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On the reduction formulas

by G. LusczoNok (Katowice)

Abstract. In this note we shall give explicit formulas for the components of par-
tial derivatives of quantities in the normal coordinates. These formulas are the main
tool of the proofs of reduction theorems in [3] and [4]. On the other hand, they have
applications in differential geometry and the theory of relativity. For references see.
[2], [3], [4], and [5]. '

1. An algebraic lemma ([3], p. 127).

s lLE}I:[MA 1. If the numbers X; ., ou (A Vi vy =1,...,n)
ulfil the equations

X:'l:---,”z['m]l‘ = 2U:;.....vlom '
(1) -val,...,vl)qp = be...,rlqu’
X'p---.'l(w‘) = Xq,....vlwn
X%v,...,,vlpﬂ) =0,
where Uy .4 are given real mumbers, then X, .. are linear functions
of Us,....ooien

We express this fact by
@) X=E(U), l=1..

2. Normal coordinates of order p for an affine commexion. Let I'),
be an object of an affine connexion. A coordinate system is called a normal
coordinate system of order p ([3)], p. 129) for the affine connewion I',, at
a point &, if the equations

Ik, =
3) 6(,11";1,,) =0
a(ﬂ',...,le‘fW) =0

are satisfied in these coordinates at the point &,.
Woe recall the following
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LeMma 2 ([3], p. 129). The normal coordinate system of order p at

a point & can be introduced by Cy,-coordinate transformation &*.— o* (£

with partial derivatives at &,(6%, A%, A,,...,A‘, . )y where 0} [0EY
"1 p-1ee

= 8% is the Kronecker symbol. Partial derivatives at £, of & — ¥ (&Y,

which transform I, into normal from (3) are determined uniquely if 9&*/0&"
= é&}.
Proof. In view of the proof of Lemma 2 in [3], p. 129, where the
existence was shown, it suffices to show that the element (&}, A‘,l,,
V4
ey A“l,n—1 ''''' ; ,/) is unique.
We notice that, by a coordinate transformation with partial derivatives

2
at £(63,0,...,0,4% . ... 4" ) we have
Bire o o7 HY 'p"’ vy
o 1 i
av;,....,v'lrz"' o a'k """ ’IP"'-‘-AV;; ..... ';Il'v”

where vy =v;, A=, u=u', v=1V, k = 0,1,...,p and the partial
derivatives of I'}, of order ¢ < k do not change. According to the above

equalities, the element (6}, A%, A* oy oees AL ,.) Which does not
vy poeeni?y¥
change the components of (I, 6,11’;‘,,,...,0,1,__.,_,1['1‘,,) has the form

(6%, 0, ...,0). This completes the proof.

Remark. The coordinate transformation & = ¢* (&% is a composi-
tion of coordinate transformations ¢, ..., ¢, with the partial derivatives
k

¢ at &, equal to (4}, 0, ..., 0, Opgo.rry Tiys 05 ..., 0), where

(4) 10"‘ = I

are the partial derivatives at &, of I‘j, after the coordinate transformation
¢k—1 O e O¢o.

3. Reduction formulas for the affine connexion. Let 9”4 be a differ-

ential extension of the quantity A (cf. [2] and [3]). By the differentiation

of the formula defining the curvature tensor .R:,,, of the affine connexion
T, we obtain (cf. [3], p. 130)

(5) Vvk—l....,rlR:I‘., = Za’k—l"---?l[t’rl‘;lv-l-Wk_l(ah—l.r)’

where W,_, is a polynomial.

Reduction formulas for the affine connexion I'), are as follows
(13, p- 130)("): "

. . -
M) Ii, =0, Inri, = E1(R), O, T = By(py B~ W, (0, By (R))),...
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(B) it
ap+lf‘ = Ep+l(VpR_Wp (07 EI(R)y Ez(VlR_Wl (0) EI(R)))’

ooy By(Vy \R—W,_,(0, ..., 0)))).

»
where 9, I" denotes the set of partial derivatives 9, ., I'i, in the normal

coordinates, ¥, R denotes the set of the covariant derivatives V, ., R,
of the curvature tensor, and functions E;, W, are determined by (2)
and (5). In formulas (6) we substitute number 0 for I',, according to

equality (3).

4. Components of the partial derivatives of quantities in normal co-
ordinates of order p. Let @ be a tensor density of the valence (¢, r) and of
the weight « and let I';, be an affine connexion. Denote by 3,9 the set
of partial derivatives a,p " dif,ll """ ’}g and denote by V,® the set of co-

variant derivatives (determined by I%,) of the form Voo Dbt

Let 0~ '® and a” 'I" be differential extensions of objects @ and
I}, respectively.

We have the formula (cf. [3], p. 132, and [4]):
(7) 0,9 = V,&—P,(0"'®,07'I),
where P, is a polynomial.

From equalities (5), (6) and (4.7), [3], p- 132 (see also [4]), we obtain

in the normal coordinates of order p for the affine connexion I'), the
equalities '

9D =V,
0,9 = V,¢~P,(¢, V9,0, EI(R))!

0,0 = Vpdi—Pp(di, Vi@, Vy&—P,(®, V,8,0, Ey(R)),...
vy V;n-1¢_Pp—1(¢7 quj’ )1 0) -El.(R);
B,(V,B—W,(0, Ey(R)), ..., E,(V,_ . R—W _,(...))),

where we substitute number 0 for Tj, according to equality (3).

5. Reduction formulas for the linear connexion. Let L}, be an object
of linear connexion. Denote by I';, and T4, the symmetric part of L}, and

its torsion, respectively, I'i, = L{.,, Th, = Lj,). )
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8 8
Denote by R?,,, V the curvature tensor and the covariant derivative
determined by I',,. In the normal coordinates of order p of the affine

connexion I‘JL we obtain from' (6) and (8) (for the case p = 1,2 see [1])
the formula.s

o,L = E,(R)+ VT,

8, L = By(V,R—W,(0, E;(R)))+V,T —P,(T, ¥,T, 0, E,(R)},

(9) lllllllllllllllllllllllllll
8 8
0L = Ep+1(l7 R— —W,(0, EI(R), ,(V AR=W,_i(...)
8
+V,,+1T -P, (T, 7,7 (1' VT, ..., 0, By(R), .. D)
where P; are polynomials correspondmg to ' Which appeared in equal-
ity (6).

6. Reduction formulas for a non-singular metrical temsor. Let g¢,,
be a non-singular metrical tensor and let I'}, be the Christoffel symbols
belonging to the tensor g,,. In the normal coordinates of order p of the
connexion I, we get

d,9 =0,
0,9 = —Pz(g, 0, EI(R))r

apg = ‘Pp(g’oa —P,(g,O,El(R)), sry _Pp—l(91 AR | OyEl(R)f'
Ey(ViE— Wiy 0, By(R)), -y By s(Pp s B=Wa(..),

where R and V denote the curvature tensor and the covariant derivative
with respect to I';,, respectively. Polynomials P; are determined by equality
(6) applied to g,,.
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