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Souslin-Kleene does not imply Beth

WORTHINGTON SCRANTON CAMPUS tract. [t is proved that Ly, (first-or ic wi ; quantifiers i
PENNSYLVANIA STATE UNIVERSITY . A_I"s‘ rac I (:VW d tha IJnl%n (f.II‘ZL 91&01‘ l?gw_ Wlﬂlou!: quan‘hf.lera) fulfils the
Dunmore, Pennsylvania Craig interpolation theorem. An extension of Ly, is given, which satisfies the Souslin—
' Kleene intorpolation theorem, but not the Beth definability theorem.
. Comparing with [3] we then have shown that for extensions of Ly, the only
Accepté par lo Rédaction le 8. 4. 1974 valid implications between Craig, Beth, 8-K and weak Beth, are the following:
Craig
4 A
§8-K Beth
N 4
weak Beth

For basic dofinitions, rcaders are vefered to [3].

DermyrrioN 1. Let B be a structure of type z, let 4 be a set of con-
stant-symbols, and let {bs| @ ¢ A} C |B]. Then B({ba| @ ¢ 4}) denotes the
structure B’ of type v 4, st B 1= B, and a¥ = b, for all a<A.
The open formula K(X[A) with X = {w.] a ¢ A} as free variables, is the
following class of sets:

{K(X/A)¥| B a structure of type 7},
where

K (X]A)®

ie. K(X/A)® is the set of tuples from |B| satisfying K.

Duivreion 2. A logic I has =

1) Souslin-Ileene property if for any PCr, P, if P is PCr then P
iy BO;,. .
2) Beth property if the following holds: Let R be an n-ary relation
symbol and let K be an BOL of type 7 v {R} s.t. for each structure A of
type v there exists at most one B e K st. %= B 7, then there exists
an open formula ' of type 7 with n free variables s.t. for each U e K we
have RY = Jritr,

(BC(B]| B={ba] acA} and B(<ba| aed )eE},
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Drerinrion 3. Let I be a logie. Then A(L) is the family of classes
of structures, obtained by adding to L all PCL’s, P, where P iy PCy, too.
TaeoreM 4 (Friedman [3]). 4(L) is a logic satisfying Souslin-Ileene.

The proof iy straight-forward.

DrFrNrrion 5. Let % be a structure of finite type 7. Wy is the Lnip-
sentence of type v “describing” . That iy: Wy is the inberseetion of all
atomic and negated atomic sentences which hold in A (we allow & to
be an I - sentence, i.e. if v does not contain any constant-symbol ¥y is ).

Note. If Bk ¥y then B =, A, and hence Ak ¥y il and only if
Bk Py

Let ¢ be any class of structures, each of the same finite type. Then

111 o= \/ !‘[jq[ .
Nel
This disjunction is finite, so ¥, is an Ly-sentence.

ProrosiTIoN 6. If K is BOry, then We Il « Ak V.

Proof. If % F Py, then Ak Py for some B e K. Ience B = p,, A

DeriNiTion 7. Liet % be a structure of type {By, ..., Bu, oy ..y tu}e
The substructure of U formed by {¥, ..., ¢X} is denoted by ¢(2A). Obviously
O(QI) = Linin A

Lmvwma 8. For every projective Lmin-class P of findte type, we have:

a) We P—UAF Py,

b) If P, is PCry, then, if for some We Py Ak Wy, then P ~ P # 0.
(So {U] AWk ¥} can be called the Lmm-elementary closwre of P).

Proof. Let P= M }v, where M is BCr,, of type 7w 7', and let
P, = N |7, where N is ECyz,;, of type vv ',

Sinee all BCry, of infinite type are free expansions of some KOCry,
of finite type, we can assume without loss of gencrality, that all types
are finite.

Suppose that for some We P;, AF ¥y, Then for some B e M and
B' e N we have

BE¥y and B kY.

We can assume W. Lo.g. that |B| ~ [B'] == |¢@0)]. Wo have ¢(B) e M,
c(B')eN.
Let ¢(B) v ¢(B') be the structure of type 7w v w1’ §.t.

e(B) © e(B)] = [e(B)] v [e(B)]

and the relations in ¢(B) v ¢(B') are the unions of tho relations in ¢(B)
and ¢(B'). Then ¢(B) v ¢(B') e M ~N; 850 PP 50,
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COROLLARY 9. Lmw satisfies Craig.

Proof. PUp,'s of infinite type ave free expansions of PCy_.’s of
finite type. Any two disjoint PCr,,.’s of finite type are separated by their
Lpin-clementary closure, and so will their free expansions be too.

Exampne 10. Let < be a binary. and R a unary relation symbol.
I is the following class of structures of type {<, R}.

