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1
Abstract. Let f(z) = — + Z a,2® be regular in F{0 < |2| < 1}. Denote this

n=o
olass of functions by Z. Functwns feZ and satisfying:
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(2) —Re{zf'((j)} > 0, where geX and satisfies (1) with y = 0;
(3) Re[a( ;:(() )-—(a+ﬂ 6'?) ';;())] >0; a,p real and [y|< =n/2;
o mao(1-LO L) ],
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where ge¢ X and satisfies (1) with y = 0;

are said to belong to the class X(y), I, Z{(a, f, e~*f) and I'(a, 8, f) respectively.
We prove:

THEOREM A. If fe Z(a, B, e~%f) (feI'(a, B,])), then fe Z(y) (feI). If y =0,
then any fe X (a, B, f) belongs to the class Z'(0).

TueEoREM B. If feZX(a, B,f), then

—H(a, f, —71< Idf—pla(z)f < K(a,f,7),
where

K{a,f,7) = ’%’(lw)—”ﬁ“r-m’/ﬂ and a< 0,

1. Let f(z) = l + Z a,2" be regular in E{0< |2|<1}. Denote this

n=0
class of functions by Z. Functions fe £ and satisfying:
o (z)}
1.1 —Re{e”——=4 > 0;
&y { f(z) ’
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(1.2) —Re{z‘;(ﬁ?}> 0, where ge X and satisfies (1.1) with y = 0;
zf”(«'ﬂ)}

1.3 —Rell+ — > 0;

-9) g+

are respectively called meromorphically y-spiral, close-to-convex and convex
analytic functions in B. If y = 0 in (1.1}, then f is meromorphically starlike
and has Deen extensively studied by Pommerenke [5]. We denote the
classes of functions fe¢ X and satisfying (1.1), (1.2) or (1.3) respectively by
Z(y), I and C. If y =0, then Z(0) = 2* denotes the class of starlike
functions. The class I” was introduced by Libera and Robertson [3]. We
find that contrary to regular close-to-convex functions in |2| < 1, functions
fe I' need not be univalent. In the present note we extend the definition
of e-starlike functions, due to Mocanu and Reade [4], from the regular to
the meromorphic case and prove in Theorem 1 that functions of this class
are univalent and that this class forms a subclass of the class of starlike
functions. .
For this purpose we introduce the following:

DrrINITION 1. Let Z(a, B, e~ f) denote the class of functions f(z)

l o
==+ 2 a,2" regular in F{0< [¢|< 1} and satistying

a4 Re{ M (a, , ¢ )} > 0,
where

I L W
s e, po7h) = afir TE) (e pen L,

a f real and ly]l < =/2.
DrriniTION 2. Let I'(a, 8, f) denote the class of functions' fe 2 and
satisfying

(1.8) Re{ N (a, ,B:f)} >0,
where
zq'(2)  &f "(z)) zf’ (2)
1.7 N(a, ) =qall — - —
&0 Ve A1) “( i@ T ) P e

for some ge I* é.nd a, freal.

THuEoREM 1. If fe X(a, B, e~ f) (or feI'(a, B,f)), then fe Z(y) (resp.
fs n. .

If v = 0, then any fe Z(a, B,f) belongs to the class 2*.

Proof. The proof of result is the same as that given in [1]. Let

of'(2) {1—w(z)

(1.8 — =
(8 e(fz)) 1+ w()

} Y+ ’1:7P21
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where

52*5 y =1, 1 = 03
(1.9) o(f) = ["’ 4 ve

e~"f;  p =cosy, y, = siny.
Differentiating (1.8) with respect to 2z, we get

110) J(e, 8, o(f))

_ Twli—o) o Y RN
“ﬂ[ 1t0@ T i) (v tivaa(z)  1te@)

where

lplf(a))) zf“(z)'J_ AN
Wf@ @] o)

From (1.8) it is clear that w(z) is regular in |2]< 1 and w(0) = 0.
Let |w(2)] « 1 in |2| < 1, then there exists a point 2z =2, in j2| < 1 for
which |@(2)] = max |w(2)] =1 and by a lemuna of Jack [2], it follows that

lz]<<1=1

z,w(2,) = Kw(z,) for some K > 1. Thus at z = 2,, from (1.10) we see that
Re{J (a, 8, o(f)} = 0. This completes the proof of the theorem by contra-
diction and by an appeal to the subordination principle.

Note that if y = 0, then fe Z(a, 8, e~ f) is starlike. -

J(a, ﬁ;?’(f)) = a[l_

THEOREM 2. If fe X(a, B, f), then )
(1.11) —EK(a, B, —1) < |@f "(2)| < E(a, B, ),
where
(1.12) K(a, B, r) = lél (1 +7)"#ey=1+he  apnd a< 0. .

Proof. Sinece fe X(a, B, f) is starlike, there exists an he 2(0) such
that

o (2) of'(2)  , 2Wle)
(1.13) a(1+ ) )—(a+l3) @) —ﬂm—:
(1.13) yields that '
(1.14) {M2)} 1% = of () [f (2) 1+,
From (1.14) and the following result of Pommerenke [5]:
(1—7)2 < h(2) < Q472
P R P

(1.11) is immediate.

If ¢ > 0, a similar sharp estimate can be found. For a = 0, this
coincides with the result of Pommerenke. More precise distortion theorems
for fe X(«a, B, f) can be obtained on the lines similar asin [5].
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