Euler characteristics of 2-manifolds
and light open maps*
by
‘ John D. Baildon (Dunmore, Penn.)

Abstract. Why’bumi has developed a formula for light open maps between ‘2-mani-

folds relating the degree of the map, the cardinalities of the singular set and its inverse
and the Euler characterigtics of the spaces involved. (Analytic Topology: X; 7.3) A modi-
fication of this is found for the situation where the domain is a union of oriented 2 -mani-
folds without boundary intersecting in ares and the range is an oriented 2-manifold
without boundary.

1. Introduction. 8. Stoilow [3, 4] began the study of light open maps
on manifolds by analyzing them for the case where the domain and range
~were both regions on a 2-sphere or plane. Whyburn continued this with
an extensive study of light open maps on 2-manifolds [6, X], showing,
among other things, that they are finite to one and that the image is ne-
cessarily a 2-manifold. He also showed that a light open map between
2-manifolds without boundary is locally w = #* for some % and that one
between compact 2-manifolds is simplicial. The result with which we shall
be interested establishes a relationship between the degree (order) of the
map, the Buler characteristics of the gpaces involved, and the eardinalities
- of the gingulay set and its inverse. E. E. Floyd [2] has proven a similar
appearing formula for periodic homeomorphisms of prime period on certain
spaces,

2. Whyburn’s result and the main theorem. Whyburn’s result when
restricted (o the ease of a map between compact manifolds without boun-
dary swys the following [6, X, 7.3]:

Tanorem L (Whyburn). If A and B are compact 2 -dimensional ma-
nifolds without boundary and f(4)= B is a light open map of degree &
(e, 18 T 1o one), then Iy (B)— x(A4) = Tr—n, where v and n are the numbers
of points in Y and f~HY), respeciively, when Y is the set of all y in B such
that f~1(y) contains a point of A at which f is not locally topological (i.e., Y is
the image of the singular set of f) and x(Z) is the Buler characteristic of Z.

* This paper is a portion of the author’s Ph. D. thesis written under 1:1.10 direction
of Professor Louis F. McAuley at the State University of New York at Binghamton.
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Our main effort will be to get a formula similar to Whyburn’s (although
more involved) when f is a light open map onto an oriented 2-manifold
from a space consisting of a finite number of oriented 2-manifolds inter-
secting each other only in a finite number of disjoint one dimensional arcs,
Throughout the paper we will take arc to mean one dimensional arc. We
will show that f will be % to one for some k. For notation, let ¥ denote the

~ set of all points in B whose inverses contain a point where f/,, is not locally
topological for some 4. Let # be the number of points in ¥ and » the number
in f~(Y). Furthermore, let @ denote f~%( Y).(L;J, (Ai-Ay)), where V-W iy

s
the intersection of ¥V and W. The symbol 4V will represent the cardinality
of V. We give the statement of our main theorem now, but defer the proof
until the end of the paper.

n '
THEOREM 2. Let f be a light open map of | A« onto B, where the 4,
and B are oriented 2-manifolds withowt boundary and | ) (A4 Ay) is @ finite
n R
union of disjoint arcs. Then ky(B)— 3 x(4s) = kr—n— D d(x), where T is

i=1 wel)

the order of f (f is k to one) and d(x) = — L+4{4: 4i contains x} (4. e., the

number of duplications we get by counting x in each of the mawifolds con-

taiming it).

3. Simplicial maps. We begin work toward our main result by consi-
dering a restricted case of it:

TaEOREM 3. Suppose f is a &k to one open simplicial map of A, v 4,
onto B, where A,, 4,, and B are 2-manifolds without boundary, and A, - A, is
the union. of a finite number of disjoint ares. Then Ty (B)— x(A;)— y(A,)
= kr—n—##(f"HY) 4, - A,).

‘We will prove this by showing f restricted to each of the 4; maps it
openly onto B and then applying Whyburn’s result, Theorem 1.

LeMma 4. Let H and I be 2-complexes with underlying spaces X and ¥
which are 2-manifolds without boundary. Let f be a simplicial map of X
into X taking each simplex of H homeomorphically to one of 1. Then the set §
of all 1-simplices in H where f is not locally one to one (wheve foldin g oceurs)
has the property that 8* has no endpoints, where 8 denotes the set of all
points belonging to a member of 8.

