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4.2, Now to derive Theorem 4, we agsmne that

V2log loglogg

[ XM < 2x0(g)

for some positive increasing function @{g) which tends to co ag g-co,
and for positive proposition of nonprincipal characters x; to modnlus
g. Then if z and y, ave such characters, then

l/ lu(flog

(s 2) — du Gy 01K 1R (g 2011 \rﬂﬂ(xosx ----- . j-“-m—‘ .

Since the number of such paivs (x, x») Is at Jeast A¢* with some positive

abgolute constant, thiz contradiets with the fact in 4.1. Ience for 4 given

V2log - log — logé
9 B (q)

4. Theorem 3 is a special case of Theorem 4.

z to modulus ¢ |4,(x,, 2) > for almost all x to mo-

dulus g, This proves Theoremn

4.3. Similarly from Lemma 1 if (f,—1#)logg-+o0 a8 g-»oo, for any
positive increasing funetion @(g) which tends to oo ay g—oc,

Vdlog((t, —t,)logg)
2nd(q)

(¥ (te, 22) ~ N (b, 200} — (N (Es, 22) — N (ty, 12))] >

for almost all pairs ( 4 %,) of characters to 1110(111111\ ¢. From {hiy we can
5ee Theoremh 2 and 2" as before.
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On the zeros of Dirichlet L-functions (VII)
by '
Axio ¥ugn* (Princeton, N. J.)

§ 1. Inteodnetion. As an application of the methods which we have
used in fhe author’s previous works, [1] and [4] we add some results to
Knupowski-Turdn’s problem which will be explained later. We will
quotie the above articles by (I) or (V). )

Let ¢ be a given fixed positive integer. Assume that (b, q) =
== 1 and D s d(modg). Tiet x he.a character to modulus ¢. We write

= Zg(x)m

where g vuns over all charucters to modulug ¢ and m, () is the multiplicity

- (d, 9)

—7(®)  and  u(p) = mp,alo)

-of o a8 « zero of Dirichlet L-Tunction L(s, x). Kna.powskl and- Turdn pro-

posed the :Eolluwmg problem in their study of prime numbers: to study

fm= 3 1
J=Tme<T
- wle)wo

(ct. [8]).

To this problem Katai (unpublished) and Grosswald ([5] proved
independently the existence of ihfinitely many o’s with u(e) # 0. Later
Turan obtained the following resubts (ef. [107]).

1)y -For I' > p{q) we have the inéqmlity .
FUT) 3 Oyexp((log T)H).
2} Under the assumplion of the genemllzul Riemann hypotlesis
wa lwve FUL) 5 0,78 sor 75 pig),

where ¢, are numerical constants and (g) an explicit function of ¢
Recently Motohashi ([7]) obtained the following results.
1) For X' > p{g) we have '

FIT) > T (log Ty,
Horo the castmmt jon. is independent of b and d.

. Supported i part by National Science Foundation grant GP —36418X1.
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2) For any suificiently large 7' there exists at least one g, with

%TIIE (]()g‘T)—Sl < q < Tllz (IOgT)—Iﬂ,
8.t.

HE) > T log )

liolds for amy pair (b, d).
Now we can show
TamoreM. For T > y(qy we have

FUT) > ATlogT,

where p(q) is some explicit fundtion of q and positive constant A may de-
pend on gq.

- In faet, we can take 1,u(_q)'=exp(exp('01g)) and A = exp(—0C,q)
with some positive absolute constants C, and C,.

§ 2. Proof of Theorem. Let N (¢, y) be the number of zeros o =By
of Li(s, ) in 0 <<y <2, 0 §< 1, possible zeros on Ims = 0 or ¢ counted
one-half only. Let

1 .
’S(t: Z)':"“;argL(‘Z"l'”: %)

a8 usual. If y is & primitive character to modulus ¢, we know .

2%
| Ty
1) N,y = Y logt— 1488, 1) —
x{—1) 1
— 8(0, y)—
8( ,lx) 3 +O(1-E-t) for 1> 0.

