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Tightly packed families of sets

by
N. H, Williams (Brisbane)

Abstract, Liet m, 5, p, ¢ be infinite cardinals with m > n > p and m > . Necessary
and sufficiont conditions ave given for the existence of a family # of m sets cach of
cardinality n with |4, 0 4, < p for each pair Ay, A, from o, such that each subses
of U # of power ¢ has an intersection of cardinality at least p with m different membert
of the family .

This paper is devoted to a proof of the following theorem. (The nota-
tion is explained below.) The Generalized Continuum Hypothesis -is assu-
med throughout.

TomoreM 0.1L. Let m, n, p, ¢ be infinite cardinals with mznz=p
and m 2= q. The conditions

(1) n< q
and
(2) either m=q or eclse m= g* and p'=¢q

are necessary and sufficient for the emistence of o family # of m sets each of
cardinality n with |4, ~ A < p for each pair Ay, Ay from o, such that

(3) Se[U A = card{d est; AN S| =pt=m.

Notation. Cardinal numbers are identified with the initial ordinals.
Small Greek lefters always denote ordinal mumbers, and small Roman
letters cardinal numbers. The cardinality of a set X is denoted either by
card X or |X|, and [X]" is the set of subsets of X of cardinality . The
symbols [X]<", [X]>" havo tho obvious meanings. For any cardinal »,
by + is denoted the least cardinal larger than. 7 and by ¢’ the cofinality
caxdinal of 7, that is, the least cardinal s for which 7 can be written as the
sum of § cardinals all less than r. When ' = r then » is said to be regular,
and otherwige singular.

DuprNirion 0.2. A family of 'sets 4 is called an (m, n, p)-family
if || = m, |4| = n for each A in &, and |4, N A, < p for each pair 4,, A,
from s. We define (< m,n,p)-fomily and (m, =%, p)-family analo-
gously.
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‘We shall make use of the following results of Tarski [1, Théordme 5],

PROPOSITION 0.3. Lel 4 be an (m, = n, p)-family, where m >n > P.
Then m = || 4| unless perhaps n=1p and p' = |J &|", in which case
m= || #A|* is also a possibilily.

PropostrroN 0.4. Let ¢ >¢' = p’ and ¢=p. Given X with |X| =
there is a (g%, p, p)-family B with \J B C X.

§ 1. Theorem 0.1, necessity. The condition (1) is easily seen to be
necessary if (3) is to hold, for if # > ¢ then by choosing for & a subset of
some 4, in 4, only possibly for 4 = 4, is |4 N 8| = p true (by the con-
dition |4, N 4,| < p). ‘

On the other hand, suppose there is S with |§]== ¢ for which
card{4 e #; |4 ~ 8| = p} = m. Then the family B = {4 ~ 8; A e and
[d~8|=p} is an (m, = p, p)-family with | B < 8] = ¢, and so it
m>¢ we must have m= ¢+ and by Proposition 0.3 also p'= ¢’
Thus the condition (2) is necessary for (3).

§ 2. Theorem 0.1, sufficiency. We now suppose conditions (1) and (2) to
hold and deduce (3). Note that from (1) it follows that m > n. Consider
first the case m = q.

THEOREM 2.1. Let m >n=p. Then there is an (m, n, p)-family 4
such that

{4) S e[ A]" = card{d e #; |4 ~ S| = p)=m .

Proof. Suppose that m is regular. Using Zorn’s Lemma, let # be
a maximal (< m*, n, p)-family of subsets of m. Then, by Proposition 0.3,
in fact |#] < m. And we have

(5) 8 e[UAP™ = card {d e #; |4~ 8= p} > |9,

For suppose on the contrary that there is § with S e [m]™™ for which
card{4 e #; |4 ~ 8| = p} < |8]. Then || {4 ed; |4~ 8| = p} < |8 Bub
it X is chosen so XCS—|J{d ¢ #; |4 S| = p} with |X[=mn, then
A v {X} is a (< mt, o, p)-family contradicting the maximality of .
From (B) it follows that (4) holds for .

Now suppose that m is singular. Chooge regular cardinals o, for
o<m’ so that n<my<my<..<m and m = 2 Hmy; o< m'}. Tor
each o with o <<m’' take an (m,, 7, p)-family 4, with the property (h),
and further ensure that the sets U, are pairwise disjoint. Pub
A= {#,; o <m'}, so 4 ig an (my m, p)-family.

Take 8 in [|JA™ For o< n' put 8, =8~ 4,. Then
U A8 18, >0} = m. By the property 5) for o, it |8, >n then
card{d e £, |4~ 8| > P} = |8,|. Hence card {4 e #&; |4 ~ 8] = p}
= {8, |18, >n} = m. Thus (4) holds for 4. This completes the proof.
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Congider next the case m >g¢. Here m = g+ and p’= ¢'. Since
g>nz=p>=p =¢, in fach ¢ is singular. :

LemmA 2.2, Let ¢ >q =9 and ¢ >n>=p. Given X with | X|=4q
and a (< g, n,p)-family D there is o (g%, p, p)-fomily B with \JBCX
such that |B ~D| <p for BeB, D eD.

