) H e

{(dy » = 3. If & = hy(mod 8) then

-1 hy—1 12 R2—1 B —1
5T =% (mod 2}, 3 ﬂ—g-n—-(mod 2),
h—1\F Ry 1\ 4
| =|=5~) (mod 4)
and
o= - 3 3
T(mod g) hy=1,3,5,7 R(modqg}
fi=h {mod 8)
hence

. lol < 2FR e g H(t* D Y (Epln, tyy ey 8, )]

F=l #y=1,8,5,7
oL, ok
<qgr  (m,o"[] 00
j=1

The lemma is therefore proved.

4. The main term of the asymptotic formula for B(f, n). We need to
find an asymptotic value of 2 p () N (fy, »). For < n® and for a eomplex

fn®

number w, w| <1, we pub

w) = Zwm‘”’ = ZN(f,,% w

.‘l‘szk fi==0
Then
N(frym) = — 1 th(w o duw,
2ri g
where
= {w: IWI*e"””}
Putting

=[R2 = - 1—
7y = 7], Ino [ Ttng’ 1'}"0%]
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N(ft, %) — fFt(g—lln+2n€u)el—2ninudu.
In

We make a Farey dissection of the order n, of the interval l’ﬂlJ and we put

S

T a0’ @

where g, and ¢, are denominabors of adjacent Farey fractions to h/q.
Then

| Y] N ST L I _
N(ft: %) = E Z ( ) f—Ft -+2 q+ ))el—2nmed8‘

<
g<ng hmodg) VYR

Putting _
1 . —1;-',-2'rr'i~?i
p=— —2mill, w=e¢ ¢

7

we have

Fuiw) = Ee—(u-zni.’gi}ft(w) _ Y Ze—(u-mg)mqu-m
) = = > 2¢

weth e'eZk(q) yezk
1 - qufg (?H— %)
== € -*f t ("’) .
rezk(q) ysz"

Levma 8. Let f~Y(x) be the quadratic form with @ madric which is
inverse to the matriz of the quadratic form f; 8, &1, ..., &, are complexr num-
bers and Red > 0. Then

v . . o R U
61:/2 Dl/2 - *
yeZk 1czh

Proof, see, for éxample [10], p. 76
Consequently, by Lemmsz 8

v il — e
S AR 1
Ld k } Q’ H

e
yrZ}"' 'Dk/z ] ] tf‘ 1eZh

hence, and by the definition of Gauss’ sum,

4

Fyw) = ———— e ™ S{hfe, 1, q)-
I

jml

s q—k _if—i(t“?rl}

icm

Further, by Lemma 7, if for some j (1 < j< k) wehave b, = (#,

Represenlaiion of integers by positive guadratic forms

8(hfs, 1, q) = 0. Therefore

then for
glh,q, 8) =
Ag(6,1b,9) =
we have
(28) N(fe,m)=

that

M"D—lfz —i
Fyw) = ot N S(if,, 1, q).-

- if—-l =2

&
nd
Jof2
v ! nirjz 1eZh
=1

. 101 o 1 1
Yo = —g) i) Ya =T 20 5o iE
G 2gn? " 2qn

then it is known that

— +
Vg & '}’IL,Q < 'yg

1, i Rfg+Beyig
0 otherwise,

N S0 18, 00( =222,

h{mod @ .

LeMmA 9. For any ¢ <

(29).

and

(30)

for any by, (hyq) =1

glh, g

———f‘lt_“b)

n, and ony B there are numbers ey, ..

[
Dl < o,

r=1 -

q
rh—@
’6):20’6( q )

¥axl

Proof, see [2], p. 435.
COROLLAKY. It is umiformly in I and 0

Ay(0,18,9) <

B, E
¢®  (mo ][] o
i=1.

473

7);11; then

LRy Yl D) S’e_ o Ag(0,2b, g)vHEemd0

e
—x
H a<ny + lsZk

.y 6, SUCh
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Indeed, by Lemma 9
(R
440,10, = Do, ) Sy 16,00

r=1 h(modg)

henee by (17) and (29) we obtain (30).

