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- Representability by certain norm forms
over algebraic number fields

by

Jonw I Swmrrm (Pasadena, Calif.)

In this note we show how the representability of a member of 3
number field I by a norm form over K can sometimes be reduced to local
problems over a subfield. These are solved explicitly for some classes
of examples.

The proof rests on the Hasse loeal to global principle for eyelic norm
forms and the effect of inflation on local Brauer groups.

Terminology and notation arve standard except that we use the same
symbol for a field and its multiplicative group, relying on. context for
the digtinetion.

Let [K :Q] be finite and let M/EK be cyclic with basig Tiyevny Oy,
Let f(Xy, ..., X)) = Noype(Xyay+ ... +X,0,) and let 0 o qek. Tt
L be a subtield of M containing o, Ty -ees - Lot F = LN K and suppose
that L/# is normal. _

I'or each prime ¥ of A {including archimedean ones) let the restric-
tions of P to L and K be denoted by B and that to F by p, and let the
orresponding completions be My, Ky, Ly, F, vespectively. For each
3 of F let o be the $mallext positive power of: @ which is in N,
Note that it is independent of jp).

TeroreM L. Under the above hypotheses f(X,, ..., X} = a is solvable
n Kif and only if for all p of ¥ and all extensions P, n, divides (K F, 7.

Remark 1. For any M, K, « 1 ..oy Oy We may find such I,
= M will do, though it gives no additional informsation about the equation.
“resumably in most cases we will want to take T as small ag possible.

Remark 2. The condition that K [F be Linite iz superfluous, provided
hat degree iy taken in the sense of supernatural niwmbers [11], This follows
rom the fact that for each p if all finite subextensions of K /P eould be

w/7, (D).

baelf,

mbedded in extensions of I, of degree not divisible by #,, 80 could K /F -

-
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Proof. Let H = G(M[K), G = G(L[F). Since F = L NI the natural
map of H to G is an isomorphism. The solvability of the equation in K is
equivalent to aeN (M), solvability in ¥ to a N (L) which in, torn
are equivalent respectively to o ENﬂ!m/Kq;(M p) and aeNrgi (Ly) for all
primes ({27], p. 185).

For each prime P consider the diagram

o~ int .
HO Gy, Ly) SHA Gy, Ly) SHA%, Q) Hojz
QO‘L og‘Jr a\L ;4‘!/

al

H“(Hm, My) 5 H3Hy, My) S HA o, )59 2.
H = G(Q[Ky),

J/.I\“ and H? are Tate‘cohomology groups ([27), o, 05 are indunced b'y the
natural maps Hy—>Gy, Ly—Mg, ¢ 15 the restriction map, ¢ and ¢ arve
the natural isomorphisms .of ecohomology in the case of cyclie groups,
inf and inv denote the inflation and invaridnt maps respectively, and
@ is multiplication by the local degree [Mg: ¥yl Commutativity of the
left two squares is routine, that of the right hand squarve is well known
(e.g. [12], p. 201).

' Let @ be the class of o in H "Gy, Ly); by assumption it is of order
n,. We wish to determine under what cireumstances g,(@) == 0.

The maps inf and inv are known to be injective [see [117], p. I-15,
[12], p. 200) s0 gofa) = 0 it p{inv(int(p(@))) = 0. But inv{int(y(a))
ig of order m, so this is the case if and orly if the local degree [Ky:F,]
iy a multiple of =,. Q.B.D.

COROLLARY. Ifn=gq,a ;pmme, then ais aﬂep?eeeﬂmble in I if and only if
for each p for which it is not representable in P, g divides [Ky: F,] for all
extensions P of p.

Here £ is an algebraic closure of My, % = G(Q[F,),

Examples. Weo treat several cases of binary quadratic forms and one
ternary cubic form. Binary (and some other) quadratio forms were trented
by Hagse in [6], and our explicit answers can also be derived from. the
general results there.

