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The half dimensional sieve
by

H. Iwanmo (Warszawa)

- § 1. Introduction. The purpose of thiz paper is to describe the half
dimensional sieve in ity general form (with conditions (£2,) and (2,) of
Halberstam and Richert type [3]) and to show that this sieve is powerful
enough to establish the asymptotic formulae. In the paper a variant of
Brun's method 18 used (without any weights or other combinatorial
devices), Extimations of the *sifting funefion’ which are given in Theorem
1 cannot be essentially improved. Theorem 2 shows that in a special case
the main term of the upper estimation coincides with the main term of
the asymplotic formula for the sifting function. The fundamental result
of the paper i included in Theorem 4. From this theorem we obtain the
agymptotic formula for the nuwmber of quasi-primes of the form w2 -+42-¢
lying in a short interval of eonsecutive teroas of an arithmetie progres-
fion with the difference large in comparision to the length of the interval.
It iz the contents of Corollary L. From Corollary 1 we obtain in particular
the following Landaun’s theovem

@
Bla)i= Y 1~Be—e
éﬂx l/logm
gt 2

pet [ AT

2

where

e limind 4)

Our prool is elomentary and does pol make use of the Prime Nuwuber
Theovem (in contrast to the Levin and Painleib’s iterative methed [11],
p. 379). In 1063 K. Prachar [T} proved

. w
(1.1) B, Ty 1) = U1~ By
P I/.logm

neng b2 .

wmeiGmod k)
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where :
4, 1y
By = M.(._’_)__ l I (1_;__).
(2, k)% P
Nk ,
p==--ifmod4)

The integers %, I are fixed and (k, ) =1, = 1lmod(4, k). Next in 1965
G. J. Rieger [8] using Siegel’s theovem proved that (1.1) is true uniformly
for all k< log’®, where ¢ i3 any fixed constant. Shortly afterwards in
1967 H. Bekié [1] extended the range of & up to expeVlogs. Quite re-
cently G- 8. Belozorov [9] moved % close to exp (logas)*®, Both Bekid and
Belozorov also made use of the theory of Dirichlet’s L-functions, From
Corollary 1 we obtain

@ logT \ 4
B E, D) = B, e 1-{-0(( -) ))
@8 8 = B Viogw ( - \Vlog=/ /)

The congtant in symbol O is absolute. OQur method doos not allow us .

to replace exponent 1/5 by a constant arbitrarily close to 1/2.

A positive infeger % <N will De ecalled guasi-prime in the sense
of Hooley if it is not divisible by primes < min(n, N~ logy,

From Corollary 1 we obtain

¢? {1\ ~¥ 1 wloglog
2 Y~ [ (“nﬁ) (J'_ 19(19—1)) log™o

aszw P —1{mod4)
nmal4bi1
f quagi-prime

where ¢ is Fuler’s constant. From Theoremn 1 we obtain

Bl@+y) < B(w) -+ B(y)+0(ylog™""y)
for all # 2y > 1. The constant in symbol O is absolute. Therefore B(x)
is “almost subadditive”.

Theorem 2 can be extended without any diffienlty to the case &
= {p; (D}p) = —1}, where D is an integer different from a perfect square
and (D/p) denotes Kronecker’s symbol, Combining our sieve result with
some facts from the arithmetic of ideals of the field Q(Vﬁ) we oan give
an asymptotie formmla for the nwumbper of positive inlegery < o rep-
resented by a quadratic polynomial in two variables.

All the constants in symbols <, 0 will be ubsolute.

I conclude this introduetion Ly expressing my thanks to Protessor
A, Schinzel for his interest in my paper.

§ 2. Statement of the results. Y.t 57 be 4 finite get of poHitJvé intiopoers
and let 2 be a set of primes: For a real number 2 > 1 let

Plz): = ” B,

D, PP

icm

2 real number z>1 lef
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The sieve mothod is used to estimate the sifting funetion
8(ot, 2):={ae t; (0, Plz)) =1}

where [{...}| denotes the cardinality of the set {-+-} Let o{(d) be a nlti-
plicative arithmetic funetion such that
(£2,) 0=so(p)<p and w(p)=0 for p¢2,

R ¥ #
(Ry) —ILi FY logzuu

®(p) N _ el - 1, #

§ ) <K+ log—

gwu: p BTS2 p—afp BT SEEglEy
¥R W p<e

for any real numbers & > w > 1, where X and I are constants > 1. For

oo ]2

e
and
w(d)
Hyi= {ae ;0 = 0(modd)}; Rlsr, d):= |y — F) X
for a certain real number X, =X >1.
TEROREM 1, For e =2 and s> 1 we have
ster, ) > 2@ X [1- L2 s omnogra) — 3 ia(e, a),
1/8 d<z®
: dlP(z)
B(,2) < ()X {1 +~1f-£_-f~)- - O(eZK“’log“"z)} -+ 2 |B(e, d}f
) 1/8 gﬁf(;)

1 1 .
e g,z g @A the . fumetions f(s) and F(g)
whore ¥ =5 = 5 Tegd)e b
are defined in § 4. For | < 85 2 we have
e

f(s) ]/; S (O
1““,7?”" mslj‘;/ﬁﬁ_”ﬁ’ T | T8

Let o' denote the greatest odd divisor of a. We have
TruornM 2. Let us assume that

@e of =o' = 1(modd), #c{p= —L(mod4)}
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2 A:=maxa we have

Then, for Q<
acsf

H(s) (M (L% 10;,@)”)] %
S&iz:.!?zX{l = w8 ———f } -0 R{st,d
(,5) = 2(3) v ryaall d%gi( , @)
Vo)
where s = log A floge and 6] < 1.
Let:-
Lo @ == uded
bla) = .
6 otherwise,
if @ o= wtbed, (u, v) == 1
b*((l) - ‘ 5'(. b ) H
0  otherwise.
We have
TemornM 3. Let us assume, thet
the o >0 = 1,2 or B{mod8), &< {p = ~1(modd)}.