J=1

We pub
N{foyn) = NP+ NP,
‘whers ‘
k,'Qlelz
By - M= = [ 4,00, 0, 9o 6o,
Hif?' a1y . ?&z-

2
ki =12 " T 12
(52) NP = 7 ];U " z . ngf ( )

J16 a1z
j=1 2

Imvnia 10. Let b= 4. Then

(33) Y u(E NP = _ G(f, m) 3 4 O (nHIme )
Y = iR ) ( )-
F=n® ’
-Proof. For fey;
nh :
400,0,0 = 3 S e(— 2 - 40
%{mod g) . 1

Therefore, we may pui;-
N = MO+ uP—uP,
where

_Kf2 --1f2
M(ﬂ) _ b D Z Q_kAt Q) J. i -m:da
H tz g=ny

/2 Ty—1/2
ap = T2 N [ 40,0, giRenas
2 L
jq tﬁ a=<g yiNry
7:""2 DM
wp =T Mt [ vevas.
I]t? a<ry . RNy

( —nh +1‘h"](‘1))

?

4,00, b, g)vH2 e as.

icm
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By (30)
. ' , q) 1]2 fn'+ 1{gn?)
D ut) WP« 30 2 [ [0, g
t<n® a<ng  ggn® L 1Hagnb®)
t‘L 1o
& %4 Zq-—llﬂ-bs(ﬂ g)ljz( S_T( g) ) .
TSRy t<n®
‘We have
o L & @l
(34) Z IR TR Z 62t§<21<g'
tn” t<n® 8q 4 <n®s dlg

{On the other hand
(35) q—llz-}-e (n, q 1[2 < Z 5 —112+e < 'nfnm & nHAE,
agn:n d[n qﬁ%;fﬁ )

Hence

(t) ﬂ,[(l] & W kl4—1]4+s < W k]‘.?. —1— ate
tn®

Similarly
2 H(t) _MS?) < nfci4—1,'4+s < ﬂk,'z-l—a-g-s‘
t<n®

By Hankel’s formula for the Ifunetion

1+l k21

1 W
v —kiS 18 kjz—1)_ g2 2 — .
fe pTER gl = n {27:'5 f wr g fu,} TR
R 1—4do0 .
Hence
,‘rk,n'ﬂ _D——l,'z kfz -1
MY = gt Ayg) = MP MY,
( / Htg qé;m,
f=1
where
' A p=Us st Ll
MP = o —— ) a7 A,

TER) [ja &

-z -l

o= T2 A
CTTIER g & 9-

41



476 E. V. Podsypanin

By (30) and (34)

2‘“ HUY < Zq_k 2 Ik]' (#, Q .k/2+1!2+s(%, g pHie=1

i<n? >ty tn® I=1

-1 ——
< piE~1 > q Fclz+1.'2+(k+1)8(ﬂ’ g)lﬁ

dmd
ga>ng
where
2 —k, ~Rf2-H1f2+ —~kf24-8{2+
D, Pt Y g 3] gt g ot
g>ng éin gy =gl
< ﬂ»kj4+5/4+2e'
Hengce,
2 w(t) Mﬁ‘) & plia—Ubts g yRia—-t-ate
t<n®

Furthermore,

Su®uP = Vu@uP— 3wy uP.

f<n® <00 t<oo

o maxiy>n®

M
We have
HUP < M.
M
< _',-'=1 £<ton,
maxtj>n tJ>n

i

For a tixed value of § we have by (30) and (34)

Z M) < nhem 12 Ry i 2 (t, @) )

tZ
i<co . g=1 .

i>n®
% »>nt

Lot § = (&%, ¢) and 6° be the least positive integer among integers &,
such that {§8,)'% is an integer. Then for some integer ¥, we have 48" =i

 Therefore
1 (# g™ <y M 1 ox 1
24 &L 2 COESIRE T L R Z 3
t=n% dlg . no [31; ; n=
PPy 1> oniiA

LRSE ’
S s

dig

icm
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Since for k> 4 it iz k/2 -84 —e > 1 then

> (n, g) E_5 3 vy ki3,
Z 2512’—53.—3 < Z 3 (2 s ) 2 2% <
=1 q din q1=1

Hence

> p®) MY <n? i

t<oo
maxtj <n?
)

The truth of the lemma now follows from the identity

D) Z g* d4lg) =

t< oo

G(fyn}.

