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Absteact. This paper contains a result on the simultaneous existence of
many linear funetionals that generalizos results of Kwapieni and Le Presté, and appli- *
cations to the theory of tensor prodmet of (more than two) Banach spaces.

0. Introduection. In Section 1 of this paper we shall prove an abstract
result on the existence of a family of linear functionals and apply our
result to the existence of measures on compact spaces, obtaining genera-
lizations of results of Kwapied and La Presté.

In Section 2 we give an application of the results of Section 1 to
the theory of tensor products of a finite number (> 2) of Banach spaces.

In an earlier version of this paper a somewhat complicated proof
of Theorem 1 was given. The proof appearing here was found independently
by the author and the referee and was suggested to the author by [1]

1. The simultaneous existence of many linear functionals. We sup-
pose throughout that » > 1 and the index % will always run from 1 to n.
If 2y, ..., Jy arve given, we shall write X, 4; for the n-tuple (4, ..., 4,).
For each %, let r,> 0 and X, ¢, =s<L If 2 = Y, ipe(BY)" let

p(2) = Hk ViR

Tor each &, let 0}, be a real linear space and S, be a sublinear functional
on Cy. Let I 5= @ and, for each icl, 40, and a; > 0.

1
1. Tuworem. Let ¢t = T Then (1) < (2).

Tor each %, there ewists a linear functional L, on C) dominated by S,
such that, for all iel,

Ly(wg) 20 ond  a; < W(XkLk(wik))~
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If J is a finite subset of I and for all j (ie. for all Jed) and Ty Ay > 0
and 8;> 0 with (3;6)"* = 1 then for all k

Sk(Zj Z‘jka’jk) =0 ond (p(Xla Slc(Zj ﬂﬂﬂf’ﬂa)) > 21 ‘}9 Xk}'ﬂa) 8.

. Proof. (=) We suppose that (1) is true zmd J, Ay, and ¢; are as in
(2). Then

(2)

Sp( 1]70%) = Li( s Atogi) = g ML) 2 0
and
‘p(Xk’ Slc(zi }“ﬂcwﬂa))”s 2 W(Xh Ln(Zj Am mﬂa))m
= (35 X Ay L ()
noting from Folder’s inequality that ¢ iy superadditive
= 21 ‘1’(Xk }“jkL/'a(mjlc))l/a

since ¢ is multiplicative

= 20X " 0 (O e L (o))

= 350X 2 0
= (2;/ 9’(Xk Agx) 4y ’SJ) fe

from Holder’s mequa.hty again; noting that 1/s and ¢ are conjugate
indices. It follows that (2) is true.

(<) We now suppose that (2) is true and write 0 for the linear space
0;x...x 0, and 8§ for the sublinear functional defined on ¢ by

Bk ) = DpSp(@)  (@e0y).

‘We observe that 3 (r/s) = 1 hence, from the inequality of the arithmetic
and geometric mean, for all =0,

(3) B = ind{ 3y (r/8) Ay 4> 0 and (Do bf'?® = B}
Let J, 4y, be as in (2) and 8,2 0 (jeJ). Then
2380 (XKu A0’ = 350 (X B30 al’.
From (2), by taking the inf over {4},
<X 831 B @y

< Z & (T/8)Sy (2! B /'Lﬂcwjk)
= 83 B X (ral8) Apvy).

from (1)

from (3)
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If Ay are constrained so that, for all k, ¢() A = 1, then
>, 2B % a® < S(Zjﬂij(Tk/s)ljkmjlc)'

Trom the Mazur-Orlicz theorem, there exists a linear functional L on C,
dominated by S, such that, for all iel,

it Xk =1 then o} < LM y(ri/s) hutye).
Tor each %, there exists a linear functional I; on Oy, dominated by S,
such. that
J5()(1: a’/c) = ZkI’Ic(mla) (w0
Thus if ¢(X;4) =1 then, for all eI,

ai® < Su(raf8) i L ().
Taking the inf over {1,} and using (3), it follows that IL,(x;) >0 and

o < ‘P(Xk Ly, ().

It is immediate from this that (1) is satisfied.