If y is not & primitive character, we write the primitive character attached
to y by x* and its modulus by ¢%. Then we have

(2) Nty z) = N5, x*)
l—l-log-wj—zf;11 ,
=—logt— g -8, 1)~
2=
x*(~1) 1
— 8(0, »*) -
(0, %) B +0(1+t) for >0

Now let: b be a positive number to be chosen later and leb
B = {te(T, T4 Hy; in (t,1-+-h) there exists

at least one o wit.h_‘,u(g) 5 0},
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Then we seée that for ¢4 I,

| Satn)
Grenerally, *

D DI b, ) =N (4, )
e DGOV By 7%~ N (2, 1)

X

h gr& 1
= D o) (—~ 08 0By )= 80, 19) -+ 05
Z,{’ 9 7 9n (b4, 27) t 27} +0 14+%)°

where & is some number in § < £ 4

(‘N(t +ny 1) -, X))I < 1.

k. By the definition of g(y) we see

l 1 it b =1(g),
\ .

; g(x) ={—1 it d=1(g),
d 0 otherwise

- We may assume b 2 1(g) and 4 7 1(g), since otherwise f(T) > ATlogT

trivially. Namely we may assume Y g(y)

r
DG (E-hy gy —N(E, )

_7(
x)logg* - ZJ

For mmpheﬂsy we write

= 0. Hence

St h, ) — 81, x*)HO(m)-

T+ I

WFe =( [ i)™,
- 1“
Then by the lemma in § 3 if

Y

¢, 0 '
BlogZl == €, B2 oxp [~ g ].oglogg) and - 0> exp(Cyg)
Viog ¢/

with some positive absolute constants O,

log{hlog) )”2
¢lq)

for ench Ik, whm'e S ey means f € ¢ and g €f. Using trivial estimate

[ %Zy(xf_logq*
X

H S(t+ By %)= 802, 1) )H—-H”“’“(

< BV hlogg,
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we get

| 3o ® @+ b, =N ) | = H”ﬂ(

for each %. Henece if

log (hlog Ty \M* e
o -+ O{H*hlogg)

!

¢
hlogT =0, T>exp (—- — q”zlogq) and 0= exp(dyq),
Vlog()

' o flog (Rlog T
— ity ) || e (m ) .

| X otoasn 2 i)

Now we consider the integral
T-i»ﬂ

qu (Nuh,x>~N(,x>)1 db.
This is -

= f|20(%)(N(5 Lk, g~ N1, x)”z_(]t -

B

[ | Dot o) — N G, ) [

T4+

<ViE( | fZg(x)(N(t +y 1)

E
—~N(t, 1) |“czt)”” - H

log(hlogi’)

<o
®(q)

)1/|17g +H.

On the other hand

.T+H
129(;5 WF @+, )= H 0, ) [l >

Hence we get by taking ¢, rufficiently large
‘ || > O, H.

Dividing the interval (T, T+ H) into subinfervals of langth b, woe gel

a8 usnal '
LTIy = Alog T

if > exp (exp((lﬁq)), whero woe write

Tay<ii-IT
. _ wla)Ai
and we can fake A = exp(—C,q). ¢

_ 1y Cyy X
ute constants. Q..D

- whove are all positive alwol-

icm

On the wevos of Dirielhlet L-fumctions (VII) 63

§ 3. Lemma

3.1, In this paragraph we will prove the following
LEMMA . Asswme that TP < T < T, where

0<e<{, hlogl =0,

H

8
=t S U2 o log T
1’ oxp (( }/10&0 g loglo q) and 0> exp(C,q),

where Uy and O, are suitable, positive, absolute constants. Then

J'IH

J 1 2ot

WS- Dy 4% —8(2, x*))‘ dt = (M‘E&Q)

avy

fO?‘ each b = 1, Hy s

3.2. For simplicity we prove only for k=1 and 2. In (I) we saw

that i TV 2 ¢,

where fora ==

(3)

Algo for g =

{4)

St 2 __\"‘ £ ()

kL

244 7

n r:;u"
Trr.lﬁuls

1B,(t, £ &, HY%,
TN g hoin O < h<< H—(H YT
|lB.8(t -1, x"‘)” <%, ek

(Of. [11].)

then for m i wy, -

Henee il we write

Ag(t) = DTS+ I, 2= 8 40) -

X
Lo\ 1% (9)
~—7-t‘d{\;g(x)1m 3 2 (mp(mzhlotrp) 1)
% ezt
1 i - .‘ . .
= MW olBat k) 1 N o(Balt, ),
. % *