5. An evaluation of 2‘ p(f) N‘” The following result is known.
E<n®

Lmwvva 11. There is a positive constant x — x( f) such that for awy real
NUMPETS Dy y o vuy By,

FHmy, o 2 2 (2 + o +aE).
Levua 12, We have
—I—a-tE
Z p(HNP < n® .
t=<n®
Proof. Putting
i : . ' wrin
m=lidmmatr, &=0hof (-l A="g3
we have *
Zﬁmw)
t<n®
L an'’) d e —Kl g0
Kiz R e v ¢ " d
e it TS S
gy t<n® f=1 M"\{B}
and by Lemma 11
| ey a5
DI I
LeZi {0} lezkn {0}
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Let
d — 2y
o = g
t<n”
where :
d = (&, Q),lfm, b= (¥ i) a<h
then
3 Lyge2 00 oo
‘ (£ 71b) N -1
(37) ZH . S‘ e < { 6(1)1{20(1)} :
tacn® -1 5 lezk\[o} =1 =0
By (34) and by the mequ&hty ad<<h
: N RN — BN o1 d d ¥ — AT
Do = Mg et = D 2w
=0 ten® =0 t=<n® tsn® I=1
o a
E f —~.Abl2t 4‘u < qs Z_t;"b_A —1/2 <q +A —1f2 ne.
t<n® t<n®
- Hence
o Bl B
[N < g+4 7 a0
[=0
Similarly
2.0 o(l) = S‘ o f‘ APt Zi g APt 5] - ABHAER )
L 12 L 5
=1 igne I=1 Fecnt ¢ =1
=< 4 _ -t O?’ _Ab-'l2t »Abﬁr‘* 12 i
< Qe Y < Z 1+470F
t<n® =0 t<n? ’
= > _d_ g4 i y G—Ab‘jc—*
L2 L :
tsn® e

Consequently, by (36) and (37),

k
Zﬂ(f)N%” < nit Zq_ﬁ% (n, g Z

t<n® gy t<n® O
=1

- —I)a d - (i 2s— ' .
AT A ﬂ(k-l)a) g Ab “n""“de} = Jy-+Jy+Jy

1 j(q,anZ)

(? ¢ +A7 +

It is known that for any positive numbers 8 and 4

A4 < 85675,

icm
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Then, by (33},

1)

4 ¢ e g
kl4 1/2t+z i

J, €n yq (n,q} E = bk‘iz ( 7

as<ry 1<n®

Refa=1/2 y —~1{2-8 112 t—2 Ejs—1/d4+alk—1)+s Efa—1—als
<N '....Jq (n, 4 Etj <7’)’b <K )

asng t<n®
(MAE : ) PR i
4

) ot

1/{qnt?)

Ty < il 2 g (g Ztk—zb-—kfzﬂ f
b

a<snp t<n®
< ﬂk[4—1f4+u(k—-1)+e < ﬂ}'slz-—l—u-i-s.

1
We have for 8 < 0 << —7 p 7 and g <

4= TN weln  _ wnt
(1 +-4m*n?6%) g* g 2 Ldnin T 1 44n2
Hence
' Liga'?)
J, < At Z Q1I2+8(,n7 q)m Z pi—De f A—k}«;e—AbE;‘i‘Ldﬂ
Q< t<n® L
& ,nki4—1[4+ak+s < nk.fﬂ—-l_—M-B’
1fgnt?)
J, < nk[4+(k—1)a241]2+s(n gt Z a f AL AR 3 g ghlami-ate
32
4<sng f<a® ¢ :

The lemma is therefore p'roved.

