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ACTA ARITHMETICA
XXVIIT (19786)

On the zeros of Dirichlet Z-functions (V)
by

Axro Fusm* (Princeton, N.J.)

§ 1. Introduction. Here we will see a comparative study of the zerog
of Dirichlet IL-funections.

Let L(s, x} be a Dirichlet L-function with a character y to modulus
¢. We denote a zero of L(s, x) by ¢(x) = A(y) +1iy (). And we assume that
the order is given in the set of ordinates of zeros by 0< v, (%) < ypua(%)-
In the following we always assume that y, and y, ave different primitive
characters to the same modulus ¢. Now we are asking the following ques-
tions.

(1) Have L(s, y1) and L(s, y,) a éoincident zero?

Here we call ¢ a coincident zero of L(s, y,) and Ls, ) if L(g, gy
= L(g, x2) = 0 with the same multiplicity. Also we call £ & norcoincident
zero if it is not a coincident zero.

(i) Does there ewist a zero p{y,) = ﬁ(xa)+iy(jgz) of L(s, x5} in

0 < pu () < v (20} < Yopa ()

for almost all y,(x)?

Here we define y,(x,) < yu(xe) bY va(2a) < Y (%2) B v (10) < yml2a)s
and y,(x1) € Y (xa) < Pntt(Xa) < Vg1 (o) < ... if ¥nl21) = ')’qz+1(%1) = ...

cor = Y (2a) = ?’m-H.(xz) SRR EE )
(iii) Does it happen

Unldn) € Y (pe) < Yrea (1)
for almost all n?

For later purposes wo define A (21y %8) bY B —m if Y1) < Yulx2) _
< Y (¥1). Then (iif) asks if 4,(x;, x2) = 0 for almost all n.

* Supported in part by National Seience Foundation grant G-P-36418X1.
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To 'these questions, we ean show
TamoREM 1. Assume that v, and i, are different primdtive characlers
to the same modulus g. Then positive proporvtion of v, (x.) docs not have

7/11.(%2) i Vn(xl) C ?’n&—l(%l)
In particular,
TrmoreM 1'. Under the seme assuwmplion as above positive proposition
of zeros of L(s, x) L(s, x.) ove non-coincident.
Further,
TunoreM 2. Under the same hypothesis as above:
(i) For positive proportion of n
A1y 12) > Gl(loglog”)u2
and also for positive proportion of n
Ap(Fry x2) < "‘Gl(logmg%)m
where o, is some positive absolute constant.

(ii) For any positive increasing funchion D(n) which londs 1o oo as
n tends to oo,
' 27V1loglog 00%

|4 {xny 22}l >——Tc—i- el

_ : @ (n)
Jor almost all n.

Henee we see y,(y,) almost never lies in y, () <I<
1 comes from mean value theorem of

| (828R, 1) — S z2)) — (ST+1, 1)

(ef. Lemmsa 1 in § 2), where

—8{t, Z2))

1 ‘
801, ) = ~ g L(F-+4t, 7)

ag ugnal. Theorem 2 comes from mean value theorem of § (&, x1) — 8t xa)
(cf. Lemma 2 in § 2).

Finally, the author would like tio thfmk Professor . X, Cx&l-llrlng.,h(ﬂl‘
and Professor A. Selberg,

§ 2. Lemmas.
2.1. For simplicity we write _
An.(’g(t: ) — 8¢, %2)) ::"(S(f'i‘h: %1)‘“8(#: 21))"“(8(#““7@: %2)‘"‘8('53 Xz))

We will prove the iollowing two lemmas.

Lemma 1. Let ay, ay be fized, 0 < @

tive character to modulus q; for i =1, 2 ond  suppose that xi 4 X,
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G, Qo < TV, TPY ST, omd that 0 < b < ——1—u Then
© " loglogT

T4H .

[ (480, 1) — 82, 4)))at

g

2%k!
+O((Ak “"‘H(log 34 hlogr))k-m) if 1= 2k,

O(H(Ak)”“(log(S+h10g1’))’"“1) i 1= 2k—1.

Lavma 2. Under the same hypothesis as above emcmdmg the hypothesis

to T,
I+-H
[ (8, 1)~ 8, g
i
2k . "
- ——-*(%)MEH (2loglog T + O((AL)** H (loglog TY*~¥%) 4 1 = 2k,
O((ARY*H (loglog TY*~")  4f 1 = 2k—1. |

2.2. 'We will prove these only for I

= 2k. 0dd cases come simila;rly..
For simplicity we write

T4EH

Wl ={ [ feyea)™.
i

We saw in [1] for » in T%*% < o < BV

(1) S(t? %1.) _ Im 2 1f2+1,i & k:zHl[Zk .
p<gd
and algo
2:(P)
(2) ” S(t "I h, x;, - Im 2 1!‘2+1:($-§-.’L] < szl,‘zk
.11<:c3

for each i == 1,2 and for kb in 0 < b < H —(H/V T, Also wo saw in [1]