K= (] Ao, <, 0dd)}

where Odd is the set of odd numbers. T is the logic obtained by adding K
to Lmin, and close under boolean operations, free expansions and
isomorphism of fypes.

Tuworum 11, A(L) does not satisfy the Beth definability properey.

Proof. All struetures % of type {<}, have at most one expansion A’
to the type {<, I} s.t. A’ e K. Put

= {2 N of type {<,c} 8.t A M <} =<0, <> and ¢* is odd},
Fy== (U A of type {<, ¢} 8.6 A M <}~ <w,<> and ¥ is even} .

We shall prove, that there is no LGy, M, st FC M and F, C J1.
Ho we shall prove, that there is no PCr P, s.t. P is PCy, FCP
and I, C P. -

9
Any L, is‘ of the form | J (M ~-Ny), where M; is BCr,, and N; is

=1
purcly non-gtandard (i.e. a boolean combination of free expansions of K).
The only purely mon-standard BCp’s which have nontrivial pro-
jections to the type {<, ¢} are the free expansions of K.
Let I be a freo expansion of K, M ah ECy,, of the same type.
Obviously o

(M~ I M, b C I M<, 6 7 Ky M<, ¢ = M <, ¢} -

Now let 9 e I, and suppose U P {<, R} ¢ . Tet ¢ ¢ RY not be an inter-
pretation of o constant-symbol. Form 9’ from % by putting BY = B™{a}.
Then A" ¢ 1€, and A P {<, e} = A P {<, ¢}. Hence

Mo I M= b= M, )

Since woe are coneerned with BOL's which are projected to the type
{<, ¢}, it is enongh to consider BOys of the form M v (M, ~ Ky),
where My, M, ave BCp,,,'s and Ky i3 a free expansion of K.

Craxm. Let My, be BOp, of type © st {<, ¢ Cr. If M, contains
any structure A st AP {<i=lo, <) then M M{<, e} nF #0 and
My M<, 6} n Iy 40,
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Proof of the claim. Let Ae M, s.b. A {<} =, <, and sup-
pose ¢¥ is odd.

Form the new structure %’ by adding a new element # in the beginning
of <y. Then ¢% is even. Further %’ e« M;. Hence

W<, et e, P {<,e} 1.
Now let P be POy s.t. FCP, P is PC, and I, C P. Let
P=M M<, v (M, nK) <, 6.
Take the structure (w,, <, 0>. Assume <{w;, <, 0> ¢ . Then

Koy, <, 0y e M M<, ¢}
Let ' ¢ M, s.t.
' QI'T{<,0}=<¢01,<;0§-

Take ¢(A'). Extend ¢(A') by adding an infinite countable set of new
elements. Call the result A”.

Now in A" define < on [A”| 8.t. < is a well-ordering of |A’’| of type w.
Call this new structure A’’’. Then

Py = Voury= Py = Wy

and hence A’ =,

‘min

A, 5o W' e M,. Bup

AW H<=<w, <);
contradicting the claim and the fact that
CTEAMM<,c}=0.8

The results here presented are definitely not the last word concerning
interpolation and definability in abstract logies.

The counterexamples presented here and in [3] are very unnatural,
and they lack some basic properties which might be thought of as necessary
for to accept to call a family of classes of structures a logie.

To prove positive results (as Theorem 1.3 in [3] and Theorem, 2 in [1])
we should have as few axioms as possible. (Example 10 shows that the
condition in Theorem 2 [1], that L,, < L is essential, since I, and hence
A(L) satisties w-compactness and downward Skolem~Liwenheim).

For a further analysis, the following distinetion could be helpful:

A model-theoretic axiom is an axiom considering existence of models,
sueh’ as compactness, elementary chain condition, omitting types “theo-
rem” ete.

iom®

Sowslin-Ileene does not imply Beth 273

A structural awiom is an axiom concerning existence of EC’s, such as
“cgloged under the quantifier @, “extension of L,,”, “closed under
substitution” ete.

Results concerning logies with model-theoretic axioms are of some
interest.

B.g. “compactness - (Robinsons joint consisteney theorem — Craig)”.

Or: “some w-compact logic has Souslin-Kleene, but not Beth”.

On the other hand, for a deeper philosophical understanding of
Craig and Beth (say), structural axioms are of more interest. Since Craig
and Beth are both separation properties (where Beth apparently claims
separation of fewer PC'S) it might be possible that some structural axioms
on the logie forces, that if the logic can separate PC’s of the “Beth-type”,
then it can separate all disjoint PC's. Such structural axioms might be
found in “having a syntax”.

S0, a goal for further investigation should be either to find some
structural axiom A. 8.6, all syntactically defined logies satisfy A, and
prove. A — (Beth — Craig); or to find a syntactically given logic having
Beth, but not Craig.
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