6. A proof of Theorem 1, By Lemmas 1 and 2
R(fym) = D pOF(fem)+ 3 O (i m)

tagetint 4 et 2nlit
maxi;>n"
i

and by Lemma 3 the second term is < pRE=1-0+s  The fingh term we shall

represent in the form
D BN (feym) = th (fer ) 2 ey 1
PN m,f(:n)=n n

tn” <
= . P r
others %0

where the sum Z 1s the sum on all sets (jq, - - ,y,) = (1,. k)"(l =1,

<& W [2—' —d+‘
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Thus

R(fym) = ) w(®)N (fry m) + O(nH71704)

E<n®
= 2 w(H NP+ 2 u () N 1 O(nfit—1-ute)
t<n® t<n®

v

and by Lemma 12
2 ‘u(t)_N{tl) < ,ﬂk,’z—l—uq-e'

i<n?

By Lemma 10 we have

' Sk ple
D N = "pa Gl +

t=<n

( k,’z—-l-wa+z)

which implies the result stated.
7. The singular series. We have

G6(fm = D5 = Aylg
y k}m Hﬁ;q g

=1

where

)
Agg) = V’Mwu)(m%ﬂ-

E{modg)

This series is absolutely ednvergent onty, ..., 4,qfork = 4 by (30) and (34).
Lmvma 13, Let @ = (dy, ..., &;). Then

B\r & ' |
6 aU,m = (=) Mt [Ta-pys 3 5D 440,

g=1 olg dylen-adgle [ ] df
F=1

Proof, see [9], p. 46. Taking dj]q, (Gygy =1 (g =1,...,k we
have

(@) = fa(tix), (ﬁ: =1 (J=1,..,k

and #; runs over a complete residue system mod ¢ when »; does. There-
fore

Shfra, @ = 8(Wa> @)y AewalQ) = Aal0)-

icm
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Hence

6fym) =

NS
§

F0 1=
i pitd)
P LRI i e
g=1 &yl dglg Gamd; jjjl(zjdj)g
=k
NP AL (H\*
= Mot B i D
=1 dylaadyle [] @ a1
. j=1
and the formula (38) follows from the identity
' () P
(1—p™™
{t.0)=1 wle
We put
o s(d)
raf e = > L 800
2
dylg;dple | [ 65
j=1
and

> zag v~ ")

h{modg) 1
Leuma 14, For k= 4

otrm = () [[entrn

(39) Gy(fym) =1+1—p ™7 Y p~ " B(p")

r=1

where

and the product is taken over all primes p. -
Proof, see [9], D 47. Let (g1, ¢s) = 1,4
Then by the identity :

8 (hfass G242) = S(hufs» 42) S (hgafas 1)
we have

d - &)
,u( ) 3 M S(hfass 119s)
aylayan s Gptey ” dj 61]90 Qf» ” 62

=]

= T(hglfli 42) T (R Q'l)-

Thf, quqs) =

31 — Acta Arithmetica XXVII.

181 G5l G (J=1,..

481
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Furthermore, sinee hygs--hagq, runs over a reduced residue system
mod ¢;¢; when h, Tuns over a reduced residue system mod ¢, and i,
rung over o reduced residue system modg,, we have

B(g,9:) = 2 T((hlgz+}*291)fy !th)‘? (“

h=Fy1y-+hegy (Mod g10z)

(h1g> —|~h2q1)n)
i,

r

= 3 3 Nunet e, 6T (@l ¢) %

Ay (rod gy} %eg (mod gs)
nh nh
X e(.——l)e(— } = B(g:) B(g)

q q
- and
[]a-p>*=[]a—p* [0
playgs Bl Blag
Hence
Zq-’ﬂ (1—p~)"B(g HG (f,m)-

g=1 g

Lewvwa 15, Let p be a prime, p*||n. Thm

: ' 'v>w+1, p>2,
40 Bip"y =06 4
{40) (#") i lv>’w+3, p .
Proof. We have
. - @
By = S A4

rl1123. <o dylp H daz

and the result follows from that (see {10], p. 61, 68) for
rv>wl, p>2,
v>w-+3, P =2
For another proof, see [9],‘ Pp. 51,

Luvwma 16. Let p be a prime, p“ol) be the greatest degree of p, which
divides the dete?minmt 2D of the form f. Then

"”>w(f)+3 p>2,
¥ >, (Y5, p~=2.

