Conspectus materiae tomi XXXI, fascieuli 2

Pagina

B. Novik, New proofs of a theoram of Edmund Landaw . . . .. 101105
G. L. Mullen, Permutation polynemials in several variables over finite

fields . . .. .. .. ... e e e e e e 107~111
~ Equivalerice classes of polynomials over finite fields . 113-123
M. Reversat, Approximations diophantiennes et ewtaxic . . . . 125-142
D.W. Masser, A note on a paper of Franklin . . . . . . . . . G . 143--152
W. 8taf and K. Wiertelak, Further applications of Turdn’s methods

to the distribution of prime ideals in idenl classes mod{ . . . . 153-165
J. Hinz, Uber Nullstellen der Heckeschen Zetafunktionen in algebraischen

Zahlktrpern. . . . . . . . . e e e e e e e e e 167-193
V. S8chulze, Polynome mit nicht durch Restklaseon beschreibbaren

Primpeilermengen . . . . .. .. ... L L L. L. . 195197
A. Schinzel and R. Tijdeman, On the equation Y™ = Px) . . 199-204

La revue est consacrée & la Théorie des Nombres

The journal publishes papers on the Theory of Numbers
Die Zeiteehrift veriffentlicht Arbeiten aus der Zahlentheorie
iHyprax mocBREMER Teopum umcemd

L'sdresse de
la Rédaction
¢t de I'échange

Address  of the Die Adresse der Apmpec pemammmp
Editorial Board Schriftleitang und » wwwrooGMera
and of the exchange des Austausches i

ACTA ARITAMETICA
ul. Sniadeckich 8, 00-950 Warszawa, Poland

Les auteurs sont priés d’envoyer leurs manuserits en deux exemplaires
The authors are requested to submit papers in two copies

.Die Antoren sind gebeten um Zusendung von 2 Exemplaren jeder Arbeit
Pysxommen cravelt pefaknua mpOCHT IpeIATATE B EBYX BHBEMIIAPAX

PRINTED IN POLAND

WROCLAWSKA.DRUKARNIA N A U K O W A

icm

ACTA ARFTHMETICA
XXXI (1976)

New proofs of a theorem of Edmund Landan
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r .
1. Introduction. Let @(u) = 2 apt;u; be & positive definite quad-
=1

ratic form with an integral symmetric coefficient matrix of determinant
D, Further, let o, oy, ..., o, be real numbers and let M, >0, M, >0, ...

ey M. >0, by, by, ..., b, be integers. For o = 0 denote by A () the sum

== a“ s

7
2nt X au:
E € =l R

where the summation rans over all »tuples u = (U1 Uy ...y 2,) of real
numbers such that @(u) <<z and w; =b;(mod My), j =1, 2,...,7 Let

n<e

Trr" ] wrlz

V =
(a) VDI +1)

be the volume of the ellipsoid @{u) < @ and let

2ﬂij§'1ujbj6
P(n) = A(a)— m Viz) = A(w)—Eao™

be the eorresponding lattice remainder term. Here and in the sequel we
put § =1 if all numbers o,M; are integers, and & = ¢ otherwise. The
first definitive result in the theory of lattice points in high-dimensional
ellipsoids follows from the works of Jarnfk (see [1], p. 162), Landau ([1],
P. 148) and Waltisz ([5]): _

Tor>4y g =b=0 M;=1% j=12,...,7 then

) P(x) = O™ .
and. :
(2) Plo) = 2«7,
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Moreover, the estimate {1) holds even for rational values of «; and ar-
bitrary integers by, 3;, M; > 0 (Landau and Walfisz loc. cit.) and this re-
sult was extended in [2] for arbitrary real numbers o;. The result (2) was
proved for arbitrary rational numbers o; in the nonsingular case in [6]
(for the definition of the nonsingular case see § 2) and by a rather different
method in [3].

In the seguel let % be a nonnegative infeger. It is very easy to see
that (1} and the relation

P{n) = 0

are equivalent., In 1925, E. Landan (see [1], p. 163) 1a1aed the quesiion
whether insfead of (2) the even stronger result

(3). Pn) == Q(n*h

helds. Landau ([L], pp. 163-165) solved this problem (using a relatively
artificial method) provided o; = 0. Walfisz ([6], pp. 44-46) showed the
relation (r > 4) .
(4) Mia,? = Eyo ' +0@ ™,

o nz
where K, is a positive constant depending only on &, a;, b; and M; pro-
vided that all the numbers a; are rational and that the nonsingular case
takes place. From (4), g, = 2(#*!) immediately follows and thus re-
lation (3) also helds.

Some times ago, B. Divik raised the guestion whether the estimate
{3) can be proved by using the method of [3]. The aim of our remark is
to present this proof. Yt is easy to see that our proof iz much simpler
than the earlier ones.

