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Normality and paracompactness
in subsets of product spaces

by

Teodor Przymusinski (Warszawa)

Abstract. Let M be a metric space and G an open subset of the product space Mx Y.

THEOREM 1. If Y is hereditarily paracompact, then: G is normal < G is paracompact <> G is
countably. paracompact.

THEOREM 2. If Y is hereditarily normal and M is dense-in-itself, then: G is normal <> G is
countably paracompact.

THEOREM 3. If Y is hereditarily normal and hereditarily countably paracompact, then: G is
normal <> G is countably paracompact.

1. Introduction. Throughout this paper. M is assumed to be a metric space
and G is an open subset of the product space Mx Y.

The aim of this note is to study the relation between normality, paracom-
pactness and countable paracompactness in open subsets of the product space
MxY.

Results of Tamano [8], Morita [4] and Starbird and Rudin [7] imply the follow-
ing facts:

A. If Y is paracompact, then: M x Y is normal < M x Y is paracampacfe MxY
is countably paracompact.

B. If Y is normal and M is non-discrete, then: M x Y is normal <> M % Y is
countably paracompact.

C. If Y is normal and countably paracompact, then: M x Y is normal <= Mx Y
is countably paracompact.

In this paper we prove analogous theorems for open subsets G of the product
space M x Y.

THEOREM 1. If Y is hereditarily paracompact, then: G is normal <> G is para-
compact <> G is countably paracompact.

THEOREM 2. If Y is hereditarily normal and M is dense-in-itself, then: G is nor-
mal < G is countably paracompact.

THEOREM 3. If Y is hereditarily normal and hereditarily countably paracompact,
then: G is normal < G is countably paracompact.
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COROLLARY. If Y is a generalized ordered space (*), then: G is normal <> G is
countably paracompact.

Modifying the proofs of Morita [4], Nagami proved in [5]

D. Let Y be hereditarily normal (resp. hereditarily paracompact). If G is count-
ably paracompact, then G is normal (resp. paracompact).

In Section 2 we modify the proof of Starbird—Rudin’s theorem ([8], Theorem 1)
and obtain the following:

TuroREM 4. Let M be dense-in-itself (or let Y be hereditarily countably para-
compact). If G is normal, then G is countably paracompact.

Theorems 1, 2 and 3 are immediate consequences of Theorem 4 and Nagami’s D.
In connection with Theorem 1, let us recall, that there exists a hereditarily para-
compact (generalized ordered) space ¥ and a separable metric space M such that

Mx Y is not normal (Michael [3]). It is also consistent with the axioms of set .

theory to assume that there exists a hereditarily paracompact (generalized or@éred)
space X such that ¥x Y is normal but not paracompact (Przymusinski [6])..

9. Generalization of Starbird-Rudin’s theorem. In this section we shall prove
Theorem 5, which is a generalization of Starbird—Rudin’s theorem ([7], Theorem 1).
Theorem 4 follows immediately from this result. ' '

The proof of Theorem 5 is based on the idea used by Starbird and Rudin in [7],
but its technical form has been essentially modified and complicated.

THEOREM 5. Assume that for every isolated x & M the space
G, ={re¥: (x,»)eGC}

is countably paracompact. If G is normal, then G is countably I;aracompact._ _L: ‘

Proof of Theorem 5. Let G be an open and normal subspace of MxY
and {F,},c. & sequence of closed in G sets such that ) F,=@ and F,,,cF, for

- new
every n € . We have to prove that there exists a sequence {C.}yew of closed in G sets
satisfying | C, = G and C, n F, = & (cf. [1], Corollary 5.2.2).

new

Denote by M, the set of all non-isolated points of M and let # = ) 4,,
neow

where 4, is a locally finite open covering of M consisting of sets of diameter less

than 1/2". We may obviously assume that B, B, =, where n # m and 7

= {Be®, Bn M, # O} Let us choose from every Be#' = {4, distinct

new
points pp and g in such a way that no point of M is selected twice (see [8], Lemma).

The sets P, = {ps: Be By}, O, = {qp: BB}, P= UP, and 0 = U 0, have
new neaw

the following properties:

() Subspaces of linearly ordered topological spaces are called generalized ordered. Any
such space is hereditarily normal and hereditarily countably paracompact (cf. [2]).
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(1) () if Uis open in M and U n M, .
# @, th
belonging to U, 0 en there exist peP and ge Q

(i) P, and Q, are discrete and closed in M.
(i) Pn Q =@. ’

"For every new and Be %' define

Upn={reY: {xeM: (x,5)eG}n B P, # B},
Vow={re¥: {xeM: (x,yeG}n B Q, # B},

n=1
DB.PI = (BnP")X(Y\U UB.I') n G,
i=0

n—1

EB,n = (BF\ Qn)X(Y\U VB,i) n Gs
i=0

DB = U DB,n:

4 ne ®

EB = UEB,)I'

new

The sets Uy , and Vg , are obviousl i
Ju ] y open in Y and conse t
and Ejy, are closed in G. outly the sefs Dy.;

We shall show that the sets Dy and Ej are also closed in G. Let (x, y) € G\Dj.
If xe U (BnP,), then there is an new and pe B n P, such that

new
pe{x'eM: (x,y)eG}.

