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A reflexive Banach space which is not sufficiently Euclidean

by
WILLIAM B, JOUNSON* (Columbus)

Absweact. An oxample is given of a roflexive Banach space with unconditional
hagis which is not sufficiently Ruelidean.

I, Introduction. Tn [8], Stegall and Retherford ask whether every
reflexive Banach space ¥ is sufficiently Buclidean; i.e., whether Y con-
tains a sequence (I,) of subspaces with supd(H,,l;) < oo for which
there are projections P, of ¥ onto M, satistying sup [P, < co. (d(E, F)
is the Banach-Mazur distance coefficient inf{|Z'|||77"|: T is an isomor-
phism from B onto F}.) This problem has a negative answer. In fact,
we construct & reflexive Banach space Y with unconditionally monotone
basis for which [Pz 2-%d(W, )~*n'* for any projection P from ¥
onto an n-dimensional subspace W.

Wo use standard Banach space theory notation as may be found

e.g. in [6]. We would like to thank Professor T. Figiel for simplifying the
proof that the example constructed in Section II is reflexive.

II. The example. We work with the space X of sequences of scalars
which have only finitely many non-zero coordinates. Given a set F of.
integers and we X, B is the sequence which agrees with # in coordinates
in @ and is zero in the other coordinates. A sequence (E,)7, of sets of
positive integers iy called allowable provided H;NE; =@ for ¢ j and
B, < [n-L, oo) for L=i<n We will construct & norm ||| on X for
which the unit vectors (e,) form an unconditionally monotone basis so
that the completion of (X, |||) is reflexive and X satisties

W
flo]| == nmjx(l]wll(,o, fwup L}J \Bwli: (By)f is allowa.’ble}).
das]
Al Tuclidean subspaces of ¥ = [6yy] ave badly complemen?ed
it X satisties (%) and (p (n)) grows fast enough. The proof of this agsertion
makes use of the following proposition, whose proof is omitted because
it involves only & nonessential modification of the argument for Theorem
A in 7] and a standard. perturbation argument.

* Yupported hy NSI GP-33578.
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PROPOSIFION 1. For each positive integer m there is « positive integer
N = N(m) so that if Y is & space with wnconditionally monotone basis
and Z is a subspace of Y with dimZ < m, then there are veclors (Y, in ¥
with pairwise disjoint and finite supports relative 1o the basis for X and an
automorphism T on Y which satisfies |TIIT <2, TZ € (Y-

Choose 1< p(l)<p(2)<..., so that p(m)= N(m) for each m,

icm°

and set ¥ = [e,;]. Suppose that W is an n-dimensional subspace of ¥, -

where n = 2m or n = 2m —1. Then obviously W containg a subspace Z

of dimension m with Z < [e,q fem1, 50 that each voctor in Z has sup-
port contained in [N (m) -+1, co). By Proposition 1 there ave unit vectors
()25 in (e 121 Which ave disjointly supported relative 10 (e,4)%q, 11
and there is an automorphism 7' on [6,4 ], With (717 1< 2 and
TZ < [y, 1'%, Since suppy; < [N(m)-+1, o) for L i<{m, we have
mn m

from (x) that § 3)|e;| < || 3,y for each choice (a,).

=1 i=1 .
of Grothendieck’s [3] yields that if U is an m-dimengional subspace of 1Y
and P is a projection of 1Y onto U, then [P = 4d(U, " ~"m'™. THence
it @ is a projection of [y,1XM onto T'Z, then Q| = 4~*4d(TZ, 1)~ m'?,
whence if P is a projection of ¥ onto Z, then |P| = 27"d(Z, 1Y)y~ m'®.
Since there is a projection from W onto Z of norm at most d(W, 1), any
projection from ¥ onfto W must have norm at least

1 of scalars, Now a vesult;

=

2TTACW, Y TEA(Z, YT R e 9t (W, I R

To finish the proof we need show that the completion of (X, |.]|)
is reflexive when it satisfies (+). By [4] it is enough to show that the com-
pletion of X does not contain an-isomorphic copy’ of ¢, or I,. The ¢, case

“is trivial; the I, case follows from:

Lmyuma 1. Suppose that (y,)it., are unit vectors in X with suppy, < [1, k),

and m > 17 (18%)". Assume that k max suppy; < minsupp Yo Jor 0 < é < m.

