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3. To show that WUD (mod ) implies Dirvichlet-WTUD {mod ¥)
one has only to observe that if ’

o6
flo)y = Magn®, i) = Db
n=l1 n=1
are two Dirichlet series with non-negative and bounded coefficients
with their abscissas of convergence equal to ¢ and b respectively (o < b)
and moreover for # tending to infinity we have

Z% = (1+o(1)) me

N Rt

then ¢ = b and lim f(s)/g(s) = 1. (See e.g. [2], § 8, Batz 8.)
840
We may finally state a corollary o the theorem proved in Section 2:

CoroLLARY. If f is o mulliplicative function which is inieger-valued
and WUD (mod N), then it satisfies the condition (). m

If would be interesting to determine, whether fthe Dirichlet-WTUD
(mod ) is in fact weaker than WUD (mod ¥) for multiplicative functions.
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Flementary methods in the theory of Z-functions, III
The Deuring-phenomenon

by
J. Pinrz (Budapest)

1. Deuring [2] proved in 1933 that if the class number A{—D) of
the imaginary quadratic field belonging fo the fundamental dizcriminant
— D < 018 equal to 1 for an infinite sequence of D, oo, then the Riemann
hypothesis for £(s) is trae. Mordell [A] proved in 1034 that if k{ — D)+ oo for
D —+cc, then the Riemann hypothesis is true. These striking results showed
a curions connection befween the possibly existing real zercs of special veal
L-funckions (which exist by the theorem of Hecke (see [1]), if A(—D)
< OUI/DflogD) and the non-trivial zeros of the I-function.

In [6] we proved that if

logD -0
=% 08T and x(n) = )
2loglog %

(1.1) h{— D)

then for the greatest real zero 1— 4 of I{s, ) = L(s)
6h(—D)

(1)

6= — (1+o(1)) =

1] (1 + i) 6 ] (1 + %)n]fﬁ

2|1 P oD

(1+o(1)).

- In this paper we shall demonstrate that, assuming a little stronger
upper bound for (-1 than {1.1), we can determine up to a factor
1-40({1) the values of the corresponding I-function in a great domain
of the critical strip. Our result will also show that except for the real zero
1 — § mentioned abova, neither L(s, ) nor ;(s) has a zero in this domain.
As o consequence we have also o weakened, form of Mordell’s $heorem [5],
namely that if A —D)4>co for D->co, then £(s) has no zero in the half-
plane o > . : : , _

Siegel [8] has shown that our assumption (1.1) cannot be valid for
infinitely many D’s, because by his theotremn for an arbitrary &> 0

(1.2) A —D)> DW= for D> Dyle).- -
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But as the constant Dy(e) is ineffective, this theorem does not give any
information for specific values of ’s. In our theorems all the constants
implied in the o and O symbols will be effective.

In our theorems i{— D) will denote the class number of the imagin-
ary quadratic field belonging o the fundamental discriminant — D < 0;
L{s) = L{s, y) the L-function Delonging to the real primitive character
y(#) = (—D/n). We shall assume that D > D,, where D, is an absolute
effective constans. Then we state '

TesoreM 1. If the inequality

log D

&3 M= S Sicglog D
- [

holds and H denotes the domain
(1.4) H—[s-|1 8l < L
' - = log*D |’

then L(3) has @ single simple real zero 1 — & in H, for which one has

' ()
- 6r(—DH {1
(1.3) 4 =___EE)_2(1+0( 1 ))= ( )( +0(10g1)))’
H(1+~1~):; log D H(H——l«)m/ﬁ
oD P D »

and for seH the relation

(1.6) L{s)—L(L) = L(s) — 3—%&
1) =2 1
=(s—1 14— — {14+ 0(~——
¢ )p,D ( p) 6 ( " (10gD))
holds.

TraroreM 2. We define o domain H (e, D), depending on e, for which
0<e<1/8, and on D, where D > D,(e) (D,(e) is an effective constant
depending on &). Let

(1.7 H{e, D) ={s; s =1—v4it, L —s{z1log*D, 0 <1< }—e,

If the inequality
(1.8) . h( - D) < (log Dy

) » always denotés through_ouf; this paper a prime.
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holds, then neither L(s) nor {(s) has a zero in H (s, D)), and for seH (s, D)
one has :

1
= — 1 14
(1.9) L(s) A I l (1-!— p"‘) [1+ O (exp( —Hog'*D})].

piD

Theorem 1 will easily follow from the results of the paper IT of this
geries [6] (the main regult, the formula (1.5) is even contained in it), becanze
the most critical point, the calculation of L'(1) was made already in [6].
'We mention here Theorem 1 in this formulation only to complete the result
of Theorem 2. Qur method for proving Theorem 2, ie. (1.9}, will be the
same ag applied in [6] to show (1.5).