Then for @< A we have

{ =12 wl
Zl)*(ﬁ) = (1 — i:) (1 — _(_)_(_E)_) (1 o __,ﬂ) Xlog-«—l,izA %
aesf pa—1(mod4) P
f ( o (L—F lﬂgQ)“’)l
* 11 +0|é mwm-—-—-logA j

TrroOREM 4. Let us assume, thot

16 3 B, D).

a<.d/Q
1By 0

Ge o > == 1(IYIO(1£L), P o= p =
o (P%) = (p) _

—~L(modd)},

Jor a1,

Then for @ < A we I’z.wve

— . w12 :
Z b(ﬂb) — 1/2. ]'] (1 _ “.'}‘._) (L | fl,m n)(ﬂ))) Y]()g ;/JA %

e a1 (modd) pf& iy
L HQUQ | - 3
ool (B coft) 103 ms
IogA f o d(}{@
’ 2| dwpegt

“We shall deuce from bhis theorem the following
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Coronrawy 1. Let (P4 2k) =1, 1 =1(mod(4, %), s> I_OIéz"lOfV N ,
og
0< lo] < BN +M < NV, p | P aop < NMEOEN | Thow gpe have
1 .
hin) = 17;: IY ( -——---) ]Y (1-_—)
Mgm=l M e NV e (maod 1) jara
wml(mud.’n)
(f-+ e, P)=
T°F 1 (4, &) N
AL gl I bt e
o p(p~1)] (2, k)% e B3 log ¥
e mevl(modd.)
pem—1 {1L0il 4)
Lot
LiX
X, \ max |w{X, ¢, l)————l-’,
ot ¢(a)
- Y 1
X, () ‘) max| > B(n)—— E b(n).-
o=l Lt plg) =
firml {(Modg) () =1

WAy

{2.1)

(2.3)

wher

The following corollary ean be dednced from Theorein 4 in the same
as Corollary L. Therefore we shall not give the details.
Conorwanry 2. Let o= loglog ¥ /log N, Then we have

- 14
oo I b3 55
Y ob(p L) mm—e 1 1 T C
.;::_IJ\T ﬂowm!(ﬁ{)ﬂ.rm) »* plp—1)/ logm™ N
X(1+4 O () -+ 0, B(¥, N'7),
. B . ' ——1;‘2 1
,\‘l b(N“““,'P) e 'f‘il'““ (1-———1~£) (-L—ij:m) X
y‘é'l'\lr _ pra-I(N0A4) b P @_— ) _
T | P N e
X I I 1 ‘["‘pé‘_; ]7 1(%3“\7. (l + 0O« )'{’ 0, B (N, N'™9,
Y .
. s e J{rTL0 0L )
E b{m)b(n-113
naN
3 N . .
§"]‘EE§’N {1 O (&)} ; O, {8 (N Nl"“)~\—B(N/2,N1 )}
e Ol s 1 for 41, 2, 3.

(2.1) un_phes l;].m.t Motohaghi’s conjecture [6] about the number of

primes. of the form @2 -y* -1 < N follows in ity correetod form (see 14], -



 where p,eZ and g1 = g{Pys -
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p. 204) from Halberstam’s well-known conjecture [57 that
B(N,N'"™%) = O(N/log?N).
Similarly, (2.8) implies that Hooley’s conjecture about 2, b(m)b

Yo (n+1)
wouyld follow from the estimate B(N, N'~%) = o(N /IogN ‘

§ 3. The fundamental identities of half dlmcnsmnal sieve. The fol-

lowing identity
(3.1) Bt o) = |ti— D 8laty, p)

DlP(z)
provides & recursive formula for the sifting funetion. Umng it many bimes
we get

Lemma 1. For Bz 1 we have

_ R
(3.2) =i+ (=1 3 sty
' Fa=l Pp Ly <y .
- Py for Iy

S(, 2)

B
+2( Tl)r. ’S’('Mpl...p,‘r.pr)""
fum] f,.ﬁj?,.<..,<171<ﬂi
C pp<iy Lor i<y
- ( —1)R S(’ﬁ’ﬂl---l)ﬂ,i_l? .pR-J-l)
DRy 1<
pp<fp o i<
where pre P and f = f(Dys ..., 0y for I -}«1
Let us put
S;(.ﬂ,ﬁ) = JJ“’[‘{" (__1)r impl...prlr
’ L2 B-1 D<o SPy <
i Doy<ggy Low Bl
S*(ot,2) = st + 3 (—1y X AEA

lera<2R P SR

29— 1Sy Lov 2 -lalp

,ﬁl) for T == 2R,
From Lemma 1 we gos

LeMmA 2. For B> 1 we have

ki
8™ (st 2)+ Zj

1=l Doy, <Py <p
Pop<gay for I<r
\? ¥
~[— 2/ '6 ( Mml"'ﬂﬂfi-{*2’ .pﬂl?n{*ﬂ_)’
. 172R_|.2<...<j91<.ﬁ .
Dop<tyy Tov I

(3.3)  S8({o,8) = Sy, pyes Par)

The half dimensional siove ' 78

R
= 8oty 2) = D S(,

Drodapny? Paro1) —
el Fop | SPgp— 1< <SPy <2
Pol—1<Ugp.y for I<r -

- > S

BrePygg1? p2R+l) .
j)EIH, 1<...<_p1<:z
Bap.)<fgi..y Lo <R
Proof. 'We obtiain. (3.3} from (3.2) by substitution Farpr = fzz =y

and E—3R. Analogously we “bmm (3.4) from (3.2) by substitution Ja1
= fu = gy o0d B>2R 4-1.

