Semi-local lattices
by

Johnny A. Johnson (Houston, Tex.)

‘Abstract. Let F be the completion of a semi-local ring R. In this note it is shown
that the lattice of ideals of B can be obtained by purely lattice-theoretical methods
from the lattice of ideals of R.

1. Introduction. In this note we apply the theory of Noether lattices
to the special case of the ideal-lattice of a semi-local ring R and its com-
pletion B. We show that the lattice of ideals of B can be obtained by
purely lattice-theoretical methods from the lattice of ideals of R. Thig
is accomplished by using the concept of the completion of a Noether
lattice introduced previously in [3].

2. Completions. Before proceeding we will require some terminology.
For a Noether lattice £, let (L) denote the greatest lower bound of the
collection of maximal elements of £ and set

9F(L) = {4 in £]4 = F(£)" for some natural number n}

so that 9F(L) is a sub-multiplicative lattice of £. A metric (called the -
F(£)-adic metric) can be defined on £ as follows (cf. [3], Theorem 3.10,
p. 352): for A and B in £, set d(4,B)= 2"5“B) where 8(4,B)
= \/ {n: AVF(E)" = BVF(E)"}. This metric gives rise to the F(L)-adic
completion £* of £ which is itself a Noether lattice (cf. [2], Theorem 5.9,
p. 198). A Cauchy sequence {B;) of elements € is called completely regular
in ease B; = B,,,VF(L)? for all integer ¢ > 1. We adopt the lattice termi-
nology of [3] and the ring terminology of [4]. In particular, all rings are
commutative with identity.
In order to avoid repetition we fix our basic notation as follows.
(R, My, ..oy my) 18 a semi-local ring, £ denotes the lattice of ideals of R,
n
m = [} my, the m-adic (ring) completion of I will be denoted by B and
i=1 .
T denotes the lattice of ideals of E. Then £ and T are semi-local Nocther
lattices. We will denote the §F(L)-adic (Noether lattice) completion of £
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by £*. We shall show that € and £* are isomorphic as multiplicative lattices.
It follows that the lattice of ideals of the completion B of a semi-local ring R
can be obtained lattice theovetically from the lattice of ideals of B.

We will require the following lemma in the sequel.

TEmya 1. Let o be an element of 8% (L*) and let {as) be the completely
regular representative of o (considered as an element of £*). Then there exists
« naiural number k such that

(i) &R = (mR)* for all i.

(=]
() M a; B = a:B for all iz F.
=1
Proof. If o is an element of dF(L*), then there exists a natural
number # such that a = (m£*)" = m"C*. It follows that a; > m”+ mt = m,
for all integers 4 > 1 (cf. [3], Remark 5.2, p. 356, and Proposition 5.9,
p. 358), so that a;R > m"R = (mR)", for all i. Also, since Bj(mEBy" is
Artinian and <a;R) is decreasing, there exists a natural number w guch.

«©
that M a,E = a, B = a, R, for all i = w. Set k = max{n, w}; which com-
=1
pletes the proof.
Tor an element b in 8% (£*), the completely regular representative <b

of b (in £ is uniquely determined ([3], Theorem 4.14, p. 356) and we
0 —_
set 2p(b) = (N bi B, so that 8p: 8F(£*)—8%(L) by Lemma 1.
i=1
THEOREM 2. The map dp: 8% (L*)—2% (T) defined above is a nultiplicative
lattice homomorphism from 8% (£%) into 8F(T).
Proof. Let « and b be elements of £* with completely regular re-
presentatives <a;) and <(b:», respectively.
By Lemma 1, there exist integers k&, k,, and ks such that

3

;R=a;R= 0, R for all i = I,

[

by R=0E=0,R forall izkh,

M (ag+by) B = (a14-bi) B = .(a,ﬂsw\— b B for all 43 %y .
1 .

<,
1

It w = max {ky, ks, s}, we have
8p(a)+2g(b) = (a,+b,) B = dp(aVvd),

since the completely regular repreSentéutive of ayb is {ai\[bi) ([3], Propo-
sition 5.7, p. 358), and thus dp is a join-homomorphism.
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Again, by Lemma 1, there exists an inte

integers i - F,, ger k, such that, for all

oo

() (asbs+mf) Bl = (a;by+m¥) B

j=1
= (0 B) (0. B)+ (mB): .
Thus, since the completely regular repres i i d
, gular representative of ab is <a;b '
{[3], Corollary 5.15, p. 360), for § = max {k;, &, k) we obmin< e
Op(a)op(b) = (a:R) (b R)+ (mR)* = bp(ad)
and 50 dp preserves multiplication.

