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On the zeros of Dirichlet L-functions (VI)
, by

AKTO Furn* (Princeton, N, J.)

§ 1. Here wo will see a g-analogue of the author’s previous work
[4]. We will quote this by (V).

Let L(s, x) be & Dirvichlet L-function with a character y to modutus
¢- We write & nontrivial zero of L(s, ) by o(y) =-B(x) +iy(y). As before
for given two Dirvichlet L-functions L(s, y,) and L(s, x.), we call g a coinei-
dent zero of L(s, x;) and L(s, x,) if L{g, 11) = L(e, 5,) = 0 with the same
multiplieity. 'We call ¢ a noncoincident zero of L(s, y,) and L(s, y,) if
e 18 not & coincident zero. We assume the order is given in the set of ordi-
nates of zeros of L(s, ) by 0 < p,(%) < Yo (%) Also in the set {3, (1),
Ymlxa)im = 1,2, ..., m =1,2,..} the order is given by

Yol S V() 0 U () < vi(2)

and

?’n(%l) L ?nz(%ﬁ) & 7)15-4-1 (%1) = ?"Qn+1(x2)“<~. e
if
Palt) = ¥ (g = oo = vulde) = Vmea(a) = -+

Now we ave concerned with the following problems, which are similar
to problems (i), (i} and (i) in (V).

(1} Have different primitive D-functions L(s, y,) and L(s, v.) & coinci-
dent wzerot .

(i1) For given positive real numbers t, and ty, and for almost all pairs
of primitive charadters (y,, x,) does there exist a zero of L(s, x,) ih

vuln) & Ims <y (2)

Jor each Yo (gad 40 b, () S8 8 ) _
{(fit) For sowme v, (x.);, does it happen that v, (%) < vo(te) < Yasa (1)
Jor almost all primitive ocharacters %% _ _
Our answers to these ave the following theorems.

* Bupperted in part by N8P grant GP-36418X1.
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50 ‘ A Fujii

THREOREM 1. Let 0 << &, < ty < ¢¥*%, where @ > 0. Assume thot

{ts—1t)logg = O > Uy,

where €, i a switable positive absolute constant. Then for posilive proportion .

of pwirs (y1, xs) of primitive characters to modulus g, there are at least
€, {log )% (loglog Y+ mumber of p,,(i1) 1 by < ¥ (gs) < by sk that there
is Bo Y(xa) B

rula) SES

where & is a positive small number and O, is some positive absolute constunt,
Similarly
TanoreM 1. Under the same hypothesis to ty, and 1, as above, for each
primitive character yto modulus g, L{s, y) and L(s, y;) have at least Cy (lotr Oy x
% (loglog CY/5* number of moncoincident reros in t, < Tmng << ¢, for positive
proporiion of primitive characlers y, to modulus g, where the number of
nonooincident zeros is counted with multiplicities amd Gy and s are the same
a8 in Theorem 1. '

7’;;4-1(%1)

For longer intervals we have

TruorREM 2. L 0<#, <t < ¢* %, where a> 0. Assume thel
(t, —%;)log q tends to oc as g tendsto oco. Let 5 be-an arbitrarily given primitive
character to modulus q and D(g) be an arbitrarily given positive inereasing
Junction which goes to oo as ¢ tends to oo, Then for almost all primitive
characters x, to modulus ¢, either

!/Mog((tz ~1)logg)
P(g)
< &y, there 18 wo zero of L(s, x,) @ 7, (x) < Ims <
Vilog((t, —t,)logg)
P(9)
<1y, there 4s no zero of L(s, x) in v,(x) < Ins < S Yar ()
In Theorem 2, - “almost all” means the mumber of exceptional
characters is o(g). o
TaE0REM 2. Under the same hypothesis to £ and t, and ®(q) as The-
orem 2, for each primitive character y to modwulus gy Liisy x) and L8, )
I/Llog( (ta 1) logg)
®(g)
< Ims <ty for almost all primitive characters y; to modulus g
These are our answers to (1} and (ii). Abonﬁ (iii) we ean vhow
TEROREM 3. For ecach y,,,(% i 0<y,(y) < ge, Yo Lotn) 55 Y0 (%)