2. For proving Theorem 1, we mneed besides Lemma 1, proved
in [6], only some easy lemmas.
Lewwa 1. If (1.3) 48 valid, then the relation

' 1y =* 1
! j— ol 1
on wo= [Tl ol
21D
holds.
Thig is Theorem 2 in [6]. @

Luvma 2. If (1.3) holds, then for seH oné has

) :
(2.2) 146 =5 o1+0{ o)) #o. |

Proof. Usj.ﬁg the known inequality
(2.3) L'(s) = 0(log®?D) for seH

(which one can easily prove by partial summation) we have

i Fi _ 1 La
Lr(l)_Ll(g)-= fL”(z)dz = O(I;—sllﬁgsﬁ) = 0(10gD) = 0(10g(p))’

since by Lemma 1 L'(1)> 1.
Lemma 3. If (1.3) holds, then for sy, sseH, 81 7 85,
L)) # L(%,).

Proof. Using Lemma 1 and Lemma 2 we have

1
(24)  Lisa—I(s) = [ T(e)d = fL'(l)(HO(logD))dz

b Bty AR

O e L B Syt

i 5
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So from Lemma 2 and Lemma 3 we know that L (s) can have at mogt
one, simple zero in the domain H. On the other hand for the real s = 1 —

—ze¢H we have by (2.4}

, 1
L{l—7) = L{1)—+T (1)(1+0(10gﬂ)).

Here
L1 >0 for =7 = (1)
( '_T) T = IMOL’(I)’
2L(1)
Ld—-vy<0 for t=1— o’

because here 1—7, and 1 —7; belong fo .
Thus L(s) has a real zero 1 — §, for which the relation

_ L) U )] 1
"=Tq (1+0(10g1,)) = 1\ (”O(logﬂ))
N

»D
holds, and (2.4) gives with s, = 1 the relation

L(s)— (1) = (s—l)H(1+ P) (1+ (1021)))

21D

which proves Theorem 1.
3. To prove Theorem 2 we need the ‘generalization of Lemma 2 of [6]
(which we proved in.[7]) for complex values of s.

Lemua 4. Let x be any reol or complex non-prineipal character modulo
D, L(s) = L(s, z)-

Then with the notations
. 1
(31  gn) =D xld, L1#s=1—1+it, A, =max (1,—|i—_—|—)
. din . — 8

for 0<% and for an arbztrmy real @ = |84, VD the relation

@2 S pere s e + 0 VB TiogDiogs
n<z " 1-s V!Xt‘
holds.

Proof. Let 2 be a number to be chosen Iatel, for which 1 e
Then '

@) 2”’) S D= 2 2,

n<r m<xfd d<z g

b
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Using that for s # 1—7+if, 0<<v<}

1L — r(s) i 40 s\
Py )+ 1—s¢ T
ms M

(where the constant in O symbol is absolute), we get

( ) wb—s ]s]dl—'t
(3.4) 21 = Z (C() e s+O( —— ))

=g
x(d) @ 2{d) i) za”
= (35 25 o [P

Using the Pélya~Vinogradov inequality

{Zx 1 < I/Dlogl)

d=u0

by partial summation we get the inequa]ities

a VDlog DF
(3.5) 2 ZL(P) - O(Isi :g ¢ )’
d>4
x(d VDlogD
(3.6) 2 /t;) =0( :g )
. d>z -
and
Y x(d) 1 \s|VD10gDm’1oga;
(3.7) Zz :z:'?z’x — m%;$ fo( : )

S0 we have from the formulae (3.3)-(3.7)

' L1)z'—*
68 3 e+ Ty
n<e
(ISHC{S)V_ log D& (V" logﬂm)
+0
Z[1—s|

1
-+

-+
S

(i-?lzw) )

( EsIVDlogDm’lﬁgw )
<1< '}, the estimation

We shall use that for 1 # 8 =1—7+it, 0
(3.9 ' je(s)] < lslog(ls|+1) 4,
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holds, where

. ) 1
A, =max(1, ' )
_ 1—s
So if we choose .