Proof It is su.fflclent to prove the same result for T'(kf, p"). In&eed,
we have

T(H, )
- ¥ e(M)z D gy, P,

ed
22z 0y p by, ..nr b (mod p?)
: b mod pii=1,...,k)

Aa(p7) =0 if

) B =0 fl

icm

T
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where

SPE;bl,...,bk(hfy_ )=

y G(hf(ml, cars mk))‘
o T

,m5==b; (mod %) ?
U=l,...%

It is known, see [167, p. 35, that
SpQ;bl,...,bk(hf, ¥y=0 for ¢=1

where for an odd prime p the number  is defined in the following manner.
Let fbe equivalent to ¢ = p™a, i+ ... +p% a,@; and (b, ..., b,) trans-
forms to (b1, ..., by) by the same sobstitution. If p%||b;, then
T = (240 +) < 2wy (f) +ming <3 uy(f).
; y

Similarly, for » =2 we have numbers v, miny <1 and g, &< w,y(f)
and three subsets of indicies J,, J,, J, such that

7 = min{min(3 +v;+-¢;), min (4 +v;+ ¢;), min (3~r~vj+ej)}
Jedy Jedy je.
< 4+, (f) +mine < 5 +wy(f).
The lemma is thersfore proved.
Lemwa 17. Let
mjn{5~[«w2(f),wz+3}, P =2,

(42) N=N,=

max{minfw,+1, w,(f)+3},2}, p>2
and g( f, 2%, n) be the number of solutions of the congruence

(43) - flay, ...,
in integers &y, ..., &y, not divisible by p®. Then

(44) Gl m) = 5E DL —p ) E g (f, p¥, ).

Proof. For every p'rime P by (39), (49) and {41} we have

z,) = n (mod 27

Gy m)=1+(1— Zp—’”B(p ) =1+ (1—p7)" "Zp*“B(p

pa==] Pzl

d
- (1 wﬁ_z)_kgﬁ_b Z ﬁ( ) Ad(pv)
=0 dyle.... 0o IYd

-3 Srvsam

e15 v n8p=0,1 [ =)

={1-p7"
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It is known (see [10], p. 70) that

N
- - “(fd pY, m)
(45) _:_\_J Al p(;r:lﬁv’——“

ir=0

where o(fa, 7", #) is the number of solutions.of the eongruence

(46) faldy, -y #) = n(mod p™)
in integers @y -..., o, and & = (p%, ..., p%).
Heneo
R 1 79
6,(f,m) =g W L—p D) (ﬁ}T) T, B )
£y -0 sa =11

Tt is easy to see that each solution of the eongruence (46) corresponds
‘to one solution of the congruence {45) and each solution of the congruence

{43} corresponds to H p* solutions of the congruence (46). Therefore

denoting that g, 'ek(f s P ,n) iz the number of solutions of the ¢on-
groence {43) in integers #, ..., %, P*L|@y, ..., PPk |0, We have
. _ o o

. .;] 2.57 —
(—}—) o{fm o Py ) = Z (=1 gu,..qdf 77y 0

2
‘1!"--5.)'5:‘0’1 p 51,..,_,Skm[],1

= olf, "5 m)

where the Jatter equality results according to the including-excluding “prin-
ciple.

For another proof, see [9], p. 53.

COROLLARY. G(f, n) is a veal posilive mumber or zero, since by Lemma
17 Gy (f,m) = 0 for eveﬂy prime p. : '

Luwia 18, There is o consiant of such that

& dif
st |
P-{l]f ; ) if
‘Proof. Let p¢.P;and ¥||n. For » 2 1 we put
' nh
B, = > 1096~ )
o= > rug e

. h{mod »")

k=4,
k0.