< Va1 (f1) Jor almost no y,, where ¥ and %13 are primitive (*lmmadw.s' t0
~modulus g and o > 0,

(1) for at least number of v, (x) & i b <<y, (x)

= Va F](X)

- (i) for at least aumber of v, ()8 in b << v, (1)

hame at least

nwumber of noneoineident =eros in 4

icm
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We ma.v remark here that “almost no” in the above Theorem 3 means
the number. of such x,’8 i8 0(g). As in (V) if we define A w2 ) Dy m—m

guch that y, (%) < ¥u(2) < Yppr (). Then Theorem 3 is a gpecial case
of the following

TouorEM 4. For cach n in 1< n < ¢ for each primitive charaster
¥ to modulus g and for any positive inereasing function ®{q) which tends to oo
as g tends to oo,
V2loglogg
_ )
Sor almost all primitive characters y, to modulus g, where b > 0.

Thexe come from mean value estimates of

S(tay 1) — 8 (85 42) — (S{t,, %) — 8 %1y %o ) or
where

| oy %))

Sty xe) “S(ﬁy Z1)s

1
8(t 2) = = argL(-+it, 2)

as wsual. (O0f. Lemma 1 and Lemma 2 in § 2.) We will prove our Theorems
1and 1’ in § 3 and Theorems 2, 2/, 3, and 4 in §4. In this paper we may
agsume for simplieity that ¢ is o prime as m [6]. Other cases come in the
same way. (Of. [67.)

§ 2. Lemmas

2.1. We need two lemumas.
Tmmma 3. Let |8, [$-4-k) < ¢4*%, where a> 0. Then for h >0,

Z’Z’ ((S(t +hy ) — 8 ( + X1 )""(S by ) — B, Za)))z
X1 Xa

(k) g*{4log (3 + hlogg))® +

+0((A%)% g2{log (3 + Blog )/} for 1 = 2%
O((AR)% g2 (log(3 -+ hlog)*™))  for 1= 2k —1,
where x, and xy ron over, all nonprineipal characters to modul%& q, ¢(k)
nk!
=5 :'!(_,11:)2” i amd A% are some positive absolute constants,

Taommwa 2. Let 8] < g%, where o = 0. Then
Y ’
DV NS ) 80, w))!

X F2] . :
o(k) g2 (21oglog @) + O((AR)™ g2 (loglogg)*—"%)  for
O(g*(loglog gy~ (Ak)™®)  for 1 =2k—1,

1 = 2k
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where ¢(k) 4s the same as in Temma 1 and A’s are positive absoluie
constants.

2.2. As in [6] we wrile

1 ox(p )
KB R,
n<e

1

with some remainder term R.(t, x).

Then we know (ef. [6] or the amfhor’s “On the zeros of Dirichlet
L-funetions (IT)”, hereafter we quote the latter by (Il)) that if |§] =g gti-o
and ¢7* < 0 < ¢V,

(1) - SR, (1, " € (A,

z

where y rung over all nonprincipal characters to 1110("111111,& q. Also we see
that if we write

F,{») - Z‘“————[a(ﬁa)lh

<

for complex numbers «(p) and real positive number o, and if F',(») <€1
for o> 2 and Fyy(a) < g”,-then for o = g'**

(@) V Zm 2 S aes 2

<

251 _
m qFl (m)b -+ O(bb qFl(m)W(b—z))

if (@)oo asw—oo and if 1 = 3b < 2k,
OB ¢Fy (m)?) . if 1 = 2b+1< 2%k,
where 0V (b--2) = Max{0, b—2}. (Cf. (II).)
' 2.3. ‘Proof of lemmas. Using the above notitions
(S(t 0y ) _S(ta X;)) -—-(S(‘B -, Xa) ’”S(t: %2))
= Flan) =f () o+ (Ba (4 Ty 1) — By (8, 20)) = (Bolb -1 by 1) =B (¥, 1)),
where we write

. l .
1) =Rl =S ST B

p<m

On the seros of Dirioklet L-functions (VI) 53
with a{p) = exp(-—ihlogp)—l. Now using (1) in 2.2, taking o = g