Proof. If p is an endpoint of ¥, then there is only one 1-simplex £,
in § containing p. Since X is a 2-manifold without boundary, the 2-sim-
plices containing p, s, s, ..., s, form a 2-ball. Because ty i in N, the
two 2 -simplices containing it, s, and s, will e mapped to the same 2 - sim-
plex in K. However, any other pair of adjoining 2-simplices containing p
must get sent to different 2-simplices in X sinee %, is the only 1L-simplex
in § containing p, It will follow then that F82) = F(8p1)s F(83) == S

830}y

“plex in K, contradieting the assumption that the 2-simplices of H
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and 6‘0 on. 'If' )zlz 0‘{011? we get f (3@/2) = [ (Sppr1)y contradieting the remark
about adjoining 2-simplices. If n is odd, we will be led to the conclusion
that the faces of sy, containing p will both be sent to the same 1-sim-
get
[ ]

JOROLLARY B. Let f be o I i 4 n simplics U

JOROLLARY 5. Le @ i 10 one open simplicial map of X onto ¥,
where &7 18 the wnion of a finite number of 2 -manifolds without boundary, A,
such that the union of their pairwise intersections is at most a finite number
of pairwise disjoint ares and Y is also a 2-manifold
Then fl 4, maps each Ag openly onto T.

mapped homeomorphically to those of K. Thus §* has no endpoints.

vithout boundary.
Proof. H.in.c.e ¥ has no boundary and fis open on X, the only 1-sim-
olices where [ might not be locally one to one wonld have to be contained
in the iI]T,(\]‘.‘H{’(ﬂ?I'Ilg ares. Restricting our attention to f; = f/ 4;5 the set 8% of
the previous lemma must then be a finite union of ares and hence is empty.
Thus if a pointi is in the interior of a 1- or 2-simplex in H i, the underlying
complex in A4y, then f; will be open there. If the point, p, is a vertex where f;
is not open, then the image of the star neighhorhood of P in H; has to miss
a 2-simplex in the star neighborhood of f{p). But this requires the image
to have a free edge and thus results in 8 being non-empty, contrary to
what we have shown. Thus f; is open. Whyburn has shown that the light
open image of a 2-manifold is itself a 2-manifold [6, X, 4.4]. Since § is
empty, f(Aq) must therefore be a 2-manifold without boundary and con-
sequently must be ¥ or we would have a separation of Y. @

We now return to out proot of Theorem 3: Let T, be the set of points
in B whose inverses eontain a point of A, where f; is not locally one to one.
Let r; be the number of points in ¥y, n; be the number in f;{(Y,), and %
be the degree of fi. Clearly Y=Y, v ¥,= ¥;u ¥, U (¥, ¥,), where
Y= Y,— ¥, and ¥} = ¥,— ¥, and the last union is a disjoint one. Let #;
and »; be the eardinalities of ¥ and f7*(¥?). Whyburn Has shown that
it fi is loeally one to one at each point of f;7Y(p), then #f7(p) = & [6, X,6.3].
In f710Y7) theve ave Tyry preimages in 4, ny—F(f (Y- Y,): 4,) preimages
i Ay, and Al (fI(Y]) Ay - Ay) preimages in both. Thus

ALV b (Ve V) ) — (T Ay )

and

BRSOV s ey b g (Y Vo) - o) — (TN Ye) - Ay A
by a similar argument. Moreover,
SV X == (Y ) A
"[’”:H:(f—l(l"],' Ys) 'Az) —:H:(f—l(yl' Y.)-4,-4,).

5 — FPundamenta Mathematicae, T, XC
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Therefore,
n=HfHY)= 7€Ji+%r‘#(f~l(yi)'f11' o)+ Ty 7y My—
(UYL Ay A — #(f“(}f Y,) A4y

= 75271—}—70172+w.1l+ﬂ2-—:ﬁ:(f 7) Ay Ag) -
# (Y, Yy), and & == k- Ty, Thus
1 = Ty Ty To(oE (Vg + Vo)) Ry 12— (Y)Y 4y 4y)
= Ty — Ty - ery— Teyry— (e (Vy+ o))y - Mo — (I 1Y) Ay 4y)
= Tor— oy 1y — TeoPa My A ma— FE(f () Ay <Ay

Now 7= ri— (¥, Yy), ¥ =114

Rearranging terms, we have
Toy i Myt Tegty— My = Ter— m—=(f () Ay ).
Since f; is an open map onto B, Theorem 1 is applicable and we get
ke (B)— 2 (A;)— x(As) = Ter—mn—3(f7(¥) Ay 4y) . @

We generalize Theorem 3 by extending it to a finite union of 2-mani-

folds: '

TrEOREM 6. Let f be a & to one open wmp?ma& map of X = UAz
=1

- manifolds w«thou& boundary and \_) (Ai-Ay)
is a finite number of disjoint arcs. Then ky (B Zzﬂ (Aq) = Tor—n— > d(x)

zeR
where. d (@) = — 143 {di: 2 ¢ A} and @ —f Y)- (U (i Ag)).
Proof. By induction. From Corollary 5, fi= f/,, will map openly
onto B. If m=2, Y d(x) is simply #Q = #(f~(¥)- 4, 4,) and so the con-
!