To see that dp is a meet-homomorphi
g ot-h I ism. choo j
hat, for o1 G o 1 P se Ly (Lemma 1) such

NN @ A b+ m D E) = (7 Lay ~ by) - mi) B

i=1 f=1 F=1
= (0@ o)+ miYE.

Set SJ = max :{kl, kyy ks} (so that in particular a; R ~ bR > (mE)?). Since
Rjm®™ is fu'mmzm and (as~ bi)+m®y, i =1,2, ..., is decreasing in R/m®
there exists a natural number %y such that, for all integers i > k,, ’

.ml[(af A b))+ m] = (@~ b)) m¥

J =

Setting » = max {Iy, &y, &} we obtain

(1@ ~ ) +m]) = [(an ~ )+ ] B

= (anB ~ by B)+ (m¥ R) .

Since the completely regular representative of apd is

(=]
([]1 ((ag ~ by +mi)y, i=1,2,..

?
by combining the above we obtain
dp(a) ~ g (D) = (an R) ~ (by R)
= (@B A0y B+ (m") R
= dp(aNb)
which conipletes the proof.
Lownia 8. If a is an element of 8%(T), then (o ~ R)E = a.
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Proof. If a is in 8%(E), then there is an integer n such that (mRy®
< o= f 7, where 7; ave in B, and a ~ R is dense in @. Thus, there
exist TT;n 4~ R such that r; = 7 (mod(mE)*™*). It follows that

a < (&~ R)R4-(mBY" < (a RYR+ (mR)a
and s0 @ = (@ ~ R)E by the Krull-Azumaya theorem.

TagorEM 4. The map dp: 8%(L*)—0% (L) is a bijection. .

Proof. Let o be an element of 2%(%). Then. there exists an integer
n such that (mR)" < a. Thus

mt=(mBE" "B ank
and 8o . .
‘ (™M = (me*Y* < (@~ R)E
which shows that (@ ~ R)L* is in 8% (£*). For each 4, 1L < i< oo, set

by = (& ~ B)+mt

so that <(b;) is the completeiy regular representative of (a ~ R)£* ([3],

Remark 5.2, p. 356). Then by Lemma 3 ‘
oplla ~ B2 = ) (@ ~ R)+m) R

[

=(anR)E=ua
and hence dp surjective. -
Tet @ and b be elements of 8% (L), with completely regular repre&e?tfm—
tives <as> and (b;) respectively, and suppose that a(p(a,? = 9p(b). Then
(Lemma 1) there exists an integer % such that, for all iz &,
a‘iR—: ﬂ MR: f“ bjl?'—" bgR_,
i 7
and thus, for all 4>k, we have
ti= (B nR= (R AnR=10

. . e oy R
which implies ¢ = b ([3], Proposition 5.10, p. 359). Henece d¢ is injective
We can now prove our main result.
n
TragorEM 5. Let (B, my, ..., ma) be a semi-local ring, let m _—( \ mi,

fea)
let B be the m-adie ring completion of R, let £ and L be t'h'(: la;tticc of /ulr.e‘al.s‘
of B and R, respectively, and lei * be the F(L)-adic Noether lattice completion

of €. Then £* and T are isomorphic as multiplicative latlices.

Proof. Use Theorems 2 and 4 together with Theorem 2.4, p. QG2,
of [1] to extend dp: 8% (L*)—a%(E) to a multiplicative lattice isomorphism

@: £*—T.
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It £ is complete in the ¥(L)-adic metrie, then £ = £*, and in the
™ COROLLARY 6. If £ is complete in the F(£)-adic metric, then € and T
are isomorphic as multiplicative lattices.
A semi-local ring (R, my, ..., my) is called quasi-complete if, whenever
given a deereasing sequence {a;) of ideals of B and a natural number n,

then there exists a natural number &(n) such that a; < () a;)+m", for

i=1
all integers 4 = S(n).

It is easy to see by example that there exist semi-local rings
which are guasi-complete but not topologically complete. The following
corollary shows that for ideal theoretical considerations, a guasi-complete
semi-local ring may be assumed to be complete in its natural topology.

JOROLLARY 7. If R ds quasi-complele, then £ and T are isomorphic as
multiplicative laitices.

Proof. Tt ig easily verified that the lattices of ideals of a guasi-com-
plete semi-local ring is complete in the F(L)-adie metric and we omit
the details. ‘

COROLLARY 8. A quasi-complete semi-local domain is analytically ir-
reducible.
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