In particular, Lomine 2 gives wy estimations of sifting function ex-
pressed only in fierms of |7,

(3.4) S, %)

(3.5) 5o, 2) < 8(f, 2) < (ot 2).

For y > 1 Jeti us pub ¢, = y/p,...p, and

Dy ={d =p1..0,; P < ...< py, PPy -2 <y for 2y < 2B+41},
Dy =G =D Dp3 2o < s < Pry Doy Py <y for A_1<rg 2L}

It iy clear thut

e 7 - N1 w{d . _
(3.6)  8(at,0) = > u(d)lotyl = X Zﬂ(d)__mlJr N Rt 0.
e desF 2o
UP(e) d|P(e) AP
Fory>1, =1 and » =1 let us put
\ O(Py...
dzr,‘u(‘s') == 2‘, ‘"-—"—M—(pl Pa) £2(ps,);
Uﬂrﬁﬂg,.<...<p1<ylf3 PyeeiPoy
Hpy<ag lor I<r
u P Py - _
Jarp(8) = -—-—]‘--....£2L_10g 1!2?2”
Do e <py<ytff VARRRY 4 ]
Pap<iyy Tor <y
1 0 (p Pgp) ~
Py gy (8) s h . = " Ly Y7
Vigpe) %P1 <y <10 o=
Tgpeafrgy Tow e
Fovy =1, 8 2 0 and » 2 1 leb us put
"y (P Pop_y)
g,y (8) 32 "“1;‘1—"“& 3(pgy_1);
Py (S Dy <o <Py <yH8 £ P2y
Pfen 1<ty 200 12
% @(Py Papy) |
Gar-ry (8) = — s Log Yoy, 5
PyeeDay—y

yp 1S gpn ey <HHE
Doy Sy, Tor I
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w P
b)Y 2l g
P Por

V apitape. <py<yti®
Pap<hey Loy i<y

It is casy to see that

2 (l)(l ) ]()U““ dJ/d

e, it =
P8, dr =V i

(3.7) 3 hy(s)  for s> 1,

where " is the least prime divisor of d (for d = 1, @* meany 1).
The following lemma is obvious.

Tmmuia 3. We have

Y w(p) log(y/p) , 8 —( Y

h{+1,zr (8} = » h'iﬂllzi ( P /P ) Jor izl,e> - ,_H(E_am ol i

ylf(i'r' 3]€33 <yl/3 (Qv ,’p
(3.8)

. oy y(8) = hmnu(_a) for a2l 082
w(p) log(y/p

Gir1a8) = § .wﬂ”( log for

P+ g paylfs 17
(3.9 .

Gonpn,y(8) = Gany1,y(2)  Sfor
The £2(z) satisties the recursive formula
3 w(p)
2( =1~ Y22 o(p)
PR p :

very similar to (3.1). Honce hwing replaced in (3.8) and (3.4) the sifting
' ( Pi)

oD
LmwMa 4. For B 1 we k(we

- functions S{ety, 45 p;) Ly -2(p), we gob

_ T ()
(3.10 N -
P 1) F
el
. le(TJ“B)
. : 7 o by
= OWh= Ddy)— 3 PRl g,
1 Bagga e <y PreePags
Bap<igylorlaly

The half d»imcwwia@lml siene ' 7
for s =1 and’
7 ooofd
@) Y wd "T(z'”)‘
ds.'ﬂ;,'
LT.IP(’U”‘H}

b
e [2(?/1"3) ul-«é} d:!’)‘--—l,!} (w'h') ,,i_. S“‘ M Q(
Fam )

sR41)
Py Paregr P-m !

2y AR AR AL
Dyfn Sty Jo0 LT

Jor s >0

§ 4. The functions 6,(s), f(s) and F'(s). For 0 < e < 1. < s let us put
17 147°
G f8) == ~‘;~f 4 (1 _'t“) G{t-—-1)di
&
where .
e i s=1
Gy =1 , T
e it 0Ls <.
LismmA 5. Hor g == L ~1/(2 ~log2}e we have
(4.1) f: = gupe’@@,(s) < 1.
Proof. First, let uy notd that for s > L we ’have
f t-le™tdt == »--e"‘"‘logs»«]«f e~tlogtdt
& ) )
-~ ?log s 4 foe.“* log (¢ 4-1) — wl-—--)dt = ¢~ %log (l _;-E-)
. | b1 8

Heneo for &2 2 we gob

1
oM () iy

4
o

fz"" o "df, <5 10g2/1
and for L= e =02 we Dhave

. ‘ 1 -
fﬂ(&).-n M og2 | o ft'l(l_,.__,.) a

J

3 o
> 2", (2) -6 f 1t (1 — —?—) dt == 26" G, (s).
. a s
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To prove the lema it is enough to show that E(s) < 2% for 1 s 2.
Let ns put

r(s) = 3—1(1_£)_ e,
s
Hence
¥ (s—~1)—a . ~
- (S)—T(s_—l)w-w(() for .1<S<1"F"‘]/C¢,

that iy » (s) 13 decreasing in 1< s < 1+Va. In the interval 1 +Va < S Y 2
we have r(s) < ¢*/(s —1) < 2¢® and hence