Then
m
et D,
Yo p” Yi
fmal

After proving Lemma 1, we complete the proof that the completion
of X does not contain an isomorph of I, as follows: Assume the completion.
of X contains a copy of I,. Then by a result of James [, there is a seque-
nee (#,) of unit veetors in X which is 1 - equivalent to the unit vector
basis of I,. By using a standard gliding hump argument, we can agsune
that maxsupp; < mingupp @40 for 1 <4 < oo, Letting & == maxsuppm,,
we may assume by passing t0 a subsequence of (2;) that kmaxsapp o,
< MInsupp@;,,. Letting y, = o, and y, == W4y for 1«54 < co and choos-

< 2117,

A reflexive Banach space

ing m so that m > 17(18%)* we have from Lemma 1 that

1w 1
” ‘f""'"';;;% i T

which eontradicts the 1+ equivalence of (#,) to the unit vector basis
of ll. . m
We turn now to the proof of Lemma 1. Set 2 =«~‘—2y,¢ and let
. m ‘
§ == 117 Buppose that 2~ 6 < |y, -+2|. Since [y, +2ll,, < 1, we have from
(*) that theve iy an allowable sequence (F,)2., for which

P
(1) 2-8<§ 3 Iy, +2)l.

gl
It must bo that p < k, for otherwise By, = 0 for all § and thus the
b
right wide of (1) would be no more than } 3 |IB;2l < 1. We have
=1

b » ) »
2-0< b D 1Byl +3 O 1Bel < 1+3 Y 1Bl
FEYS Feal, ‘1—1
hoeneo
D
@) 1-8<d D 1.

Je=l

Lot .« be a collection of pairwise disjoint two element subsets of
{1y« Y} Mmaximal with respect ‘to the property that {v, w}e o implies

d
max || Byl — [Byw]] <—.
1<i<p P
Lot D == (L, ..., m}N{i: (g, ;)¢ & for some §}. Then

»
1l (1 - aPAN
(3) W“}J —:‘;2—1 Wyl = m™ card D < m 1(—~-—-6- =m " (18p)t < 8.
fed) el
. s -
Indeed, for {e.D) lot ¢; be the open I%-ball of radius o7} around
Uy in. BY, Then the Ops ave pairwise disjoint cube® in R? con-

8 8"
tained in the cube [»-— 5 14 —2~] ; hence

P
card.D (fs..) - >j volume0; <5 (1 -+ 8)%.
p Aoad .

iel)
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We have from the condition on m, (3), (2), and the triangle in-
equality that

»
1 ' 7
- il b
1-20<5— > MBa+b),
{a,b}e ol j=1
hence there are v =y, w =y, 8 < ? with {v, w}e « and
»
(4) 4(1-28) < M| (v-a0)]f.
. A
We will show that the ﬁght side of (4) is less than 34948, which will
show that 6> <.
Let A = {j: |B;(v+w)l| = max ([E;], |[Bwl)}, and let us set B

c={1,...,p}\A. Since {v, w}e «7, we have for je A that
12 (v +w) | < 8/p +min (B oll, 1Bywll) = &/p+ |Boll+ 1 Byw]— || Hy (0 --w)|]
hence using the triangle inequality and (*) we get
. »
(5) 2 1B, (v+w)ll < Z (0/p + 1Byl -+ | B0l — |8, (0 -+0) )
jed j=1
< B5424+2 —4(1—26) = 95.
Let je B. Since '
18; (v +w)lle, < max (1B vll, | Bywl) < B (v-+w)i,
there is an allowable sequence (F;,)1Y) of subsets of B, for which

36)]

B (o-+ )l = & D 1Fy 5w +w)].
=1

Clearly, %(j) < maxsuppo, since otherwise we would have 1y (v )l
= |IF;.wll so that by () [|B;(v+w)|| < |B;wl, contrary to the definition
P

of B. Let @;; = T, ;nsuppw. Since 3 k(j) < pmaxsuppy < minswpp e,
FESY

(G, )4, ;_, is an allowable system. Therefore

, i) i) :
©) 3 1B w+ul< 3§ D Wy ol+1 > Y1yl <241 = 3.
jeB JeB  i=) JeB3 ixa)

From (5) and (6) we get that the right-hand side of (4) iy less tham
394, which completes the proof.

Remark 1. Of course, it is trivial that it Z is an n-dimensional sub-
space of a Banach space W then there is a projection from W onto Z
of norm at most d(Z, 13)n'". (It is in fact known that there is a projection
from W onto Z of norm at most ') :
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Remark 2. A trivial modification of the comstruction given in 2]
yields the desived norm on X, Indeed, let Juf, = ey, and set .,
= 10X (|l ,1/2 Hu;p{[z; @l (By)fy i allowable)). |zl = lim Jo], is an

fwe], o~
unconditionally monotone norm on X which satisties (). o

Remark 3. The construction given above can be easily modified
to give for any < ¢ << (2/n)" a reflexive Banach space ¥ with uneon-
ditionally monotone basiy in which ||P| = ed(W, 1)~ #'* for any projec-
filon £ of ¥ onto an w-dimensional subspace W,
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