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ACTA ARITHMETICA
XXIX (1976)

The reciprocity theorem for Dedekind-Rademacher sums
by
L. Cartarz (Durham, N.0.)*

1. Put . 7
(L.1) () = [‘”—'[”]_'% (# o integer),

0 (¢ = inbeger).
The Dedekind sum s(k, &) is defined by
0 . ' — ' i _}i
(1.2) s(h, &) = Z ((k))(( —))-
+(mod i)
The sum. satisfies the reciprocity relation _ ‘
1 1 {r 1 0k
3) b, E kyhy= ——+ — |t ——F—
(1.3) S B) (R, 1) 4:+12(70+hk+h)"

‘where {h, k) = 1. For proofs and references see [4].
Rademacher [3] has defined the more general sum

(1.4) stk g,0) = ) ((k ’”7:‘”” +y)) ((“f))

#{mod k)

where %, y are arbitrary real numbers, Grosswald [4] has agreed that it
is appropriate to call s(k; k; ¥, #) a Dedekind-Rademacher sum. In the
paper cited, Rademacher proved that s(h, k; y, o) satisfies

(L.5) sk, kyy, )-f—s(k hia,9)

1 = -
= {(2)}{(») )+~{~ ()-l—h—sz(herky)Jr%Bﬂ(y)},

‘wheré (h,%) =1, #,y are not both integers and By(z) = By(w—[x]),
‘where .
By(e) = a*—a +i,

the Bernoulli polynomial of degree 2. The writer [1], [2] has proved
a generalization of (1.5). :

* Bupported in part by NSF grant GP-37924XI.:
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Rademacher’s proof of (1.5) is elegant but rather invelved. In the
" present note we give a simplified proof of the regult. The simplification

is due mainly to using the function z — [#]—1% in place of {(#)).

2. Pub

(2.1) B (z) =o—[#]—4% = Bi(o—[2]).
Then By(a-+1) = By(s) and '
(2.2) B, (ko) = 2 El(m+-—£—).

r (mod k)

Wo now define

' - r+o = {r+x\
(2.3) Blh, by, ) = Z Bl(h T +?/)B1( % )

r(modk)
Thus, using (2.2), we get

~ {r+a\ - (r+o  s+y
m)—;‘i&( % )-81( 7 + 7 )1

(2.4) 8(hy 3y,

where , 8 ran through complete residue systems modulo b, & respectively”

It is convenient to put _ \

(2.5) . § = -T:w, n = s:y,-

50 that (2.4) becomes

2.6) 5(h, k3 ¢, 0) ZB 8B, (+n).

~ Hence | o

1) § =50, kv, 0) +5(E, by 0, ) = D) (Bu(e)+Butn)) Ba (&),

bt )

. There is no loss in generality in assuming that

(2.8) e <l, 0<y<

and ‘that N '

(2.9 _ 0gr<k, 0<Ls<h.
 Thus (2.7) becomes o

(2.10)
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Put o
(2.11) T = D e+n—1—By(e+n) = 8, —28+4,,
where "
(2.12) 8y = D {EFy—1), = ;73‘% E+1).

7,8

By direet computation

(2.13) 8y ==

£ (1 1 1. h k1
"};7;*(7;*“7;)”6“'*‘&"%:%-

As for §,, we have

Sy

S A oY
- Z B’“{( - ) (¢ = ha--ky)
£{mod hik)
hfc 1 ’5—]—-
2,
= ( ) (2 = z—[7])
hkfw(t—l—z 142
S e e e |3
s R 2

=0
g0 that

(2.14) 8, = —— (hlk — 1) (2hk — 1) 4 (hk—1 )(i—i) 4 bk (ﬁ-_i)g.

6hk
By (2.1) and (2.11)

R 2

T = 3 ([E+n)-1)

Bince [£-4-#%] = 0 or 1, it follows at once that

(2.15) T == k.
Substituting from (2.13), (2.14), (2.18) in (2.11), we get
T oE h Sl k 1
2-. = /e sl st Setet ) m b e i .
230) B = (o =31+ |- Balo) + 5 Balen)+ 1 Ba(0)]

Finally, removing tho restriction (2.8), we state the following
THEorREM.. The sum 3{h, k; vy, ®) sotisfies

(2.17) Bk, ks y, ®) +5(k, h-w,y)
12
zlr

where (b, %) = 1 and @,y are arbitrary real numbers.

= By(n)By () -
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o 1 = - :
Buta)+ 5 Bulio )+ Balo),
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8. For x, vy both integral, it iz evident that (2.17) reduces to (1.3).

For o = integer, y + integer,
YD I N
Sh, ki y, v} = Z B]( % +?J)B1("];):

r{mod k) )
; m o, SHUN & (8-HY
Ehybhya,y) = 2 Bl(i .,_“];I_) By (T)
slmod )
If for some pair of integers r;, 8y, we have
(3.1) ' Ty~ T (8o + ) = 0,
then elearly
= f By 5 [, So+¥Y) _ _ _i
(5 4y) = B[ — B = - 5,

‘while

Henee, if we pub .

8 = s(h, ki, ayFs(k, hya,y), 8 =3h,ky,o) 5k, h; 2, 9),
we have ' B} ‘
(8.2) 88 = 3B, (y).

Moreover thig holdy even when (3'.1) is not satisfied. It follows that (2.16)
and. (£.3) are in agreément in this ecase {» = integer, ¥ = integer). By
symmetry this holds also for & = infeger, y = integer.

Finally assumme
(3.3) _ a o integer, ¥ # integern. -
If for some pair of integers 7y, 8, 'we have

(3.4) : hro+@) + blsy+1) = 0,
then

ﬁl(h ""“;G'"w +y) = By{—8) = —

E1(k SD:y'+W) = By(—m) = — et
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go that
(3.B) 8—8 = 0.

Moreover (3.5) holds even when (8.4) is not satisfied. It follows again
that {2.16) and (1.6) are in agreement in this case.
Thus (2.18) contains both (1.3) and (1.5)
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