8, —sup{l <2; 7(8) = Zef} < L +Va.
‘We shall consider the intervals

L={<s <sgd and I = {s, <8< 2}
separately. In the interior of I, we have |

e~ R'(s) = elog2 + f £ (:Lm%)~ dt*s—l(l_l)""
. | ;
-

2 P
< elog? +f (t—1)"*dt— g (1—}_)
p &

_ - _l — (8'—’1)31—‘1 ’

=2e—s (1 3) {1—]— T }

~§.26——8“1(1—-—1—)—a{1+3(3 1)} < 26— ”(s) o T _ o
¢

Thus, E(s)is decreasing and
2
Rs) < R(1) < etlog2+4e [ (#—1)"d = 2% for ge I,.
J _ _

On the other hand, R(2) = ¢®log2 < 2e2. Hence, if for some se I, the
1nequa11ty E(s) = 26* held, the function E(s) would have the maximum

_in the interior of I,, say at the point 8¢ I,. Then
0 =~R\(s) == R

(8) —7(8y) > 202 —2e% = 0,

The contradiction completes the Proof of B(s)< 2e2.
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Let us introduce the following funetions

V2 —Vs i 0<s<2,
7.(8) = .
0 if sx=2,
gelt—1) _ 3+ (—1)f
i (8 for =1, 82 ——
g |-1( ) = f l/t(&-*l - y $ 2 P ’

ym.;.l(S) = fopy1 (2) for nzl, 0L

2.
The functions g,(s) are clearly of clags ! on the half- Imefs[g —(2~1) ’ )
and have supports [H—;—:EL ) ?3—}—1].
‘We ghall prove the following

14 (1)

LemmA 6. For i =1 ond 5= we have

(4.2) C als) <V
Proof. For ¢ =1 (4.2) is obvious. Let us assume that (4.2) is true
for some ¢z 1. It follows from (4.1) and the inductive assumption thatb
fors = 2
Fis1(5) S V271G (5) < VEF Gas) < Vapie™.
< 2 and { = 0(mod2), we have
91 (8) = g (2) < Vepiet < V2p et

<2 and i =1(mod2)

In particular, for 0 < ¢

It follows from {4.1) that for 1< &

1 gi(t -1) it
2 l/tt-—

g(2) [t
Jig1 (8) = 1 -+ 3 :ft(t-—-»l)<]/§ﬁ G1/a(s)<ﬁﬁe .

The prool iy complete.

Owing to Lemmsa 6 we can introduce the functions f(s) and #F(s) in
the following way:

fla)i= Yguls) for. s>1,

il

yi= D guals) for >0

el

-
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It follows from Lemmu 6 that f(s) <
integral equations hold

e ® and F(s) <€ ¢ *. The following

(4.8) (8 =§-f —-dm_t__]l)_ @ ftor sz=1,
1 F f—1)
— et for §=9
(4.4) Bis) = f Vi i for s

We shall ghow
Levma 7. We have

T s '
é dt P
F(s) :1/-3__]/: e for L83,

This lemmsa and equations (4.3), (4.4) determine the f(s) and F(s)
gornpletely. In ¥irtne of Lemma 7 we can compute f(s) a.nd‘ F(s) step
by step. '

Proof of Lemma 7. It is enough to show

P
fy =1 F(0) m_zl/—ﬂ—,
becanse it follows from (4.3) and (4.4) that

F(s) = F(0)—Vs for

) =F1)—1+Vs —

From (4.3) and (4.4) for s> 2 we have

JE)+F(s)  f(s=1) -+ F{e—1)
B = T e

(s ) <677 we get

. —'21/8(

Hence by f(s) €e75, F

2Vs (f(s) + F(s)) m'ff—(-—w—)—'-/":}m—'@—dm for s 2.

The hc.;,lf dimensional sieve 81
In partieular, we have

2V2 ((2) ) = ffw i

that 5 f(1) = 1. Hence we have also

E(s)—f(s)  F(0) (1 1~

wy(8)r=1-} — o =7

- — e for 1<<e<<2
2y t(t—l)) -
and
Zsy(8) = @y (s —1)— ey (s) for s> 9.
Let w(s) be the continnous function satisfying the following diffe-
rential equation with shiffed argument:

w(s) =1}Vs (0 < 5<1),
280" (8) = w(s—1)—w(s) (¢ > 2).
. (0
It iy easy to see that o, (s) = 5 ©(s). From Lemma 1.3.2 of [10] we get

)
1 = ,{o0) =—21-“4|/§F(0)

which proves the lemma,.
. § 5. Preliminary lemmata. By (£

L 1 logz
+ 5 log
logw 2 logw

Zm(zi

wLp<z

y) nsing partial summation we have

(423)

1
RN e

Pp—ow(p) o logw 2 glogw

WEN-<E
Hence we get

Ib: ]— I ( M.C_DQ_) > exp 2 w(.? ]/;E)ggz e-uLllogw,

wEp<y

wp<e
17 ( T ) L exi) >ﬁ © (@) < ]/ngz g logw
wsn<e al @ (p) 'wz;i'z p—e(p) logw

It follows from the above inequali{;y that there exigts the limit

Q =lim 2(z)Vlogz
F=r00 :
and
(2,) g~ Tomw o Q“‘Q(w)tflogw < gEhlogw

§ — Acta Arithmetica XXTX.1
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From Mertens’s formmnla