:’L?rtfﬂl)fc o o ],l.l/l-:

SN o
M8 <o I (0B 231

X

LN . Lo w(mx)‘
| N B, (4 ST——— 2 S ; ,
|- (p(q) _ l 0( p %) 2(9) “ wo{_'pg' ] iR |
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where a(p, 5*) = 1" (p){exp(—ihlogp) —1). Hence for @ in z, < » < HYA,
14,(0] < H'™ Dby (3), (4) and Lemma 5 in (T}, Hereafter we take o = T‘**“)f“’“.

(P,x)

: -1 .
3.3. We write 7(x") =— Y —Tisy~, where a(p, z*) is the sanie

Toaew P
a8 in 3.2, Then

—:-;-Zg 2 1,2“, 0L 29(%)(7(95*)“7(%*))

P<:n
1 ke 1 ¥ (palp)
= N e E i

p<® Dl
where
b(p) =Zg(x)x*(29), b (p) ﬂgg(x)x*(p),
% ' 4
and
a(p) = exp(—ihlogp) —1.
Now _ :
O bip)a(p) v(palp) [P X b@)b(pa) alpy)alps) (gz_)** .
Z :pllzm - Z 151/24.: - 2, l/ﬁ;j;; P +-
il n<iv ]
b (2,) ¥ (pa)a(py) w(pz) ( )
._]_ —
p}EJ: ]/1711'72 P
' b (p) b aw)ale) ,
= (pape)” —
,;«: Vp192 ’
_ YV bebipde@ap) 1
. ph{;; l/_ D1 (220"
Hence also :
iy ¢ b@alp) X B ipalp) |
1[2+ﬂ p PR
1n<::c 27«11_
___Z b(p1)b(Pa)b(pa)bip,) “(?i__ o) (Pg) @ (Dy) ( "195@) -
p<z ' 1/1’1103193104, DiPs
+ 2 (P (02 b (a) ' (ps) 6(21) 4 (ps) 6(p5) 6 () (:puﬂa)“ n
<z V%Pzﬁaﬁ PPy :
+ 1 b (Pl)b(ﬁz)b’ Pa)}i’(?ﬂ (P1) a(pa)a(ps)a(p,) (Popapap ) +
. p<m 1‘71192103_?4
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+ Z’ b(l’l)b’ (Pz)b(ﬂs)b'(fh)“ (Pr)a(ps)a(py) alp,)
V01020204 (,00 9y D)

pe
4y 2BV (#2)V (po)ap) o (pa)alps) a(py) (ma ) N
proer ]/1’71192]731“4 PP
Vi) b(pa)b(pa)b (pa) __(;nl) (13)6(ps) 8 (py) (;puoz)"‘f~
pam l/plp"p(}pl, P3Pa
\7 b 7’1 b([’ ]?1 “'(I) b(p,; b (j”ct @(Dg) 6(py) ( P )it .~_
& V004030 P103Ps
ENRACALICALIVNLL AL PATITATIPALIEN (plpsm\_
paw '/Plﬁzﬁ’si‘% Do
Henee
\'1 biplalp) N7 gg'_(y?_m( p) ! i
P f{_:‘ :pL’Hﬂ % P {2 it .
1 b () e (p) \J ib’(p)lzla(p)lg) ( < 1 )
o e e > Rt e Y R
ez ‘ et » A Prrv VD19, 10g o /p,|
’ D
- 1) te@t N _L‘"”( ”W )2 "
mﬂ<% - !% v ) +O(T10gT).
Also
T : o
\T10(p) a(p) 3 (palp)ft
f Z”*g‘/m‘* - ,Z | B
ar P Belin b
[bp)i*la(p)*\* Ib’ 2Iﬂ e (p) 2 *
-2 ( N ) ‘?}I( ) +
o N B8 () )( o 1 (p) 2 la(p)] )
M’”(ﬁ P ;% ‘P -
- :“'“""'“"'""“’"“‘-" ] 2
IMI( \1 b(p)V'(p) ta(p)? )(Z{(ﬁ&(ﬁ)}f@[) v
reiint » B P

