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Introduction. It is somotimes necessary to have information abont
the divisors, and in particular, the prime divisors, of the number p—1,

+ where p itwell iy prime, Brdos [17 proved that the nurber of these prime

factors has normal order loglogp . (whether counted multiply or not),
and used the fact that for almost all primes, p —1 has a prime . factor

ad Iarge as

(]) plﬂolmﬂozp.

The greatost prime factor of p—1, and more generally p+a, has
received the attention of Goldfeld [5] and Hooley [8], in particular Hooley
proved thab for every fixed < /8, and every a, there are infinitely
many primes for which p-+¢ has a prime factor exceeding p°

The estimate from below (1) can be improved by means of Selberg’s
method, and we have :

TrroREM 1. Let e,->0 arbitrarily slowly as p—oco through the sequence
of primes. Then for almost all primes, p —1 has a prime factor exeeeding ps.

By “almost all primes” T mean that the number of exceptional primes

upto @ is o(m(w)) as w-oo, . :

Theorem 1 itmplies the following result.

Conorrany. Provided e,+0 as n—>oo, p{n) hos @ prime factor exceeding
fin for alwmost all intagers n. '

Let V(x) denote the number of distinet values of p(n) < 2. A more
ditficult vesult which T could not prove, would be that (X -0 (L)) V()
of those values have a prime factor exceeding o when e—0 a8 - o0,
Vim) is sueprizingly small: Hedos sod Hall [5] obtained the estimate

Vim) <€ m(ie)exp] Bl/l?)gigé;a}

for each fixed B 2V2/log2. :

Although Theorem 1 is a consvquence of Selberg’s method, it may
be readily derived from the tollowing result, Goldfeld [6] proved this
in the ease % = 1/8, but the tll result iy implieit in his method.
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TrroreM, Lel Pz, u) denote the number of primes p - such thai
p--1 has no prime facor ewceeding z*. Then provided w <3 1/2,

Ui
@) Pla, n) < —

[-() -(1-wuloglogu)].

.:r"v | IS

log o o

The limitation w<1/2 aviges from Bombieri’s theoreni, and the
estimation of (@, %) for % > 1/2 is much more difficult, as indieatod
by Hooley’s theorem mentioned above. ‘

Suppose that almost all integers » have some property which is
preserved when a is multiplied by a prime g, perhaps restricted in some
way relabive to n. Then we can often use Theorem L to show that p~-1
has the same property, for almost all primes. I would like to mention
two results of this type.

TuroreM 2. For every n > 0 and ae I, ond almost all primes p, p—1

has divisors dy, dy, 35 sabisfying
(i) 0 < |logdy — el <_2“‘1"”)1"".‘°’”,
(1) 0< [logd,—logd,|| < 3~0-mlesloes

where [z denoies the distance from w to the nearest indeger to it
TunorEM 3. For every fized A > 3je, ond almost oll primes p,

mpy PNICIE G

z dlp—1
<z

where v{p —1) denoles the number of distimet prime factors of p—1. The
result aiso -holds if w(d) is replaced by any multiplicative function J{d) such
that for oll &, [f(d)| <1 and

2{% flp) =

The two parts of Theorem 2 are derived from gimilar results concern-

ml} w00,

ing almost nll integers n proved by Hrdos and Hall [2] and Iall [7],

The analogne of Theorem 3 for almost all integers was proved by Krddos

and Katai [4] in the case 4 > ¥2, and for A > 3/e by Fall [6¢]. Tt is quite

possible that this is not the best possible constant here: maybe the result
iy true for 4 > 1.