[1 g} ~erene
b

<z

4\ —1/2
0 6“0/2”(1__ w(ﬂ-”))(lm i) . -
. P P
By ({2,) using partial summation we obtain

IovmMA 8. Let B(w) be @ positive, continuwous and monolone function
in the interval w < << 2. Then we have

we have

—~TRlog™  w <

i : WP )

where B = max(B(2), B(w)).
We sghall prove

w(p) A 103 N
—_ = IB)
- B) 2wfv,mgz di < KBlog™ w,

—(=1y

5 K&K i-+2 we have

Levmys 9. For y>1,i21 and

T e (logly/p)\.  _aa,
s 3 2[RI ogeayy)

< G, (8)log™" 3y -+ 11K (s —1)log™' 3y,

SHi-Bgpaylis

1
(5.2) N ] {U(_p) 1'( Of(y/.p) )logw—ll‘2(3y/:p)
YU+ gy cylle p 0gp
. ' < g (8)log ™23y + 4iKg, (s —1)log ™" 3y,
. o lo :
(5.3) {p) i( lg@(y/p) ) log~(3y /p)
M D pcylls P EP

= G (5)]0g™ 28y — 6417 e~ log™ By .
Proof. Tt is enongh to prove (5.3) because the lower estimations
{6.1) and (5.2) are easy eonsequencey of Lemma 8. For L= logdy the
right hand side of (5.3) iy negative, o (5.3) is trivial, Tet I << logdy and
8y/8 = L+ (Lflog3y)™. Thon we have
gz(t "'1)
2J Vi)

Gls~1) P Ly
G l/s (l/sl—l Vs—1)< (8—1 ]/———1 ‘q‘(sml)(log:_%y)’

1 1 L
1—Z)log*3y = log?d [2(1 v)] .
( 81) 0g y (10 3,'! ) O.b y 2 Og 3@[

Gis1(8) = Gr1 (81) =

it

The half dimensional sieve 33

Tt follows from Lemma 8 that

T w(p) (log(y/ﬂ)

. log=2 (3 /p)
p Tozp ) g~ (3y/p

4 +2) <p<ylls

o(p) log (3% ) B

- ‘i( 10gp/p g~ (3y/p)

G E+Dgpe@ptioa

‘) o ——

5'1+1(31)10g—i’23?! L kY M_

log 3y /7 1 _

V (1 ——) log3y

&y

> g2 (5)log ™23y — g,(s —1) L7 (V21 +2V2 +1)log 3y
which completes the proof. .

Lovya 10, For y> 1,0z 1 and w:—(:ﬂl— £ 8 =42 we have

_ By (s) < ﬁiex’z‘%g“%y,
where 208, =11 8. _
Proof. From (5.1) we get

Ty (8) < € @@) o ( log (y/p)

log™%(3 < Klog™®3
7 logp ) 2 (3y/p) g. Y

lfa.rp{,ﬂljs

which proves the lemma for ¢ = 1. Let us assume that for some i= 1
we have '

(5.4) _ By (8) < O, K””"’log‘"ay.
Ii 0, is & sufficiently large positive constant we shall prove
(5.5) Fiogry(8) < O 87 &% log™"3y.

For s <<i¢+3 we have

1 ~ w(p) i
7@¢+w(‘?) TRy (2/ ” )

ny

i+1 T
2""1 [
l-—-l-— Ol&p (4 w (1?) ) < (Z) 6K/4+4316+2~810g2y .

)
<y P
Henee (5.5) iy trivial if

(b.6) T logttesy < o, ( 45, ) Al tet—2

Let us assume, that (5.6) is false. Therefore for %uffulently ]arge 01 wehave

log'*3y > 8¢ (1 ft



84 H. Iwaniec

Now, it follows from (5.1), (b.4)

Typs y( 8)< Oﬁgi e

MO+ pylls

w{p) G(log(y/iﬂ)

log™*(3
p Togp ) 2 (3y [p)

4 Ke ]
i gTi2— sj I3 §) e ~ag
Glﬁ ! Ga(i) -} 10‘%1”“&”] g Y
. . 83 —1 H
< O fi+ 520003y,  for 8= ﬁ,_}_%w_)m
o f o | |
For }-ﬂé*“}')* €8 Ei(_} ) we have 247 and hyy,(8) = fyg,(2).

Thig completes the proof.
From Lemma 10 we obiain

Levta 31 For y 22> 1 we hove

d
2 mfi Lrog(3y/a) < e==-olog~3y,
@@} diP(s)
y(d;=1,a-;vm

where s == logyfloge.

: o L4 —1)
Levma 12, For y > 1, i1 and ~i%—)§_séi~k1 we lave

iy (8) < g (8)log™2 By + O (BT e log " 3y).