1 1
[() - RN D .
- \esamem Vo papap,) log o
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Now we see

p@ra@P _ N @i, m(p)w_o( zacp)l=)
2 D -2 P t 2 r & P

P<w . pew pex Pla

»=b{g) pe=dig) Pz
and .
Zlb’(.ﬂml*i&(}?)l2 _ 2 slp)® | by |a(p)]® ~l~0(2 Ia(’p)lz)’
i < r ?Z;a p Plg P
- op<w :pgb"((l) :v-éd*(Q)' n<z

where bb* = 1(¢) and dd" =1(g). Moreover,

lo(p)* 1—costhlogp) 2 o ihloga) 001
" _22 T e@ og(hlog ) -+ O (1)

B=b{g) A

2 Ic‘a(zz;’ﬂ)l2 — 0(r*(loglogg)?).

Pz
rig

and

Hence

Zib{mlz‘la@)lﬂ [ log (klogT) + O(h#(loglog g)*) + O (1)
ool P ®(q)
and

2 b (p)lalp)i® _ 4 log (klogT) + O(h*(loglog g)) + O(1).
» @(g} _

P
Henee

T+H

T

w

b(p)a(p) b (p)alp)
2 ;;,vz-q-u "Z pllz—il

il i

2

dt

- (89) Hiog(hlogT) -+ O(Hk?(loglog g)*}+ O (T log 1) + O (H).
¢ .

And

ﬂj’f:H

T

4

\ bip)alp) Wi,

i [V I 12t
P 'p b<x 'p

= 0(b, d)H (%ﬂr -} O(HH(loglog )| O(H) +

log(hlogT) A

H WA (loglog q)t
+0( prpe e(ogogq))
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where '
128 i (i) ¥ =band & =4
or (i) ¥ =g,
e(b,d) ={104 if (i) B* =b and d* =4
or (i) d" =d and »* s,
96  otherwise
sinee
1 i (i) p=band p = b*(modg)
or (i) p=dand p = d*(modg),
b (p) =1 —1 it (i) p=>bandp = d*(modq)
or (i) p=4and p =b*(modg),
¢ otherwise.
Hence
4E

J 1 2 at0ath, ) —s0, ) [

2 _ log(hlogT) ( (log(hlogl’) )m)
=-—H =07 | o|g(2=008) O(H#(loglog g)® .

L #{g) v(g) _+ ) (log 80} + 0 (H)
And

T X
[ | X amise+n, s, ) fa
r X X .

_e(b,d) H(}gg(hlogl’) )2
o (@n) p(g)

log(hlog T 3."2
+o(ﬂ(-?a%£—l) ) + O (HH* (loglog g}*) -

. . log(hlogT) )
A O(H) 4 O\ 22221 pa(loglog )] .
FO(H)+ ( e (loglogg)?).

Henco we get our lemma.
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The half dimensional sieve
by

H. Iwanmo (Warszawa)

- § 1. Introduction. The purpose of thiz paper is to describe the half
dimensional sieve in ity general form (with conditions (£2,) and (2,) of
Halberstam and Richert type [3]) and to show that this sieve is powerful
enough to establish the asymptotic formulae. In the paper a variant of
Brun's method 18 used (without any weights or other combinatorial
devices), Extimations of the *sifting funefion’ which are given in Theorem
1 cannot be essentially improved. Theorem 2 shows that in a special case
the main term of the upper estimation coincides with the main term of
the asymplotic formula for the sifting function. The fundamental result
of the paper i included in Theorem 4. From this theorem we obtain the
agymptotic formula for the nuwmber of quasi-primes of the form w2 -+42-¢
lying in a short interval of eonsecutive teroas of an arithmetie progres-
fion with the difference large in comparision to the length of the interval.
It iz the contents of Corollary L. From Corollary 1 we obtain in particular
the following Landaun’s theovem

@
Bla)i= Y 1~Be—e
éﬂx l/logm
gt 2

pet [ AT

2

where

e limind 4)

Our prool is elomentary and does pol make use of the Prime Nuwuber
Theovem (in contrast to the Levin and Painleib’s iterative methed [11],
p. 379). In 1063 K. Prachar [T} proved

. w
(1.1) B, Ty 1) = U1~ By
P I/.logm

neng b2 .

wmeiGmod k)