2. CoroLLARY. Let K,, ..., K, be compact Hausdorff spaces, I + @
and for each i and &, a;eR* and fy<O(K,) with fy > 0. Let p,>1 and
t>1 and 3, (1/p;)+1/t = 1. Then

Jor all k& there ewists a probability measure w, on K, such that, for all

tely ay < [T p(FRRY 25
<

whenever J is a nonemply f@mte subset of I and, for all j and &, Ay >
and 8; > 0 with (3; 64" =1 then

21:1'(5 a’jnkz‘ﬂc nlc supasz (2} (zkjfk.’i pk( )Upk

Proof. Immediate from Theorem 1 with 0, = 0(Ky), r, = 1/ps,
w,,, = fF% and, for feO,,

Si(f) = sup f(Ey).

2. An application to the theory of tensor products.

3. NorarioN. We suppose that, for each %, ), and @, are Bamnach
spaces (all over &) and 7., p, and ¢ are as in Corollary 2. We write K, for
the wnit ball of By, B = @, 5, and G = ®; Gy.

If uwe@ we write

) mf{Z'iﬂk lyalls m

where ¢ runs from 1 to m.

21, Ypely and u = 3. @, Yu)»
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If vell we write
o () = nt{( 3 164)" [Tes0Pacx( i 1 {Fux> ) [P):
miz1, agelly and v = 3, 0,0, @u);

g and o are norms on & and H, respectively. In fact, they are cross-norms
in the sense that g(®;9;) = [Jxlvsl and o(®,e) =[]zl
4. Remark. ¢ is the projective tensor product norm on G. It is well
known that the g-continuotus linear functionals » on G are in (1, 1)-cor-
respondence with the bounded n-linear functionals y on Gy X ... X &, by
the rule x(X(x¥) = ¥(@r¥x). Further
il = supf| kD) Mally -y Wall < 2}

5. Notation. If, for each &, @<L (), &) then there exists a linear
map Q: B>@G such that, for all @, eBy, Q(®,7) = ®;Qy(#,). We shall
write ®; @, for this map Q. ‘

In the theorem below we shall characterize the o-continuous linear
functionals on E.

6. THEOREM. Let B, ..., H, be given and let § be a linear functional
on B. Then ||B|| (= the o-norm of B) <1 < for all & there ewist G, and
Quel Loy By Gr) with m,, (Qr) < 1 and there emists o linear funclional y on G
with ||| (= the g-norm of ) <1 such that

C{4) g = 'P°(®k Qlc)'
Proof. (<) If V = 3, ;@@ then, by (4) and linearity

BV) = p( 3 0: Qs Qi) -
Since [yl <1,

B < 921 8:%s Qo) < 250 T 19000

from Holder’s inequality

< (S [Tl S 1@ ey

since m,, (@) <1,

S (D8 T 8oz, | s [y |7}, .

It follows by taking the infimum over all representations of V that

BV < e(V),

“hence I8l < 1, as required.

e ©

icm
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(=) Suppose m=1 and, for all j and & (1 <j<<m, 1<k n),
ay, el and 6; >0 with (3;18;()" < 1. Then, since (8] <1,
2{] 5]/3(®7cmf7c) = ﬂ(Zj 6j®lcwjk) < U(Zj 6j®lcwﬂc)
< ”Ic suPasz(Zijjm a’>1pk)m-
It follows from Corollary 2 that for all k there exists a probability measure
w; on K, such that
|ﬁ(®kwﬂo)l < [T pe (1< -D1P)E

Let H), be the canonical image of By, in Ly, (K;, ) and @, = Hy; further
let @, be the canonical map of Zy into Gy. Clearly, Qye[], (B, G;) and
nph(Qk < 1. Using the density of H) in G, it is easily seen that there
exists an a-linear functional y on Gy X ... X @, such that, for all y, <G,

|Z(Xk 92| < TTelyll-

The result follows with y defined as in Remark 4.
7. COROLLARY. If veE then

for all @B,

o(v) = sup{|yo (®xQx)(r): ¥ and @, as in Theorem 6}.
Proof. Immediate from Theorem 6 and the Hahn-~Banach theorem.
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