T (w) < @° with sowe ¢ > 0, then for @ == if’ﬂf'”‘z)’z’“(c+ n

&
m Sl -

<

o

2k 2k
22kk' lel( ) ( 2]¢:kr

HE, (o) =>)

if Fy(@)~»00 a8 @->o0, where Ov (k-—2) = ma.i{(),_k —2}.
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2.3. Proof of Lemma 1. We take o = T@+@=/5% Now

A;,(S(t, $)— 81, Xz))

v alp) 1.\ alp)
= A, (8(¢, 1) — 8, 22) )'“ —Im > g T - —Im oy R
. - n<xm "p Dl

where :
: a(p) = (1 (P) — (@)} (" ™MEF 1),

Hence by (1) and (2) |
1
| A (312, 32— 806, 2| = H Lo 34

b O (R FYE)

pm
Now
NU@F L § hale) = () _le_mm_l;z
<z P <z :p
—cos(hlo Y () 2 : _
— 42 ( 5 (hlogp) Z Eﬂ;—‘@)—h — cos (hlogp)) —
b<m <
pie
—2 2 1) %(2) {1 —cos (hlogp))
fove P
st
—Co§ hlogp C oy L—cos{hlogp)
= 4 —4 = - O(1)
D D
<z Dl
< )
‘ by Mertens’s Theorem
= 416g(hl'ogm)+0(1) under our assumption on & and ¢

Hence by (3) we geb

2%
[ 45 (82, o) — t, 2a) )”m _ 7 (41og (3 I hlogT) )+

)qukg
-+ ((Ak)‘llcﬂ(log (3 4 thgT))Icmlﬂ) .
2.4, Proof of Lemma 2. In this case a(p) = 5 () —xu(p) and

a(p)? Q l et ‘
oy sty =2 ' o)
pas] r nelm f e

by Mertens’s Theorem. This is equal to
2loglogx + O(logloglogq).

Hence under our assumption on g, taking o = TW+@5k o oot our con-
clusion in the same way as above.
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§ 3. Proof of theorems.
3.1. Let ¥ (%, x} be the number of zeros ¢ = f+iy of L(s, y) in 0 < ﬁ

<1, 0 <y <1, possible zeros on Ims = 0 or i counted one-half only. As
iy Well known
2
1 +log —

N(t, g) = —logt— g tw-?{(—l) +8(, 2) - 80, ) +0|—— !

H 27'C (=1 211 8 H H '-!"t .

for 1>0.

Heoence

Aia(-N(t: A1) "'-N(t: xz))

= (N (t4-hy 20) = N (2, g2} — (N 1+ By xa) — N (3, 22))
is essentially 4,(8(%, y1) —8(4, x2)). From Lemma 1 we see the following
Cororrary. (i) Under the same hypothesis as Lemma 2, for b = 2nCjlog T,
AN () 31) — N (@, 72)) > eallog O)'* (loglog O)H2+
Sor positive proportion of 4 in (T, T+ H) if € > Cy. Also for b = 2=C/logT,
An{N (35 2) — N (8, 20)) < —ea(log O)* (loglog €)H>+

Jor positive proportion of + in (T, T-+H) if 0 >0, where the Lebesque
measure of such s is at least o, Hexp(— (loglogC)*~™), 0, and o, are some
positive absolute constants, and o, is & suitable small positive number.

(ii) Under the same situation as (i) the Tebesgue measure of  for which
te (T, T +H) and ‘
— N (t; 1a)) > 65(log O)*

s at least s H, where o 18 some positive absolute constomt which does not
depend on 0. SBame is true for

Ay (8 1) —

A (N (2, 1)

N, %2)) < '—GS(IOgO)m-

Proof. 'We write F(i) = 4,(N(t, xs) —N(, z,)). From Lemma 1
T - :
j 1) df = T—Wﬂ(ﬁog( “+ hlogT))* +
T
-+ O{( A7) H (log (3 + hlog I)}*—*)
and

PHH _ '
[ FE @y at = 0((Ak)™E(log (3 + hlogT))).

i
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We write By = {$e(T, T+H): f(t) = M} for M = ¢ And let @, (1) be the
characteristic function of &,,. Now

T+H T+H 8

[ A @ety@s = [ 5 (g (6) at -+ f PR L~ () g0t

r T

r+H

7/|EM| (f Rk (g )dt)m o

where |#,,| is the Lebesgue measure of B, On the other hand, by Holder

inequality
I+H ) T+H -2 ’
[ PP Oemd =3 [ i wldy [ e
T T T

T+H
(f Ff(t)I2kdt)(2fc—l)f2(?ﬂ—l) N e
d +1 [ fma.