Proofs of the theorems Theorem 1. ig immediate from (2) 80 I will
go stra.lght on to the corollary. We et

8= s(w = supf{e,: Vo< n< o).
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50 L]mh it will he sufficient Lo prove that the nnmber of mtegers << @
wueh that @(n) has a prime factor exeseding «° iy (1 +—a(1))a. Now ¢hoose
the positive funetion 4w so that

L
(52 FOREEEE i “ . : - ]
w Iogm’ml_’{&(?/) Y = fv}),

Note that d{w) is decreasing and tends to zero. Tiet # denote the set of
primes p in the mterval

W@

guch that p—1 hay w priwe fuctor ay large as p*®. By Theorem 1,

Sl N fd f
Z Ip-;i‘? 2 f “ f {L 401y m(t) — n:(m)

pels el al

1 1
= (1ol )103 3 Io(é(w)log”)

11(1 ;)m%() aN  B-+o00,

weld

dt
tZ

g0 that

If the integer » < @ has o prime factor pe B, ¢(n) being divisible by p —1
hat u prime factor ad large ag
' PO 3 (W) 5. o)

The number of n < # with no prime factor in # is

<[]~

el
by w theorem of van Lint and Richert [9]. This completes the proof.
Nexl, we prove Theovem 2. Rirst, for almost all primes, p—1 is
free of prime factors exceeding p*~*% provided e,—~0 as p-»oco. For let
p< @ be oxceplional: we have p—~1 - gm and either

p< Vo or  me<a', &= supie,: Vo< p<al.

The number of wach primes iy

>T 2 ]@m‘log”‘zujaﬁ

m b g<aim Hey® ¥
g1 mlmu

by Satz 4.5 (p. 51) oJ’ Prachar [10], and this is o( (). In view of Theorem 1,
weo deduce that for almost all primes p, we may write p —1 = ng where

pe< g p, ¢ prime,
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If now n has divisors d,, d, d, satisfying
0 < HlOgd1 . a” < 2—(1»wnf2)]0glr)g‘n,

(3) 0 < Hlogdg“" logdsH < 3—-(1—-7;;‘2)10(;10;;11»’

on observing that = = lp and so

' 1

1—#/2)loglogn = (1 —%/2)loglogp —log— + O(1} = (1 —n)loglogp
. n .

when e,~0 sufficiently slowly, we see that p—1 has divisors d,, dy, dy
with the required properties. Next, by the rosalts of Frdos and Hall
[2], [7], the sequence of integers n without divisors satisfying (3) has
zero asymptotic density, and therefore has zero logarithmic density. That
is to say that if 3" denotes summation over thiy sequence then

>

7

g

= g(@)loge, g(m) = o(1).

It follows from Canchy’s inequality that

r 1
2 p{n)

n<z

We may now estimate the number of primes p < # which are exceptional
in the sense of the theorem. Write

28, = 26, (6) = inf{e,: Vo < p < a}.

We may assume p > ¥z and that »—1 =gn where ¢> ', th(m is,
n< &', also that # is in the exceptional sequence mentioned above.
So the number of these primes is

= Z 2 1+O(W(m'})< E w(n logﬂw/% [o(zr(m)}
nea' T8 aﬁqifg:{'?‘mb ' ‘ nag
m/'g“'iﬁ

¢ Bimyioes ko (m(a)) = olm()
if we assume, a8 we may, that the sequence {z,} and so s (x) tends to
zero sufficiently slowly. This completes the proof of Theovem 2.

To prove Theorem 3 we use ¢ (x) again and estimate the number of
exceptional primes p < x. We agsume once more that Vo < p < ®, and
that p—1 = ¢gn where ¢'is a prime exceeding 2%. If ¢4 s, then

PG 2fd>+fq> DA,

d]n
d<z d<g d<zln
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and we may make thiz assumption, as the number of primes P < o with
glp—1, g> o is o(n(a). Thuy

}.upl Zf{dl £ .'-.upi Tf f

B dlp—1 s tl|n
i<z d<p

Let B be the geometric moean of 3/e and 4. By Brdss’ vesult eited ahove
that »{p —1} has normal order loglogp, we may assume that

2‘B1'(‘,U*-l] 5, Av(p.-.])
as the number of exceptions is o (n(m)). Hence if
(~l:) h“l) lz‘f d BJ‘(H) < B"(l)—-l)

Tk _
P has the property required. Also, B > 3/¢ #o that my theorem [6] shows
that (4) holds for almost all s, the exceptions having zero logarithinie
density. The vest of the proof follows as in Theorem 2.
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