(3) (Z Z (t-+hy 1) — 82, X:)) —(S(t +hy ) —8(1, Zz)))ak)ll%
Xo X1
- (2r2' (f(ﬂh) — f %) qk)lmc - ((2 2 R, (t+h, x) — Rt xl))zm)lﬂk)

0((2 2 Bp(t-t-hy 3,) — Ry(t, Zz))”‘)””‘)

(2 Z f(ﬁh Qic)lfm_i O(kdqlﬂc).

o)

Now

3 X st -3y )_j(zf) P
,,Zk (¥}t (%; fa?)| 2 Fll?)
S E e
2 (omin )(2 SO (X 1),

2
Further sinee 2—[2-(—2)'— = 2log(hlog X) + O(1) if hlogX -0 a3 X—so0,

f

oo “ |
2 FOF™ = q(ﬁlog(;: 10gq))m -FO(m’" (log(h logq))wmw)).
Hance

(37 ) (3 )2"f~m>)

2m! 2(k—m)! %
ro (27‘:)2’“ m1(2n)2(k~—m)( m), (2]0g‘( logq)) +

—I—O(l " (J e )T "‘(log(—;— logg))

ov{k—ﬁ))
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and

2(27«:) (2 flm 213:) (2/ f(x 2(,’;: m))
L1 Gy 2ml 8(km)! , \
— (2m)P% (2 (;;a) ?Z?, (I.,GH.. %% ) g (zlﬂg (I: Iogg)) -

=0
0V et}
40 (!r"g (log‘( lop:q)) )

285! . h % ] 0V (f5-3)
= m(z—c)ﬁ?a—' q (Mog (7;- logg )) 4-0 (!f“q (ug(m lug(])) )

Similarly wsing (2)
K]
_m)_1) - O( Ik qz (log (;ﬁ log q)) )
i

pXESIDECE 3t

Hence we got

2 2t —fm)

X X1
25! & Jpm1
= e q ( log (mw log )) (Jv'::"'“q2 (log (—— Iogq)) )

if hlogg—oo as g—co.
Hence from (3) we gee Lha.t

. 'ZIZ'((S@”*‘]% f1)

X2 4

(8 )~ (S (85, 1) —8 (2, )P

k!

== Wjﬂ"} Qz(élog‘(hloaq))fc + O((A/; Gicgz( (klogq))s- -ii2)

if hlogg—oco ay g-»oo,
Hence we get our Liorma 1 for even power cage. Odd powor easo cotes

similarly and we omit it. Proof of Lenms 2 is completely similar and we
omit. it.

§ 3. Proof of Theorems 1 and 1'.

3.1. To prove Theorem 1 we use Lemms 1. Ay, g, . ave positive
'absolute constants in the following, We put k= 2nC/logy and

Fxs 22 E(S(t‘i“h;ZI)_S(LM})*‘(SU"FH:Xz)"“’ (:%2))

icm
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We write Hyr = {(x1; xa) # (Xos 20)* J(xas ) > M} for M >0, where
¥, is the principal character to modulus g. And let g {x, z) be the
characterigtic function of H, . Now

Zfo 1)

Po (215 Zz)** 4_4 Z S Zz) ‘Pu(%u Foyear (a0 X2) +

+- 2 2 Fln :Xz o1 X2)(1*“PM(%11 ?Cz))
VIEMII/Z, yj(xl g 2D +Mzz+1gz

On the other hand

Z T Pty 1) (s 1) = %21'2’ 1F (s m)l”“_+%2’2'f(xu %3)21+1
.c i X A1 )

4] (y Z ]f xla ”5)(”—1)!2(1_1)
( ’ \1, )1!2(1—-1)

X1 X2 .
Taking 1 == (loglog C}'~* with some arbitrary small positive ¢ and € > €,
wa got by Lemma 1
Ay ({21175 ¢ log O [y |

(1 (log Q)P0
(¢*log ¢)H*¢-1

+;;2, 3 s ™

fo B

S
' [f(ry 22)]