Proof. Take a family $ as given by Proposition 0.4. Note that
JUDP; DeD} < g 0P =g, and 80 we may omit from $ any set B for
which there is D in D with |B ~ D| > p and still vetain a (¢*, p, p)-family.

LeMMA 2.8, Given Z with |Z) = g+ and o family §={8,; v < g*} where
always 8, € [Z)5% then there is a (g, ¢*, 1)-family C={C,; » < q*} such
that
(6) p<Lr=0,n8,=0.

Proof. Write Z = | {Z,; »< ¢*} where the Z, are pairwise disjoint
with |Z,| = ¢*. Put ,= Z —{J{8,; p<}

TumorEM 2.4. Let ¢>¢'=9p' and ¢>n=p. Then
a (gt n,p)-family & such that

(7 S e[l AL = card{4 e 4; [AN 8 >p}=q*.

Proof. Tt 8=[¢"17={8,; »< ¢} and take a (g% ¢% 1)-faqnﬂy
C= {0,; »<< ¢} a8 given by Lemma 2.3 for-8. Choose (g%, n, p)-families
C, = {0,; a< ¢} such that | JC,CJ0,.

Construet by transtinite induetion (g+, n, p)-families £, for p<<g*
such that

there is

for some »<<pu, orele J#£CS8,vC0,,

and
(9) Ay, Aoe U Ay v<pt = [Ayn 4| <p

ag follows. Take £ with £ < ¢+ and suppose the 4, for v < & have already
been satisfactorily defined. I there is » < & for which

card {4 ¢ #,; [4 ~ 8 = p} = ¢+,

pub #, = , for such a ». (Then (8) and (9) hold when x = £.) Otherwise,
pub D= {d; A e, for some v<§, anfl |A.nSE[>p}, 50 |Dy gq.
Lot B, = {B,; a< ¢} be a (Q'P,p,p)—faml}y with |J %, C 8;, for which
|B ~D|<p when BeB;, DeD, (as provided for by Lemma 2.2). Pub
Ag= By, v 0 and finally ;= {dg; a<<g*}. Then U #£:C 8w O
and (8) holds with u = &. Since J %, C 8; and 8; ~ 0; = 3, when a 7 f
we have Ay Ag= (B By v (Cp o Og) 80 that [A, Ayl <p.
Thus o, is a (g*, », p)-family. Alse, by (6), if v < Ethen Oy~ (8,v 0,) = @.
So if A e, for some y <& then A~ C,=0 by (8). Thus A n Ay
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c4 A (8w C)) CA ~ S, But now either |4 ~ 8, <p, or else 4D
In e};ﬁher l:afse,A]A N By <p. Bince 4 A, CA (B, 0)CAn B:"
we have |4 ~ A,| < p. Thus (9) holds when x = & This pletos the
o have 14 p =& This completes the
Now put = [J{£,; u<<qg'}, so £ is a (g* fami

) a* n, p)-family, b .
Wf; shog_v{ff) holds for +. Take § in [ #]% Then, »S',=7Sl for S()l’?:o ,uy< (;2
yet car edb; A S| =p}= g and £ C . Ml (7) holds, 1 o
Hhedeas eompllgt ) = , % C hus (7) holds, and the

Together, Theorems 2.1 and 2.4 establish the sufficiency of (1) and (2).
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A note on Lusin’s condition (N)
by

James Foran (Milwaukee, Wis.)

Abstract. A function is said to satisfy condition (N’) provided the image of closed
wels of moasure 0 is of measure 0. Tn this paper it is shown that for several classes of
funetions (N’) implies Lusin’s condition (N). The Baire functions (in a general setting)
are one such class. Using the continuum hypothesis, a real valued function is constructed
which satisfies (N’) but does not satisfy Lusin’s condition (N).

A function f: X—Y, where X and ¥ are measure spaces, is said to
satisfy condition (N) if the image under f of each set of measure 0 in X is
of measure 0 in ¥. Condition (N) arises quite naturally in the study of
integrals. (See, ¢.g., [4], p. 224{f.) A function. f: X—XY will be said to
satisfy condition (N') if X is a topological space and the image under fof
compaet sebs of measure 0 is of measure 0. The purpose of this note is to
show that for several classes of functions condition (N') implies condi-
tion, (N); that is, the compact sets of measure 0 are a determining class for
condition. (N).

Although greater generality is attainable, the spaces X and ¥ will
always be o-compact metric spaces. The following notation and defini-
tions will be used:

1) B(f; A) will denote the graph of f on the set A, i.e., if f: X—F,
B(f; A) = {(@,y) e Xx ¥| w e A,y = f(@)}-

2) m () will denote the measure of F when it is clear which measure
thig is. .

3) n—m(H) will denote Hausdorff n-measure. Briefly, a set B has
n-measure less than or equal to b if for any given & > 0 there is a cover U,
of B with cach set IeU, having diameter less than & and
> (diam I)* < b-e.
TeUs
4) projy will denote the projection map from X X Y to Y similarly,

projx denotes the projection map from X x Y to X.
5) A meagure space X i8 of o-finite measure if X is the countable
wnion of sets of finite measure.
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