zeQ
clusion follows from Theorem 3. Now suppose the theorem is true up to

onto B, where B and the A4 are 2

m—1 .

m—1 and let ¥’ denote ¥ on U Ay = X' with k', v, n', &', and Q" playing
gu=l

corresponding roles. Then

(1) n == ;I:l':f“1(:Y\) = :H: (f_ (-) m)) { :H:( g Y ) |-;|| (J""'»l('ir/ . Ym))

because of disjoint unions. Reasoning similar to that in Theorem 3§ yields

-1
—Ym)) = k3 (Y e (F(Y Y- U Ad)—
)

@ #(FHY )

Ve ) (U (A A1)

gl

-
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-t
. . oy , .
Since 11;;"— Y’ has ks preimages in each of the

and &' = kb oo kL, f(Y Asup to i =m—1

r vds ’ T ’
— X') has ¥'(# (¥Yn— ¥ )= 3 @'(2) points
zel

m—1

in 1L;Jlflz where I = f~Y(¥,— Y’) Hl (Ae-43), Wwe conclude that
(8)  # (Y= Y) = ¥ (Yn— 1)) .
.z%; +"lm
T ) T 1) T A
i=1

Also,

(4) # (f«]( Yo Y,)) = (f—](ym ¥ Anl)"!'# (f—-l(]rm - X) '"DIA'l)_

i=1
m—1
"X U Aie A -

=1

#(7(Fm

Combining these four results yields

= Tl (X' = )0/ -+ B (Yn— )+ 1 3 e

rel

— (0 U ).

Then
o= /‘m(' — (Y- ))~|~'ﬂ'~}~k'(7’,,,—~ #(Y, )+ Pr— Y’ a'(z)—
m—1
— () U Aedm) .
i=1

Sinee k= ky- 5" and » = 1y 41— 3 (Y- V), we get
o= Jor— 1 e = Ty T - R — 2 @'(i0)—
weld

0 U Aidn)

Using Theoreny 1 on 4y and the induction assumption, this becomes

'I)L‘:“l .
(B)  noss hr—Rg (B QJ 2(Aa)— S @'(@)— ko 3 (B) + 7 (Am)—
gee 1 ael)
-y m—1
-—4}1’: d'(z)— :ﬁ:(f—l( T) 191 -A-t‘Am) .

m~—1
Now Q' v R = f~Y(X) | (4di-4;) and it is easy to see that

{yf =1
. - - m—1
D)= D @)+ Y &)+ () U A da).
ze) weld zeQ) i=1

5%
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This, the fact that & = &'+ km, and (5) yield

e

= Tr—Ty (B)+ ) 2(A0)— Y d(). m

1=l zeQ

4. Preliminary general results. We would like to get & move general
result than that just obtained by dropping the & to one and simplicial
conditions. A mnatural extension of a theorem of Whybwn [6, X, 3.2]
will show that a light open map on spaces of the type wo have beewn con-

sidering is necessarily finite to one.
m

TrroreM 7. Let f be a light open map of ) A¢ onto B where the Ay
et
m

and B are 2-manifolds without boundary and \J (Ai-Ay) is o finite number
ti=1

of disjoint arcs. Then f is finite to one.

Proof. Let p be a point of B and suppose that FHp) is infinite.
Sinee B is a 2-manifold and f is light, we can find 2m+-1 discs, Ky, inter-
secting pairwise exactly at p, forming a 2m -1 petalled flower K = | J I
and such that each component of f~*(Ky)-4; iy contained in a luclidean
neighborhood in 4;. Since f™*(K) is locally connected, it has a finite
number of components each mapping onto K, and so one of them, 0,
contains infinitely many points of f~%(p). The restriction of f to ¢ will
also be a light open map onto K. For each 4, there is a component By
of 7Y (Ki—p) having infinitely many points of f™(p) in its boundary.
The R; can be chosen 5o that the intersection I of their boundaries contains
infinitely many points of f~(p). But in each of the 2-manifolds, we cannot

have three regions meeting in more than two points. Consequently, there

are a maximum of 2m such regions in X, contradicting our construction
of 2m-4-1. Thus f~Yp) must be finite for cach p. @

We also wish to show that even if f is not necessarily simplieial, f/,,
ig still open: :

m
THEOREM 8. Let f be a light open of | ) A4 onto B where Ay and I are

R
oriented 2-manifolds without boundary and \J (Ai-4dy) ds « finite number
of disjoint arcs. Then ff 4, is open.

We will use a theorem of Titus and Young [5] to show fla, is quasi-
open (a continuous funetion f from A to B is quasi-open provided thab
for any image point ¢ and any open set U containing a compact component
of f7g), ¢ is in the interior of f(T) relative to B). This will prove our
theorem since light quasi-open maps are open.