; A._q __M?H-l gz(mrz)l-r-l/z

Hence we get

@1}
- z‘zg(z“i) M (g )L 2
Pl =& ( @R T @ leg 0 |

provided ‘
| ( A, PE=DII=1) (o QHHRRHEND 5 g
Fenco for M = 4,(log OV (loglogC)***+* with positive ¢, we geb
]-mMi = Aﬁq'zg—(loglogo’)l—“. .
3.2. Now ws i well-known the number N (2, ) of zeros of L(s, %)

in 0 < Ros < L, 0= Ime < ¢, possible zeros on Iing = 0 or ¢ counted one
half only, has an :th]Il]Jf otw formula (Riemann-~von Mangoldt f.ormulﬂ.)

e
1 4-log ~—

t g, g(=1)
N, ) = 5 logh — : fmt

+8 <,x)—ﬂco,x)+0(1 )

for t>0.

Qe 8

Hence from 3.1, we hawve
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COROLLARY. Lot 0 <ty < t,< 7% where a> 0. Let (t,—1)logg
=C >0, Then for at least A;q"exp(—{loglogCy ") pairs (z, y,) of
characters to modulus g,

(X (tyy %0) =N (81y 20)) — (N (tey 202} — N (3, JCZ)) > A,(log 0) (loglog 04+,
Same statement is truo for
(«N{tz, %1)"N(tu ¥1) )_(N(tzy Aoy — N (3, 1) ) < — A (10};'0)”2(10“‘10g‘0)”2+“'

where A, and A, are positive absolute constunts, ¢ and ¢ are suitable small
positive frmmbeﬂ and Oy 18 a suitable large constant.

From. this corollary we get our Theorem 1. We may rmnarl{here
that if we use 3" 3V F(xe, xa) @021y xa) Mstend of 3 57 Floyy 1200 (s 70)

%1 X3 Xz
in 8.1, we get
' COROLLARY. Under the same assumption on t, and ¥, as above, for gt
least A, q® pairs (xy, xa) of characters to modulus ¢,

N (tay 21) — ¥ (tr, 1a) “”(N(tzy Xo) — N (1, Zz)) > dy(log Oy,
Same statement is- true for ) _
N_(tza Fa) — N (b, x4 "'(N(tzy Xa) N (t;, Xz)) < "‘AQ(IOEO)M-
3.3. For a given y to modulus ¢, if we agsume
|N(taa 2 — N, %)""(N(te: 2} — N (b, ?Cl)” < 4, (log 0)"*(loglog Oy¥2-+¢
for almost all characters y, to modulus ¢, then
LN(ta: 2h—N(ty, %1)"(1\7-(#2: Xa) — N (24, M)H
= IN(taa x) —N(th Z) P’(N(tm XI) _N(tlv Jh))[ +
| ‘i‘jN”mx)“N(tnZ)—(-N(tzsxz)“N(.tnxn))l
< 24,(log 0)*(loglog 0)¥+*

for almost all pairs (3, x;). Bub this econtradicts the first  corollary
in 3.1. Henece for positive proportion of characters y, to modalus q

[N. oy X)— N (8, 1) — (N(taa ) =Ny, 1 )I > Aqf IOgO)m (loglog QY&+
for a given y. This proves Theorem 1.

§ 4. Proof of Theorems 2, 2', 3 and 4. Since the puttorn of proofs
are gimilar we will prove only Theorem 4.

4.1. Let %, x,, and g, be nonprincipal characters 1,0 modulus g
By the definition of 4, (yy, 1),

An(ty 1) — Aalitas 2) = (N () b 2) =N lvaln), )~

‘ (N(yﬂ d Z) (Vn {(x)s xa))~l-0.(1)
= 8y (2)s 22) — 8w l2)y 1) +0O()

On the zeros of Dirviohlet L-functions (V1) ' 57

by Riemann—von Ma.ngoldb formula for ¥ (y,(x), %:)- Hence by Lemma 2 if
0 < po() < ¢7%7%, then

37 3 4uliar 0= Dnls 0)f

X1 Xy
= 3T S(8(yala)s 13) = Sval) s 1) + o)
X1 F4
2! .
- (2 )2.":]! q (210"'10gq +‘O( A]G gz(loglogq)i’c—»lm) if 1 -'=‘—_2]6,

O((Am)y*g*(loglogg)®™Y) it 1 = 2k—1.