== l/ccl/—]/A (<)

then as |sle <<z, log([s|+1) < logs, the first three error terms are

%

0( ISEI/J-)logDm'Aslogm ) '

and =o all the error terms have the required order

. i
(|.s|10gj910gm-se;’l/i)_]/A.g )
o — .
| Va
Further onsetfors =1 —z4-4#teH (¢, D)

1 1 ’
(3.10) ¥y =y() = D(E_E)E (¢ = max (v, D™%)),

Then with the notations of Lemma 4, we have
Linwa 5. If (1.8) holds, then for seH(s, D) one has

(3.11) e f:“’) = L(s)¢(s) - O (D).
Ky

Proof. For seH {g, D} the inequalities

1
e = ma,x(l, !1__81) < log*D,

131
-+

— 1 41.8,1
[slzl/zl‘(,l/_ﬁ..{10{,3;21)-1)(2 i <y

hold, so we can apply Lemma 4 with o = y.

Here
(3.12) ' Yyt = D,
further
.
logy << —log D < D%1og D.
g
Hence

— . 4 f.f.!l_a ll. g,
VA, log Dlogy-y*VD <log'D- DV ¢ ig pi

icm
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Thus the error term in Lemma 4 is

— 4 3 anls
VA logDlogy - v*VDls Dt 3Hg 2)9 1
O( + 108 g‘y Y ] |)=O(-—_1.—e_l__)=0(p—q[2).
vy D(ra)a :
On the other hand from (1.8) follows by Dirichlet’s elags number formula
1 _D 3/4
. VD
and thus we have
1 3]4D )
Y L(l) (yrAsL(l)) = O(Dm ‘log D__of, ) — O, u
1= ‘ VD
.4- From Lemma 5 it is obvious that we must investigate the sum
2 gln)n®
nxy

This sum was investigated in [6] in the special case 8 =1 and y = D¥

where we proved the relation

ve) H (1+%):(2>.

Now we shall prove the analogue for seH (g, D). With our previous
netations we state

CLipwvA 6. If (1.8) holds, then for s<H{e, D) one has

(4..1) {J (n) _ H(1+p )5(‘33)+0(exp(_§r og D).

LY

n<D?

Proof. At first we note that
(4.2) 27 = [Tt +apd+ . +xupd) =0

piln
and g(n) < d(n).
For j = —1, 0,1 we define the follomno sets
(4.3) Ay = {u; plu->x(p) = j}
Further let
(4.4) R = {r; r =bm, bedy, med_;}.

Then an arbitrary natural % can be written in the form

n = ar = abm  where acd;, bed,, med ,, reR.

7 — Agta Arithmetica XXXILE |

DN

B S By e
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First we investigate the sum

g{a)
a.}t?

aedy
1<asy

where ¢ = 1.-r> 24 ¢ and y was defined in (3.10).

We have
} 2 3
s ) 9 < | {( +—;+—2a—+---)—1
a‘A DEY P P
1<a<y Ho)=1
1
- ” 1<exp(12 > —;)m
x(.ﬂJ 1 p"

It is easy to show (see Davenport [1], Hilfstatz 1 and Haneke [3], -

Hilfssatz 14) the inequality

(4.6) . D 1<h(-D).
. aed;
1<g<y D)2

Hence if y{p) = 1, then
. 1
(4.7) PP I/D,’Q, ie, p> %_Dz(h(»:l'))+1)

and the number of primes for which x(p) =1 and p < I/,D/Z according
t0 (4.6} does not exceed h{-— D}; thus we get

(4.8) 2 51-;4 2h(-—D)exp(*

p<YD2
%(p)=1

oglogD | )
2(h(—D)+1)

—3logD |
< 2(log D) exp (Wg—ﬂn)—) = Olexp( —Flog'“D)).
t=]

On the other hand from (4.2) follows

vy (n)

4. g S g(n)

( .9) ( 3 3 = e = ) 2%3-—__]4"'"
¥Di<p<h Dijd<n=D? Dis<n<D

2p)mt

Now applying Lemma 4 which for real s is Lemma 2 of [6], (proved
in [7]) wmh § = g+e¢, and with the values #, = Dj4, 2, = Dt subtracting

icm
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the two equalities we get

@10) -3-«5,%

Dii<ni?®

1 D DYi~epifjeg2 ]

-l 2] o2

Bf4 2
- 0(1)1’2—2" 10%D)+0(1°g D ) = O(D~").