2. Theorem and remarks. Let s = o+4t still denote a complex
number with a positive real part o. Clearly,

(5 O(s) = Za,,e-m = s [ ¢ A(w)dw
n=0 1]

iz the theta function corresponding to ouwr problem. ILet us recall the
following basic lemma (3], p. 266):

LEauta 1. Let ay, day .., o, be ralional numbers. Further, let b and &
be infegers, k> 0, (h, k) = 1. Then
2nih ) 728, .

J— : +0(3—61k20) 1
k VDM M, ... M.k %

(& a”29(0+

{1} The lstier ¢ still means (various) positive constants depending only on
Q, 2, bj and Mj‘

icm

for o—=0_.
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Jor a—0_ (the constants involved in the symbol O are of the “lype” c), where

k -

Spr = 2 ¢

al,ag,...,arzl

ik . X
& Q(avlll'j+bj)+2mj£]aj(aij.-i-bj)

if all the numbers a;M;L ave integers, and 8y ; = 0 otherwise.

We now define the singular case for rational values of a; by the
following conditions:

A(x) £0 and §,; =0 for all integers &, & from the lemma.

Let us recall that if § = 1 we obviously have the nonsingular case (8, = 0).

Remark 1. It is well known that the fonction 6(—2=niz) rep-
resents, for rational a;, 8 modular form of dimension —r/2. Our lemma
alzgo ariges from the well-known expansion of & —2nir) in a neighbour-
hood of the cusp —h/k and our singular case correae.ponds to DON-ZETO
cusp form. For examples see [67.

The following easy lemima of a technical nature Wlﬂ be useful in
what follows.

Lrmua 2. Let § be a real number, §=1. Then

- (p-+1 1
I e
=0

If, in addition, a, (n =0,1,2, ..
numbers, a, = o(n®), s = o-+it then

>, _ 1
(8) 2.%6 =0 (";E—TT)
N=={

Jor 6—-0, uniformly in 1.
Proof. We pub p(a) = 1— o+ [#], [#] means the integral part of
&, m(3) =

) 8 a seguence of complex

[o(t df. Then, using the Buler-MacLaurin (or Sonin) sum

formula, we obtain

J?:ﬁ R = f e~ pfde 1 f o

0

(6~"%a™ dp

and thus (7). In order to prove (8), let & > 0 be given. Then there exists
an fy, = no(e),' such that la,| < en’ for n> Thy. Hence according to (7)

| Sl Siaise Swew - Siagr LG o[ 1]

n=0 ﬂm(}
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and thus
limsup aﬁ“l Za G_M[ el(f 1)
-t Ne=l

which proves (8).
THEOREM. Let oy, g, -.., o, De rational numbers. Let the nonsingular
ease take place. Then for r =4

P(n) = Q{n7*%).
Proof. Using (5), we obiain

o a+l

s)—zI f e~HA (n)dy = (L—e~ (KZ%”EB‘““%-ZP n) "”3)

n=4 n n=-=0

Let us suppose P(n) = o{n"~1). Using (8), we easily obtain

2] & 2
8 =1 S oty
l—e = .

(9)

for s = g+44t; o0, uniformly in %

First, let 8 = K = 0. Then there is a couple h, k¥ of integers, & > 0,
k> 1, (h, k) = 1 with 8, 5 # 0(recallthat 8, = 84y for & = b’ (mod k}).
Pubting ¢ = 2rnik/k, we obtain from (9), aceording to Lemma 1, for o0,

1 ( 7 8,
e \y DM, M, ... M,

+0(e?°”“’°)) = o(1)

and then
Sh,k = 0:

which is a contradiction. If 6 =1, we put ¢ =0 and we obtain
from {9), using {7) and (6} for A =0, & =1 and having in mind that
o &ni Eﬂjb

SD,I =0 g=1 F* 03
1 ri2 2 g
1—e°\YDM,M,... M, 1/.1!)1111M2 Mo

and then

for 0—0,, which is again a contradiction.

Remark 2. The stronger result of Walfisz mentfioned in the intro-
duction, ie., a, = Q(n""Y for § = 0, # > 4 and in the nonsingular case,
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can be proved as follows: Let 8 = U—J—zt a, = o{n"%). Then, using (8),

~ we obtain

(o +1it) Za €™ = oo™
n=0
for o—0, uniformly in f, which is a eontradiction of (6).
Remark 3. In the singular case we have only the following results
so far:
CPla) = Qa1

([1], pp. 71-84).
P{a) = 021

for r> 4 ([6], D. 62).

Rematk 4. Our results can be extended to any rational form by
an elementary transformation. If at least ome of the numbers ¢; or b; is -
irrational or if the irrational form ¢ has an “almost diagonal” sh&pe,
then

P(z) = oz

tfor > 4) and we know (in many important cases) the exact order of
the funetion P(x) up to an arbitrary £ > 0 only (see [4] ox [3]). In those
cases, generally, B. Landau’s problem under considerations loses ifs
meaning, The method presented above gives many results for “discrete™
f-estimates under more general assumptions.
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