Proof. From Lemmsa 8 we obbain

' el ,
Jrp(8) < Z %Iag“"‘p < I

»
for y > 1 ahd

Gl = > L jgguny

M 2<pylle
< ¢4(8)log™ % 3y 4- O(I{log““"”.‘s;y)

< go(s)log™ Py +2V2 K log™ "y

for 4 > 3. The above two emma.mon.s prove the leminn fo v i == 1.
Lot us asswme

(8.7) 4,0(8) < g:(8)1og™ " 3y - 0,81 "% ~*log ~“3y
for some ¢ 1. It €, is a sufficiently large positive constant we shall prove

(5.8) Firrp(8) < g£+1(s)10.g“1’23y + 0,85 e log™ 3y .

icm
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For s <+--2 we have

1 w(p) \
Jipry(§) < (4 +1)1 (Z r )

’ o
< 47 exp (4 Z Ugl) < (_6-) GKI4+4c’5+1—s10gzy_

Dy

Hence (5.8) is trivial it

(5.9) log*+*3y < C, ( ﬁl) ghia—seld—1

Let us assnme that (5.9) is false. Therefore for sufficiently large ¢, we have
log' "3y > 16eiK (1 —p)
Now, it follows from (5.1), (5.2) and (5.7)

: w(p) | [log(y/p)
Fir1,0(8) < » 7\ Togp

) log ™" (3y/p) +
D) o s

oG (logu/p))

og-(3y/p)]
Togp ( ?//P)J
laKgm(s )

—1/a
gm()log 3y + ——— Tog3y

des '
+ O, B eE P slpg " 3y {esGa(s) + el }

BeiK
smAMﬁ%wvmm”@%ﬂwm mww}

€ Gy (8)10g ™23y + €, 8 X 2log™* 3y

: 3—(~1y 1—(—1y 3—(—1)
“for s = ~(2—) -. For — m-(2——~n)~ 58 »»E2—~-~)% we _have 214, ¢; +w(&:}
= Poag(2) 80d g1 (8) = ¢41(2). This completes the proof.
- .y . 14 (—1)° .
Tomma 13, For y>1, izl amd e Ls< i1 we have

14(8) = g(s)log™ " 3y + O (L* gi! Jm”*Slcag“"’Sfy)

=
Prool. For L > log3y we have
0=

T1(8) = (s)log“‘”’z?,y —V3(Llog™*3yYlog~?3y.
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Por L < logdy from Lemma 8§ we obbain

919(8) = g (8)log ™y —2V2Llog ™"y > g, (s)log™# 3y + O (L*log™*3y).

The above two estimations prove the lemma for 4 = 1. Lot wy assume
g(8)log ™8y — 0,17 B ¢ log ™" By,

(8.10) Giw(8) =

for some 4= 1. If ¢, is a sufficiently large positive constunt wo shall prove

(8.11) ity (8) 3 apa(8)log ™23y — Oy L7 g1 ¥ 1 =*log™ By .
For
‘(5_12) loglﬂ—{ a3y < —t U Ly (l;l) KI“.’.

the right hand side of (5.11) is negative, so (5.11) iy trivial. Let us assome
that (5.12) is false. Therefore for sutficiently large U, we have

B i1
and  O,> 244 (—5—) .

1

log' 8y > 16eiK (1 — 4!
Now, it follows from (5.1}, (5.3

@ (p) { _(log(y/p)
p U\ logp

) and {5.10)

Graral$) > )log"“"(swm—
BRYCES pe
e log (3 /p)
_ v pi—1 Kf2 D \ed 77 -
0uL 15716 (<L 102y )

= g;.,(8)log ™ By — 6iL7 e~ log ™" 3y —

" . g1 it ' 4ot K
— O, LB "2~ log ™" 3y =6“Gu(8) |- lag‘-:'ﬁy”}

= 9’1:-;_1(5‘)]033_1”2 3y - Osj:yﬁ'iw-l eK['l-«alOg-afi,y %

4ol
<lremraff] o i)
logh—*3
. | S 4
— O I Bl 5103y for s kel mj)

= i1 (8)log ™3y ;

_ T—( -1y '3—(~1)f
For = -
Ol 5 \__S<. 5

Ji01(8) = ¢4 (2). This completes the Proot.

we have 24i, ¢;.1,(8) = 441,,(2) and
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. L4( 1)‘
Levwa 14, For y> 1, izl ond —y S Lss5t+1l we have
Ve QM) &, (9) < g,(8) + 0 (Bl ~*log~"3y).
Proof. For 1= 9= 0, ¢ 0 wehave
19
R \ﬂ (u 792 0! =(e"—1).
n—-l =
Hence for p < ¥ we get
]/E,Q“l(q;l"“)g(p) ngogu FNoep ]/ log3y 14 9K og 2 .
' logp logp logp

Hence by definition d;,(s) we obtain

Vs (y*®)d, , (5) log™ " 3y

< 2 ﬂ)(_pl ) (1Og_1"‘19 _{ 962110g210g~upi)‘
< <y <a“’ Buve
Hince
(6.13) o (@) log™%p < blog™ "3z
nEa
it follows
K1 —o s T
Ve 0 (5)d, , (s)log ™23y < Giq(8) +B0KEE log™3y il 4 =1,
Ty T gay(8) FLOK S, L (8) i i1

Hence by Liemmata 10 and 12 we obtain Lemma 14.

14+ (-1)f _
2

LemmA 16, For w> 1, i =1 and L i+1 we have

k _1y, 28 g, > . ni K-8 .
Ve )da,v(q)/g‘(’g)+0((log3y) ¢ )

Proof. For p < ¢ we have

Vel (") Q(p) - ‘
3 L logy |- Ly
axf0,1— )2]/ o8Y (1——( ))
logp |~ logp logp

e "/ 10%41 A Liflogp -, o
hwp

Hence by definition d;, (s) we obtain
Vo ™My i (s)log™ oy

\ w ‘
> ‘2_, __(?1__m"~ (log—llzp Iﬂ’log “p). |
: 05%12,:{..4371{,,1]3 .fpl e Py

...........
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It follows from (5.13)
VSO, (s)Tog™ Py >

Gy (8)—BEIP h;_ (s —1) if

9:,(8) —1BE L log™* 3y it

Hence by Lemmata 10 and 13 we obtain Lemma 15 for y > 3. I‘01 1y

£ 3 lemma is trivial.

i>1,
i = 1.