—DB

Thus (4.9) and (4,10} imply

1 ‘
(4.11) Z = oD,
) ¥Dpr<p<D
x{p)=1
Mautatis mutandis we have
g(n) g(n)
(£.12) 2 S -
) D<p<y D<n<y <n<y

p)=

,Do‘i/mogap@)

1
=_—(y¢t— DY L(1L g
Q(ZI DYL(1) + ( =

4
Dl““]/DlogED-D”B)
VD

14 2
(10?/%)3 ) 0 (lﬁﬂf) — O(D-aia)-

o (4.8), (4.11) and (4.12) together give

-oft o

e O (_D!M N .D”zms

: 1 1/4 |
4.13 — = Olexp(—}log “D)}.
(413) > o7 = Olexp )
Py
: x(p)=1 _
Hence taking into account (4.5) we get
' ' > 1 1)
‘ 9 -1 =0 e
(4.14) Y ) < exp(l > p’) ( g 5
ar:.Al Y py

1<a<y p)=1 . #p)=1

= 0(exp( —}log"*D)).

S PGP

T R P s S e

)
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Now we turn our attention te the sums

o) gl

,
e e
Py Y
reld relt

Tt follows from (4.2) and from (4.4} that for r = bmeR (be 4y, meA

tHe relation
415 b)g A
, : 7Y = m) = g(m) =
(4.15) gr) =g(b)gi{m) = g( 0, i mal
Lolds. So we Iiave
. g . ) T E2‘1 . 1

(4:.16) - = 2 i 3/ é Z W (Z2)3]4

TER el bed gy I=1

fe<] #{b)==0

1 1
e olel3
12

If the number of distinct prime divisors of D is v(D) = », further p,, ...
are the first » primes and D, = p,p,... p,, then since D> D, the in-

equality
1 o 1 (log Dy'/* 1
a7 < - =it 1/4

(4.17) MZDW\_}_/ P O(loglogl)) —-logD
holds. With (4.16) this gives
(4.18) V g ( ) _ 0lexp (ﬁﬁloo”*]))}

rcR

Y

Combining this result with (4.14) we get

gir) N1 gl@)| _ v N g(e)
4.19) X
A 2 at l\._.d o Z @
relR QE.A. <R aed)
<Y 1<a<wr rsy l<asy
= Olexp (iglog" D)) O {exp ( —Flog D)} = O(exp(—}log"*Dy}.
- Hence _
gn) g(r) g(a)
4!2 —
(4.20) Z %S 2 pe 2 af
. n<y . reR, r<y aed ), o=yl .
g(r) | N gn) g(a)
oy A st
¥ ¥ = &
rER, Y . reR, <Y 1<n 4%"1’7'
r
= gis) (exp(--1log'* D).

reR,r<Sy

icm
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From (4.15) follows

g(r) 1 g(b) 1
2 \ = N .
(4:' 1) s ! bE i 9.26
reR blD rel
rey p{Dy£0 rlyih

As we have shown in (47) if x(p) = 1, then

1 log.D .
v 2 < e () > evlieenr)

i.e., for n < R, we have neR, and so as Vy/D > R, we get

n. (4.17) we proved the estimation

‘ 1
(4.23) [T (1+5) = olesprtonny™).

pID
Thuos from {£.21), (4.22) and (4.23) we have

(4‘24;)_ 2 g'.f;r) - 2 Z

el el
r<ly #[b) #0 r<pfh

= V 1 ( r(2s +O(etjp(' élog”“l))))‘

#(D)?SO

cos) [ (1+ﬁ—)+oexp{;_10glj4p I (1+ | )

plD

= F2 0 1log' D).
C(Qsjn( +p)+ (exp( ‘D))

pL

From (4.20) and (4.24) we have (4.1), Le,

(4.25) | g”(ﬁ ((2 ]Y (1—}— )—l—O {exp(— 1log”‘*:,l))). -

ny
- .

= £(28)+ 0 (exp( —j log'™ D).
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5. Now Theorem 2 will be the easy eonsequence of Lemma 5 and
TLemma 6. Namely, using (4.17) for seH (s, D), we have

(5.1) ’mg”(w%) > H (1—?%4—) > exp(—_ZE;:;-—lT)

21D »lD »D

> exp ( —5log" D).
Further the error term of Temma 5 is obviously
(5.2) O(D™"*) = O (exp(—+log¥ D). .
8o from {3.11), (4.1), (5.1). and (5.2) for seH (e, D) follows the relation

(5.3) L(8)L(s) = 2%4_ (D)

nsy

—ces ][] (1 +%;) +0fexp( —2log D)

plD
= £(28) (1 +%) (1+o(exp( ——;—logl“l)))) # 0

which proves Theorem 2.
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