To'eva.lu_ate G,(f, ) we consider four cases.
(a) w = 0¢ Then, by (39) and (40)

6,0, m) =1+(1—p"2Fp *B(p, 0).

icm
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By Lemma 6 for every set (s, ..., &) the form fis equivalent mod p

to a diagonal form

E
(P(sl,...,ek) — Z agsl,.,,,grc)yjf

=1

such that fpsl o Hence

E R 1484
. { B\ a(sl,...,ek) 1_55. -1 *(1a7) J
S(hfw‘fl _._msk’fp) = ]Y (“') (J*“‘*—") ""( 2 ) j.'p :
g1 VP ¥y

e, 18 equivalent mod p to the form zp(‘}l’""‘klk.
[P

k
= 3es Bty eany Bl —87 e
(h) §9( Lt “”) -3 (2 3+v 3y
= {— el K P -
p »
We have
h A} :
win-_ 3 ) 3 e
k— Feg _.O(modz} k—?‘g‘ejal(modz)
. 3 ' (B nh
e S R
; . * (mod.p} P h(modp) P ?
For (p, m,) = 1 it is known (see [10], p. 60) that
(47)
0 it v > w e,
| —p # yv=wil,e=0,
| b (h) ( pwﬂlh) (p—1)p it r<wtle=0,
B —jef— +4 - 1 —_
% nioag) P P 0 i r<wtli,e=1,
— 2-1)2 1
( ”1)@( ")pw+2 # »=wtl,e=1.
Therefore,
K Ek k3
X - r%;‘a"j - EREE
1B{p, 0)] < 2 » +p Z 4
? 1y cansEpml,1 nl,...,skvﬂ,l
i k— Fe;=0(m0d2) - Jeop=1(mod 2}
§ F Fi
Hence

M I U (07 -1
+p[p 1) — (p7¥E 1T} = EolE, 2)-

1@, (Fym)—1 < H1—p~
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A numerical catoulation shows that £,(k, p) decreases with k and p, £,(4, 3
<< 1 and for k > 4 there is a eonstant ¢, such that 4

Eolk, p) < e1p7*.

[[eum=a [J] (1——1%)>e3>0,

2y pely
p2es pinp>ver

THence

{b) w =1. In this case

Gp(fym) =14+(1~pF[p*B(p, 1) +p~B(p?, 1)],

&
Bk oy ) = [ [0+
iy

In the same way as in (a) 'we have
(& (fy ) =11 < (A —p™*)"Fp~ R (p —1) [(p~2 + 1) -+ (p~¥2 —1)%] 4

F(@ =2 —1)Fpt T = & (%, p).
() w = 2. We have

IGp(f; n) '_1[ = fz(k’.'p)t
‘where

§all, ) = J(L—p™*) T R (p —1)[(p~ " HLP - (o7 — 1)) +
+ (1 _p-z)—k(p _1)k+1p1—2k + .

3 .
FHL=p 7 T (7 1] 4

5 3
+ %(1 _p-z)—kpi"ik [(P—-l[z +1)Ic - (p—llz’ ml)k} .
(d) w = 3. We have

G (s m) —1] < &(%, p),
‘where

£a(ly P) = 31— p™)~Fp 2 (p 1) [(p~*R F 1Y 4 (p=¥ —1)F] -+
HO—p T L)
+3(1 —p'z)"‘f“k(p —1) [~ LY (pHE 1)),

This is jl}st routine to prove that &k, p) decreases with % and p,
§(4,3)<<1(j =1,2,3) and there is a constant ¢, = ¢,(k) smoh that

icm
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for k=5
e, €, .
gj(k:P)<‘p_23 fj(L—L:P)<'§ (.7 2132:‘3)-

Hence, for k=5

[]6.(5, %) > ¢
piPy
) pin
and for b =4 :

. _ ¢ .
”Gp(f,%)>cﬁﬁ(1w;4)>07ﬂ . .
2¢P¢ plin
Pl Ple ‘

The lemms is therefore proved.
TeROREM 2. Let N, be as in (42). If for every prime pe Py it is soluble
CONGruences :
fl@y i) = n (mod pr)

in iniegers @y, ..., @, not divisible by p* then there is & constant QP which
depends only on f and & such that

¢ (6B i =4,
(f:m) > G if k5.