It we wish to know whether a rational binaxy qufndmtm form of a -

given discriminant represents a given rational integer over a given number
field K we may first transform the form to X24d¥? where d, the diserimi-
nant, is a square-free integer. We may assume the number ¢ to be represent-
ed i3 a square-free integer, and since the question is trivial if ¢/d iy a

rational square we may a.ssume ed ¢Z2 The answor is then contained
in the followmg

| THEOREM 2. The equation X?--dY?* < ¢ where d and ¢ are non-zero
~ square-free integers with de¢Z*, is solvable in K (—d¢RK?2), if and only if

icm
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1. K has no veal imbeddings-if e<< 0, d > 0;

2. The degrees [Kqy:Q,] are even for any prime P extending e odd
prime p of @ salisfying any of the following:

o (3058
off) o ) -
o)~ (8- ] <)

3. If any of the following hold

© d=—3(8), ¢=237(8),

d = —b (8), ¢ even,
A= —T(8), ¢=3617(8),
d=—6(16), ¢=295,6,7,13,15 (16),
@ = —10(16), ¢ = 2, 3, 5, 11, 13, 14 (16),
¢ = —14(16), ¢ =5,6,7, 10,13, 15 (16), .
d= —2(168), ¢ =3,5,86,10,11, 13 (16),
then the local degrees [Hg:Q,] are even for the primes dividing 2.

Proof. Let I = (¥ —d), M = KL. For infinite primes the equation
is locally solvable for complex 1mbedd1ngs and solvable for real imbeddings
unless &> 0, ¢<< 0.

For odd primes dividing neither 4 nor ¢ the extension L/Q is un-
ramified and ¢ a local unit, hence & loeal norm.

. . ] L
“For odd primes with (—p—) == 1 the loeal extension is trivial so there
is no condition.
o . —d o
For odd primes dividing ¢ but not d with (——1;—) = ~] theextension is

unramified and the local morms ave the local units by local elass field
theory [12]. Hence the equation is not solvable in @,.

For odd primes dividing & but not ¢, the extension is ramified, hence
by local elasg field theory the loeal norms do not include the group gener-
ated by sguares and local units. Butb ¢ generates this group modulo sguaves

wnless it itself is square. Hence if (—;;) = —1, ¢ is not representable in Q-
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_ . ,

For odd primes dividing d and ¢ let » be any element with (17) e
Then L/Q is ramified, hence is either @, (Vp) or
(:—dﬁ) — +1 and the norm group is @3 { —p) or @5 { —rp) respeciively. The

»
element ¢ ig in the first if (——5@-«) =1, and the second if ( m~~'w—) == e,

henee locally a norm iff( OJ’;}? ) (df) .

Tor primes dividing 2 the prooi iy wimilar, if d == 1 {8) noting that
the local extension is trivial and otherwise Lomputmg the local norm
groups. Q.E.D.

COROLLARY 1. X2+ d¥? = ¢ is solvable in G ]/b), b, ¢, d square-free
integers, cd, —bd¢ Z% if amd only if

L If e @, d> 0 then b < 0;

By
2. For any p for which any of the conditions of 2 above hold, (—'p—) =0 or —1;

3. If any of the conditions of 3 above hold then b # 1 (8)'.
Remark. N, Plotkin [10] has shown that this condition is equivalent
to the solvability of

AP —doud —ov® = —b in Q.

CoROTLARY 2. X24-d¥? = ¢ 48 solvable in Q(C,) (¢, & squore-free
’mtege?s, ed¢ 2% m odd, V —d¢ Q¢ )} if and cmly if

cnoELAf d> 0, 6< 0y

2. For all o for which any of the conditions of 2 of Theorem 2 hold,
eithor p divides n or p has even order modn;

3. If any of the conditions of 3 of Theorem 2 hold then 2 has even order
mod ».

Remark. If 4 = 1, ¢ = —1 the above corollaries give the stufe of
quadratic and ecyclotomic fields ([1], [3], [4], [8], [7], [81, [®], [10}).

We close with an example of a cubie norm form. Let & = &,

L=QE+i, |
JE, Y, 2) = N[+ (CHTH T+ (4% 2)
=X ¥ 22 - XY — X3 - 2X V2 —0X7% -3Y% — AV AKX Y.

Then for any cube free integer o in Z, the loeal conditions for representa-
bility in @ are that primes other than 7 dividing a split completely in
L, hence are congruent to --1inod7, and for the prime 7 that the 7-free

- part of ¢ is congruent to 4-1mod 7. (Note that this follows from the other

@y (Vrp) according as.

iom
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conditions, o reflection of the fact that the sum of loeal invariants is 0).
TFor primes not satisfying this, the local degrees must be divisible by 8.
Henee o is represerted by fin K if and only if

1. For all primes P extending a prime divisor p of ¢ congruent 2,
3, 4 or 5mod7, [Ky:9,] is divisible by 3;

2. If &', the result of removing any 7's in e, is not = +1mod7 then
for any P of K cextending 7, [Eg:6,] is dW’lblb]G by 3.
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