Now it we putb

1
Fow) ==

{( %1y Zo)s % 38 o nonprincipal character to modulus ¢

H

ng loglogyg }

and  —eo < A (s 1) — Ay {ias 1) < P

the above asymptotic formula yields
2k! [ (Ak)%
o ( (4%)

) it 1= 2k,

p . k! 1/10,‘_3,'10
f u’dﬁ’ﬁ(u) gz () = o g4
= (AR |
0(— it 1= 2k-1.
Vioglogg

Since
ak!

(@)= =l k!
0 # 1=2k-1

it 1 =2k,

ER q——>00 and the distribution functmn determme(l by {m;1 =0,1,2,...}

is f “”z‘”dm, :
lim P, (u) = f I o= da;.
ree e Vir .

(of. 4.24 and 3.4 of [B]).
Honce for any positive increasing function @(g) which tends to oo as
o0,

Valoglog:
| (225 %) — Ay (s %) > %

for almost all pairs (y,, x.).
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4.2, Now to derive Theorem 4, we agsmne that

V2log loglogg

[ XM < 2x0(g)

for some positive increasing function @{g) which tends to co ag g-co,
and for positive proposition of nonprincipal characters x; to modnlus
g. Then if z and y, ave such characters, then

l/ lu(flog

(s 2) — du Gy 01K 1R (g 2011 \rﬂﬂ(xosx ----- . j-“-m—‘ .

Since the number of such paivs (x, x») Is at Jeast A¢* with some positive

abgolute constant, thiz contradiets with the fact in 4.1. Ience for 4 given

V2log - log — logé
9 B (q)

4. Theorem 3 is a special case of Theorem 4.

z to modulus ¢ |4,(x,, 2) > for almost all x to mo-

dulus g, This proves Theoremn

4.3. Similarly from Lemma 1 if (f,—1#)logg-+o0 a8 g-»oo, for any
positive increasing funetion @(g) which tends to oo ay g—oc,

Vdlog((t, —t,)logg)
2nd(q)

(¥ (te, 22) ~ N (b, 200} — (N (Es, 22) — N (ty, 12))] >

for almost all pairs ( 4 %,) of characters to 1110(111111\ ¢. From {hiy we can
5ee Theoremh 2 and 2" as before.
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On the zeros of Dirichlet L-functions (VII)
by '
Axio ¥ugn* (Princeton, N. J.)

§ 1. Inteodnetion. As an application of the methods which we have
used in fhe author’s previous works, [1] and [4] we add some results to
Knupowski-Turdn’s problem which will be explained later. We will
quotie the above articles by (I) or (V). )

Let ¢ be a given fixed positive integer. Assume that (b, q) =
== 1 and D s d(modg). Tiet x he.a character to modulus ¢. We write

= Zg(x)m

where g vuns over all charucters to modulug ¢ and m, () is the multiplicity

- (d, 9)

—7(®)  and  u(p) = mp,alo)

-of o a8 « zero of Dirichlet L-Tunction L(s, x). Kna.powskl and- Turdn pro-

posed the :Eolluwmg problem in their study of prime numbers: to study

fm= 3 1
J=Tme<T
- wle)wo

(ct. [8]).

To this problem Katai (unpublished) and Grosswald ([5] proved
independently the existence of ihfinitely many o’s with u(e) # 0. Later
Turan obtained the following resubts (ef. [107]).

1)y -For I' > p{q) we have the inéqmlity .
FUT) 3 Oyexp((log T)H).
2} Under the assumplion of the genemllzul Riemann hypotlesis
wa lwve FUL) 5 0,78 sor 75 pig),

where ¢, are numerical constants and (g) an explicit function of ¢
Recently Motohashi ([7]) obtained the following results.
1) For X' > p{g) we have '

FIT) > T (log Ty,
Horo the castmmt jon. is independent of b and d.
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