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Distribution mod 1 of additive fanctions on
the set of divisors
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I. Kirar {Budapest)

For any real number #, let {#} = 4 —[2] denote the fractional part

of ¢, and |lz}| = min({z}, 1 — {#}) the distance of 2 to the nearest integer.
Let d denote a general divisor of the integer #, and the symbol ' denote
: a

a summation extended over the all positive divisors of #. Let v{n) be
the number of divicors of n.

Let fin) be an additive function. Our aim is to investigate the distri-
bution of {f(d)}

Let
(1) Fin {8) == 1.
{fd)}<m

z(n)

We ghall give a necessary and sufficient condition to that on a se-
quence of asympiotic density 1,

(2) B (8)—

uniformly for se[0, 1]. Wé define the discrepancy

(3) A(n) = sup |y (f)—hy(a) = (f—a)l.

Ol
Tt is well-known that the relation (2) is equivalent to the relation
(4) : d(n}->-0.

TrsoreM. The relation A(n)#ﬁ holds on a sequence of asymplolic
density L if and only if the series - :

' 9 P
5 : .._Zﬂmgzﬂ)ll -
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Proof. We need the following result of Hrdds and Turdn [1], which
wo state now as
LuMva 1. Let oy, ..., %y be any real numbers,

{:c,-}<av
1 I"\Tw
8, = _ﬁ_'h{ ST (mo=1,2,...),
=
and
A= sup WB)—I(a}—(f—a}l.
Qlu B=51
Then . _
5 18,
@ azol}+ 1%
m=1

¢ heing am absolute constant.
Tvma 2. Let g(n) be o malliplicutive function and satisfy

0<g(n) <1

Sj < 6y wexp ( g'_(i% *1—) ,

Then

:‘ih_a? <X

where ¢, denotes an ab,solme positive consland.
For the proof see for example [27].

Let
su(n) = [[ (L4 0 il
2%n :
and
: 8
(7) gﬂt( ) - | m( )l X
z(%)

We obtam immediately that 0= g,,(n) <1, and

G (D) = |cos2mumf (p)).
Tirst we congider the sum

i) = 312l

p<<yp

Since |coswa| is an even function and periodical mod 1, we can put

I (D) Icm: (me fl2mmf (p)i)] -
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By elementary caléulation we have
(8) —Jeosal > opat, 0 < a <12,

€, being a positive constant.

Hence

Am(.’ﬂ) 2 c‘.’.Bm(m) (02 > 0)}

where
[[2of {p))®
(9) Bulo) = )
DT
From Lemma 1 we get
get 1
K@) Y Ay <og + ng w),

NELL NEIT

whenece by Lemma 2 we geb
o 1

a0 K@ <oy —i—c'clwéﬁexp(—xim(w)).

Suppose now that the condition (5) holds. Then A4,(x)—oco for every
fixed m, and so uniformly for m < T = T(z), when T'(») tends to infinity
sufficiently slowly. Thus we geb

- I{x)

A 0 (@-ro0),

whence the assertion of our theorem immediately follows. Now we prove
the necessity of (5). Suppose thatb

(11) E M@»—)—lﬁ < 00

P
for a fixed m. This it equivalent to the condition
N 1 — [cos 2memf (p}|

L P

P

< 00,

Thus for the multiplicative function g, (n) the following conditions hold:

| X1 1= () |
< g(n) <1, %MT< ©o.
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Then, by using a theorem of II. Delange,

1
= ) gulm-H(g) # 0.

N
(n, 2)=1

Thus by a suitable poritive & we get thab

[Sm(%); .
(%) >

on & set of integers having positive density. As it is well-known, in this set
d(n) > 8.
By this the proof of the necessity of condition (B) is completed.
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