2 T+-H ’ ’
( f ff(t)lz dt)l/z(k—l) L
r

o)

Hence we get
— T+ H . -
Vil [ 750 ar)”
7 .

T-H
MU s
T — M 4 O{( AR H {log(3
o ([ |F2ag e . ‘
#

Toking hlogT = 20 sufficiently large and & = [{loglog 0)*] with
some arbitrary small positive e, we get

FolaE=1)/206~1) g 2
4 —
_ ( "L T 2k 1) (log O)FFR )
it (AB kk(2k—1)f2(k—1)(10g0)75+112)1/(2k+1) = M.

The last condition is 4,(log ) (loglog O)1"**t*2 = M with 5 suitablo
positive number s,. Hence we get our conclusion (i), (i) cones similarly
if we consider f(&)p,(f) instead of FH%*+ (#)p, (). Q.H.D.

3.2. In particular for b = 2n0/logT, and tor positive proportion of
tin (T, T+ H),

+ hlog.’l‘))""“l).

Byl =

An(N(E )~ N (5, Xa)) =2

For such §, in

Fn( o .
i, t+m), there exists a y,(x,) such that there is no

zero of L(s, ys) Inp,(x) <t <

Ver1i21). Henee wo geb our Theorem 1 as
- usuald.
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3.3. We assume the same hypothesis as Lemma 2. By the definition
of Ap{x1s x2)

Anltns #2) = Ny (tads 0 = N (v (a),, 1)

1
= S(Vﬂ(%ﬁ)r %2) —S(Q’n(%).: Zz) + O(m“)“) .
Now
\!
L
Teyplag) S| 1
I H

== f (S(i’;:xz)

b

(8(rm(x2); 22) = Slynla),
— 8 (¢, Zl))%dN(t’ %)

T+H ; 1 +10g2—ﬁ-
= f (8, 22) =8¢, z))*d | — logt — N -
\ 27 2

7 AT

' —1
+S(t, Az) ’S(O:Xz +O(1+t) - X(S ))
TIH

f t’ K1)~
1' .

I

----- ~1og 2 S(b, g+

(

2k! H g %

T -
[ (86, 21~ 806, )2} + 0 t0g i3 11)
o

-+ O(H1og T (loglog Ty (Ak)*¥} 4 O{(log Ty {2k +1)).
Hence we gotb
< 2rt H
B’ (AR(XI: XE))M £ e —— ] Oy
ﬁ'ﬁ:-'ﬂfjc;)dﬁﬂ'-w (2 9n _
-0(Hlog I (loglog TY*=Y* (A% + O ((Tog T+ /(2% -+1 )}

In particular, wo get

i
%;1; (toglog )"

N
24 (AW(A’U }{2))27” -

Timn]

2%k
m N(lﬂg‘]OgN)k -+

+O(¥ (loglog ¥~V (Ak)™) + O{(log N)™+1 j(2% --1)).
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Similarly, we get

ZN‘ (A (72s 22))"7F = O(N (loglog W)~ (AR)¥) +- O((log ¥ )*/2F).

==l

3.4. (i) of Theorem 2 comes similarly as in 3.2 if we use the above

% : no0 YT
mean value estimate 3 (An (%1 xe))! for T =1,2,4 or comes from 3.5
=1

below.
3.5. We wrife

VR ol

1 _
Fy(u) = EV—HN< N 2N ;5 — o0 < A2y 1a) < o Viee

Then from 3.3 we gee
| [ waFy(u) = p(N)
P00

ks
2! 0( (4%) ) -o(
k! Vioglogh,

(log Jry"+t
N{loglog N):(2k+1}

) i1 =%,

( (AR ) ( (log N )**
Yloglog® (loglog Ny~ "2 N -2k

) ¥ 1 =2k-1.

Since

Bl
0 if

1 .
2! it 1 =2k,
W (N) > =

1= 2k—1

a8 N—oo and the diztribution function determined by {u; ! =0,
1,2,...} 18
[17 ('3

: .y
f ——1—:@“”2’%0:, Hm Fyp () == [ ez (S
4 ' N-wco

o o Vi

{cf. 4.24 and 3.4 of [4]).
Hence for any positive increasing function @{n) which tends to oo
a8 N—o0,

.l/loglogﬁ,

idn(xld xﬂ)i = 27‘:@(%)

for almost all #.
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§ 4. Concluding remark. As is seon from 3.1 and 3.2 in §3, we do
not have to assume that y, and y, have the same modulus in Theorem 1.
Namely, the inequality in the Corollary of 3.1 hecomes

A ¢
ANy 32) — Nty x3)) 2 T l'f)g—q—l -+ 05 (log €)* (loglog G+
. ogl g

for b = 2nCflogd, where g, has o modulus g, for § = 1,2
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