It follows that ye Uy ,, (x,¥)e Mx Uy, and for every k>n the intersection

(MxUg,) n Dy, is empty. Hence Dy is closed in G. In an analogous wav one
can prove the closedness of Ejy.

For every Be %' there exists precisely one m such that Be 4,,. Let

dp={re: ((B‘mMU)x{y})mFm * a},
KB=‘DBH(XXAH)’
K,= U{Ky: Be4,},

Ly=Eyn (Xx4y),
L,=U{Ly: Be®}, K=UK,, L=UL,.

ne @ ne w

For every Be 4, the following conditions are satisfied:

(@ (@) if (Bn My)x{y})nF, @, then there exist p, g € B such that (p, y)
e Ky and (q,%) € Lg,
(i) Lpu Kg=Bx Ag,
(iii) the sets X and L are disjoint and closed in G.

J’Xd (i).. There exists an xe BN M, such that (x,y)eF,cG. The set U
={xeM: (x,»)€G}n B is open in M and xeUn M,. By (1) we have
UnP#@ and Un Q # @. Let ny = min{n: Un P, # O} = min{n: ye Uy,},

1*
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ky=min{k: U n Qy # @} = min{k:y € Vy,}, peUnP,, and ge Un Q. Then
yedy, (p,3)€Dy,,=Dp, (4,¥)€Ep,=Ep and consequently (p,y)e Ky and
(¢,) e L.

Ad (ii). Clear.

Ad (iii). The disjointness of K and L follows from (1). As the famlly By, is
locally finite, the sets X, and L, are closed in G. Let (}»‘ y) e G\K There exist
a kew such that (x,») ¢ F,, an open ball B(x,1/2""")} in M and an open
neighbourhood T of y in Y such that n>k and (B(x, 12" ) xT) N F, = @.
We shall prove that for every m3>n the intersection (B(x, 12 xT) n"K,,, .
By (ii) it suffices to prove that (B(x 1/2%xT) n (Bx Ap) = (B(x, 1/2") l:)>1<
x (T ~ Ap) = @, for every Be 4, If B(x,1/2") n B # @ then B=B(x, 1/2"h
and (BxT) N F,c(BxT)n F, =@ and consequently T'n Ay = &. This shows
that K is closed in G. In an analogous way one can prove the closedness of L.

By the normality of G let U and ¥ be open subsets of G satisfying KU, LV
and U n V¢ = @. For every ne o find a closed covering {Sp}gea; of M, such
that Sy=B for every Be 4, (cf. [1], Theorem 1.5.18) and define T = {ye Y:
BxYNnU=0 ot Bx{yPn¥V =0} and C; = U (SpxTp) 0 G.

Be 591,,

As the sets T are closed in Y and the family {Ss}pea; is locally finite, we
conclude that the sets C, are closed in G. Moreover, the followmg conditions are
satisfied :

3 @ C,nF,= for meow,
() UCl=Mex¥)nG. -
!lEO)

Ad (D). If (x,))e Cy 0 F,, then there is a Be B, such that xe Sy=B and
yeTy, hence, for instance, (Bx{y}) n U = @. We infer from (2) and the ine-
quality ((B n Mp)x{y}) N F,, # @, that there exists a p € B such that (p, y)e Ky
< U, which is a contradiction.

Ad Gi). If (x, ¥) € G and x &€ My, then (x, ) ¢ U or (x, ) ¢ V. Let, for instance,
(x,y) ¢ U. There exists an ne w, a Be %, and an open neighbourhood T of yE Y
such that xe SzcB and (BxT)n U =@. It follows that ye T'=Ty and con-
sequently (x, y) € (Szx Tp) N G=C,. .

As M is metric, the open set M\.M, can be represented as a union |JZ, of

nHE®
closed subsets of M such that Z,,,>Z, for new. For,every x € M\M, define
G,={yeY: (x,y)eG} and F,, = {ye ¥: (x,y)eF,}. By the assumption, the
space G, is countably paracompact, so one can find closed subsets C, , of G, such
that F, ,nC,, =90, UC,, =G, and C,,,,2C,,. The closed subset C,’

new

= | ({x}x C,,,) of G satisfies C," N F, = @ for ne w and U C)' = (M M)+ T¥)n

xeZy -

.03 G- To complete the proof, it suffices to put. C, = C, U C,, .
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