Otherwise G(f,n) = 0.
Proof. By Lemma 14

" PPy peti

and by Lemma 18

[l6:(fm>

{c(;)n_‘ it k=4,
néPy

& i k=5
Let now pe}?ﬁ then by Lemmsa _17
‘st(fy n) = pm(k—I)Np(l‘“P._z)_kQ(fa PNI': n),

hence @, (f, ) = G(f,n) = 0, if the congruence (43) is insoluble in inte-
gers not divisible by p2. Otherwise

Gyl m) = g (1 p)
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and the resunlt follows if we put

6 k
G(,;"’) = (;2) c“,") ” p%(.’awl)(wp(f)ﬁ-ﬁ) (1— p—z)—ra_

pePf

CoroLLARY. For all sufficienily large infegers n ave represeniahi
by the quadratic form f provided f, n satisfy conditions of Theorem 2.
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O méxoTopex apadMeTHUecKHX 3aJauax ¢ THCIAME,
HMEIONGAMYE MAaJisie OpPOCThIe JeATelH

A. A, Harpanyss (Mocrsa)

B craThe pPACcCMATPHBAETCH PAL NPOOIEM AHATETHIECKOH TEOPHM .
aieen (eM. [1]) B Ymciax, EMEIHX Malble TPOCTHIE HEInTelt. JTO MO3BO-
IAET MOHONHI0BATE RIA WX pelleHus p-afMdecrali Mero], IepBRE TpH-

| MEHEHHA KOTOPOTO B TPMTOHOMETPHICCKUX CYMMAX OBUIN KAMEL 10.B. JIun-

prmom [6]. O6 oxmoil w3 oTEX mpolieM, EMEHHO, O BOSMOKHOCTH TOJY-
YEHHA ACHMIOTOTHIECKOR (OPMYABL A YHCIA MPe[CTABIeRHi N0CTATOTHO
fombIoT0 HATYPAIBHOIO YBCIA CYMMOH #-X crenesefl wiceln ¢ MAallBMH
MPOCTHMH JEHHTEIAME W WHCIOM CJaraeMbX HOPANKA nlnn (amamor
acyMITOTHHecKo# GopMyns B mpoGieve Bapmura), rosopua I0.B. J'.[nmmﬂ
5 1971 rony na MeslyHaponsoli KoEQEPEHIMH 10 TEOPEE THCEX B Moe-
KBe. DBefeM OIpeHelene I Pax ofo3HAueHnil, HeOOXOMAMEX LA Kadb-
peffuero.

Ompepmeneene, 1lyeTs g¢(®) — MOHOTOHHO BOSDACTAIONIAA ynruAd,
upndem g{z) = Inlng wpE &= & > 0m

g(x)

lim —— == 0.
st INE

Harypanphoe 9YHCIO #1 HRSEBASICH WUCAOM ¢ MAMGLMIL MPOCIBLML desu-
meagmu rageea F,, ecIl TIA KAMEOTe TPOCTOTO JEIHTCNA P HHETA 7 BHI-

HOJHAETCA HepaBeHcrBo Inp < g{m). .
Unemo TECET M ¢ MATHME MPOCTHIMEA TEIHTEIANE RnaccalEg, He mpe-

BoCxOIAMHX P, 6ynem ofosHadzarh P; raxmu ofpasom,

P=PP,g=_ 1.

meky
msP

[Lomo6Ho TOMY, HAK aT0 Henaercd B [2], MOMHO TOKA3ATh, 4T0 Py Ps+too

InP
P ~Pe 0%, o=

g(P)