Let M and N be oriented 2-manifolds. A map f from M to N is
sense preserving at the point p of M provided that, if K denotes the

icm°
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component of f7(f(p)) that contains p, then X is compact and there is
an open set W containing K such that, it U is any open subset of W thab
contains K but has no point of f~(f(p)) on its boundary, then the degree
of fly at f(p) is positive [5]. B

TreoreM 9 (Titus and Young [5]). Let f be « map from M to N where
M and N are fized orviented manifolds satisfying: )

(i) there is a closed set Oy such that f is sense preserving at each poimt
of M— 0,

(ii) f ds constant on each component of the interior of €y, and

(iif) f(C)) ds closed and nowhere dense in N. :

Then f 1s quasi open.

Proof of Theorem 8. We will show the conditions of Theorem 9
are satistied. The set 0; will be the union of the Aq- Ay's. Condition (ii)
of Theorem 9 is satisfied vacuously. Church and Hemmingsen [1] have
shown that an open map defined on a locally ccmpact space and having
point inverses - consisting of isolated points has the property that it
preserves the dimension of closed subsets. Since Theorem 7 shows our
point inverses are finite, f(C;) must be one dimensional and hence is
nowhere dense in B, thus satisfying (ili). It remains only to be shown
that f is sense preserving at each point of 4;— C; or sense reversing at
each. The fact that at cach point of 4;— ¢, f will be locally topologically
equivalent to w = 2* on |2] < 1 for some % [6, X, 5.1] will force the set
of points where f is sense preserving and the set where f is sense reversing
to be open sets. Since A;— O, is connected, one of the sets is all of 4;— C;,
so f will satisfy the conditions of Theorem 9 (recognizing that a compar-
able result holds for sense reversing in (i)). m

LmmA 10. If f is @ finite to one open map of a space X onto a 2 - mani-
Jold without boundary B and A is a compact 2-manifold without boundary
contained in X, having ‘s boundary relative to X containing no simple
closed curve, then f(4) == B. '

Proof. Suppose ¢ is a boundary curve of the manifold f(4). Because
of lifting properties of light open maps and the fact that f is finite to one,
F7HC) must contain o simple closed curve. But f~*(C) is contained in
Bdy(A4), leading to a contradiction of our hypothesis. Thus f(4) has no
boundary curve and so must be all of B. @

5. Proof of main result. From Theorem 8 and Lemma 10 we know

Jla, is open and onto B. Whyburn has shown that we can get sub-

divisions of 44 and B so that f/a, i3 a simplicial map [6, X, 7.2]. Taking

a common subdivision of B and the induced subdivisions of the A;’s,
"

we get that fis a simplicial map from (| A¢ onto B. Our result follows

f=1

from Theorem 6. m
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Souslin-Kleene does not imply Beth

WORTHINGTON SCRANTON CAMPUS tract. [t is proved that Ly, (first-or ic wi ; quantifiers i
PENNSYLVANIA STATE UNIVERSITY . A_I"s‘ rac I (:VW d tha IJnl%n (f.II‘ZL 91&01‘ l?gw_ Wlﬂlou!: quan‘hf.lera) fulfils the
Dunmore, Pennsylvania Craig interpolation theorem. An extension of Ly, is given, which satisfies the Souslin—
' Kleene intorpolation theorem, but not the Beth definability theorem.
. Comparing with [3] we then have shown that for extensions of Ly, the only
Accepté par lo Rédaction le 8. 4. 1974 valid implications between Craig, Beth, 8-K and weak Beth, are the following:
Craig
4 A
§8-K Beth
N 4
weak Beth

For basic dofinitions, rcaders are vefered to [3].

DermyrrioN 1. Let B be a structure of type z, let 4 be a set of con-
stant-symbols, and let {bs| @ ¢ A} C |B]. Then B({ba| @ ¢ 4}) denotes the
structure B’ of type v 4, st B 1= B, and a¥ = b, for all a<A.
The open formula K(X[A) with X = {w.] a ¢ A} as free variables, is the
following class of sets:

{K(X/A)¥| B a structure of type 7},
where

K (X]A)®

ie. K(X/A)® is the set of tuples from |B| satisfying K.

Duivreion 2. A logic I has =

1) Souslin-Ileene property if for any PCr, P, if P is PCr then P
iy BO;,. .
2) Beth property if the following holds: Let R be an n-ary relation
symbol and let K be an BOL of type 7 v {R} s.t. for each structure A of
type v there exists at most one B e K st. %= B 7, then there exists
an open formula ' of type 7 with n free variables s.t. for each U e K we
have RY = Jritr,

(BC(B]| B={ba] acA} and B(<ba| aed )eE},
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