§ 6. Proof of Theorem 1. From Lemmata 14 and 15 we have
Lrvma 16, For y > L and s = logy/loge > 0 we have

§* (o, 2) < Q) xhwmf)— T 0 (e 510g~73y)| -
Vs
| 7(s) _—
e = Oz N "y -z
§et %) ()X{ e (e (102;3?!

>1w¢z)

I
a_mw v
a1y

da_@:',;
4P

Lemva 17. Por y > 1 and s == logy /.logz> 1 we have

S-(m,z)smz)X{ 1) +o( (

)y)}-y 2 R{st,2).

) S

1/_ log 3y
rlll’(z)
8 (o, 2) = Q(z)X{lwa)q + O (e log™" 3y } Z R{st, )
_ Vs
du}
le(n)

It is easy to see that for z<Cy, d|P(z), de Fyu D) we have d<y.

Therefore Theorem 1 follows from (3.5) and Lemm&t& 16 and, 17.

§ 7. Proof of Theorem 2. Let 2 <y < 4, ac > o' =

peP =y = —:I.(mo'd/i). From (3.4) we get
(7.1) St o) 8oty Y

| w1, 8 VU]
and from Lemma 16 we have

(7.2)  8(Apa, p) < 8F (A g, ')

2

de® ’f,nzu:(z) Vy.'ds;m-m/,et/d

n<d*,peF

St pq, p)

L{mod4) and

- ca( o)
<ofe= 7D o x) ¢ 2 Mitstya, @)

P
dyed, _plll
L AP
It iz obvious that (&, pd;, pd) = L and taking X = X
" find R(MM, dl) = R( ; pdd,). Moreover :
A

A 2/8 .
_'pcidl < pg < (wd—) d< (

¥

5/3
) ¥.

ey et e oy

icm
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From Lemma 8 we have
&

Z @) log™?p < 2K +1

) r.lrnd.
‘ ) —_
( ]' g Ilﬂp

L
Vyfd<p<vdd

_ ]/ P ]/ 9 2VoK
SV Togia ~V Togiadi T e

Valog (4 jy) VoK V2 (log(A/y))” oV2E
" Vieg(yld)log(Aja) | 08T Ga)  Vieg(yia) \log(4)@)] T g (y)d)
— log” (4 fy) 2V2K

log®(y/d) ~ log®*(y/d)’
Henee

v w{p) —1/2 log"(34 [y) .
(7:3) 2Ty P SMO a

Vild<p<Vdjd
Since for a2 p

QPP = Q(max(2, p) < Qe )l/
it follows from (7.1)~(7.3) and Lemma 11
8¥ (o, 8) =8, 2)

3loga
logp

Ixflugz

— L _ a
< 0(2(2)V1oge X8 DK F 10g7 (34 [y)) 2 wé ) log™"(3y/d) +

cIeQJ',le(z)
MD=La*>Vyjd

+ D B, a)
d<(yaUs *
log (34 y) e
o ‘1]1."-'8 Oh d&r .
%0( () Xe 1( e ) + D IR, )
. a!-cwt ;1l3
P
Hence by Lemma 16 we get
(7.4) 8, 2) '
7’ oY L"‘ ]. 11
==Q(z)X{1-+~»‘~E—9‘_)~ --o((w’f—ﬁ*’- /Q’)) ’*K-%) +0 > IR, @,

A<y AZ 13
1P(z;

where 1<<z{y<< A, s = logy/loga> 1.
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Tet <2,y =AQ % s =logAflogz. Then
sfs, =logd flogy = 1+ 3log@logy < 1+1/sy,

F(s) F(sy) s _ _g log®
Vs Vs, <(§1 _l)f(sl Y gy

Hence and from (7.4) we obtain Theorem. 2.

%

§ 8. Proof of Theorem 3. ¥From Theorvem 2 we obtuin

il F( ) K L ’|]0gQ 1'l
b*(a) = 8(o,VA) = Q(I/A.)X[ Sl |0( (mw;)) +
g G ' logd ||
+6 D) IR, D).
ci!<AI_(‘£
Since AP A)
T 1 (2) -t
T =L, ) z];[(lm—?)

it follows

(V2 +F(2)2 = — n(l_fo(p )(1__;_)"4/2

i I 23 ()

pwz—-i(moilf.t)
On the other hand from {£,) we have

e

< (V2 +F(2)} Qlog# 42K 4

. 2K
< ) i ~1/2 1 ¢ )
(V2 -+¥(2)) Qlog A(l F Togd)’
F(

(1 + ”;/”é"—) QVA) = (1/2 +F ).Q10clf""mA¢3“”"1°g “

2L\
24+ (2)) Qlog™ A {1 — [«
> (V2 +F (@) Olog ( ( ogA) )
which complefies the proof.

§ 9. Proof of Theorem 4. Let 7 be the gquarve of an Integer with

all prime divisors = —1(mod4) and let us pub
w(p) i~ pe?, pir, _
_CU'(P“)=I1 : H pe?, plr, (= 1),
Q it pé?,

A= maxa’.
a’'aet’

= {afr; aed)};

. .
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Therefore
1 __@'{p) w{p) logp
————logp < ——logp +
wares P (p) w{;;z P —o(p) ; (p—2)(1+w(p))

., 1 2
= K +—log —
- +2 ® o’

Led

W e

R (u (p) '
\ —logpz %g)—iogp_logr = —L’+J;—1og——2-.

W 1‘)<~
For X.tﬁ?' = X

(@) w(r
—(3——61;&"'1; = R(st, rd).

By @) = oty ~ == X = |al | -
‘We shall prove

(9.1)  S(', VA )=

X(l/2 +F(2)) Q'log™ 4 %

X{H o( o (Itiglﬁ?mg‘q’-) )} +304/Q+r 48 3 |E(, rd)

»

log 4
a'd<..st@ :
‘where AR
Cwhere
¢ —1/2
o woor (- )y 1)
Db P

Let us consider two cases

Lrzq@*or A" < 24/(Q+r). Wehave

Smin(d’, A/r) <2A[Q 7).

8(at', VA< o) =\t
Moreover
w(r) - [ log@
—l X (Ve 1f‘2 Q1 lfz,A,{ e }@
XV - 1(2) 2 log g ) | < 0SS V4]
I\ Y
it es% (IQL’-«Q =1 and
log. A
w(r) , .
L x (V2 - 1(2)) 2 Jog B A — |R (o , )| —24/(Q +7)
% 4ot AR g 4 o) Ym wlt) X I“"E—“<0 NEATY
P ' ToQr ’

if ¢ ( 89
To

A) <2 L. This shows that in the case o T (8.1) ig trivial.
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II << @ and A" > 24/(Q -+7). We have 9°< 4" and

log@
S RN Py -} 1 )
log™H A" == log™ A (1 —| 0 (log,.fl ))

Since the function o’ fulfils (£2,) and (£,) with constants L' and &' and
the set o fulfils the assumpiions of Theorem 2 it follows that.

S(st', VA

BE@) | o fa (B 080N L, §
= (VA X {1 il »—O(em‘ (mw—»_—- +0 Rt rd
VA Xy et i m,im’ (ot 7d)

P A)

loghjf? ) )} *

0> B, rd)|

rd<A,’Q
PV A)

— (V247 (2) &' — ol )Xlog‘”zA{l—in( S (

which completes the proof of (9.1).
Like in the proof'of Theorein. 8 we have

| 1f2 “
o e e
pm= ] (W10d 4} P ) P ) »

- I b2y

2l
p=—1(mod4)

( u%}—w(p))(l_ co(p))wil(lul_%).—l

where

We have also

240
«pa-l(mudtl)
e S
Z &F o K 2 Ar) np(p—zm-m(m)) £ oK 2 ).

r Blr *

Zb(a, 2 )w’b*( ) Zsaf VAR

ro anay

the proof of Theorem 4 is thus complate.

D p
and

Since

§ 10. Proof of Corollary ¥. Let a =0 if 2%k and a3 0 if 2% Lot
us put

A ={M<n< M+N_; (n+c,P) =1,n =1(modk), n = 2*(mod2*+)}.

icm
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It is obvious that ae o =a' = 1(mod4) and (@, ke, Tf;P) = 1. For (d,2ke, '
2kP) =1 we have

P) =1,n =1l(modk), n = 2°(mod 2°+?),
# = 0{modd)}.

oy ={H<n< M+ N;(nte,
We shall estimate the cardinality of o7, using the linear sieve. Let us pub
A e (M e m< M+ N, m = c4-Hmod k), m == ¢4+2%(mod 27+,
= g(modd)}.
It is oImous that e . =(m, d, P) == 1. Therefore for P, = [] »wehave

»P,ptd
Ll gl = f{ms% {(mn, Py) = 1}].

TFor b|P; we have

My = {M+o<m< M+N+e;m =e--1{modk), m = ¢+ 2%(mod 2*t?),
' m == c(modd), m = 0(modb)}.

The system of four congruences involved. in the definition of .4, has exactly
one solution mod [2°F?, k]bd. Hence

<1 for

N
]Iﬁb['— [234.2, hjg&' = bll)l'

Using the fundamental lemnma from [2] we get

N
st =g [ o

ntd

- ;1;) {1+ 0(log™ )}

tor  d< N'%, 2542 o NP0,
In particulsr, we have
NV M- 3

~»/J-Ml> Nl —te

N
2°klogN =

Lt s sabstitute in Theorem 4

.. Rrée - —
Q “N b A ’ rqcblf-! ]GJ ”( )
P
Py if = —1(mod4), p|P, pte,
o e ‘ }
(P - 11 H o p = —1(modd), pthP, (6> 0)
0 otherwise.
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We have

fer ]l

[1e-5)

B, a)} < Z)“J'{'rp(d)logzN

ol I
) (2% FTlog N

Since the funetion o fulfils (£2,) and (2s) with constants

K <1, L <loglog(e, P}k <loglog¥

it follows from. Theorem 4 that

Z'b(a) =V

aesf

X

pP.pie
p=—1{maod4)

fOI‘ 2a+-2< st

Il (-

yz =1 (10100 4)

I (1 - 'E'(plrl))

I

pl(P,¢)
pre—1(mod4)

62 1] ()

- +0(#")

b
! [2°+2, kVlog ¥

Pk
pas—1{mod d)

. For other « we have the following trivial estimations

Db(@) <TFN[24, K] i NP4 (M W),

ey :
dlbla) =0 it

T aeH

A M Ny < 2%,

On the other hand, we have

Bn) = 3 3'b(a)

Men<M-+ IV @ desd
nwl(mod k)
(n+c. Py=1

which completes the proof. '
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