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ACTA ARITHMETICA
XXXIT (1977)

Polynomial identities which imply
identities of Euler and Jacobi

by
M. D. Hecraory (Kensington, N. 8. 'W.)

1. Introduction. We, shall prove polynomial idenfities which imply
the following identities, namely

(1) H (1—a") =1+ Z’ (1) (¥ 4 gitreny
F=1 r=1
and _
(2} : ‘ H {1—a2"® = Z (=1Y(2r +1)mi(rz-{—r)‘
=1 r=0 .

The firsgt of these is due to Euler [1] who found if while investigating
p(n); the number of unrestricted partitions of n; the second is due to
C. G. J. Jacobi [3]. Both (2) and (2) can be derived from Jacobi’s two-
variable identity [2]
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3) H (1 + 2 - ) (1 4+ 621 (1 — ™) = 2 oo
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Both identities (1) and {2) gained great importance in the theory of
partitions when S. Ramanujan [4] employed them to prove thab

p(bn-4) = 0mod 3,

p(Tn+6) =0mod 7.

The object of this note iz to prove (1) and (2) using functions of
only one variable. Indeed, we prove fthe polynomial identities '
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and

%

6)  [Ju—a = 317 @rns eI ) L (1 -0 x

r=1 r=0
% (1 “m1l+r+2) .. (1 Hw2n+1) .
These identities, we will show, imply (1) and (2).

2, The polynomial identities. Before embarking on proofs of (4)
and (B), we recall relevant properties of the geéneralized binomial coef-
ficlents, defined for m>=n2>0 by

(8) [] ”(1 mi”/n mﬂ"mnl —a).

r=1

These generalized binomial coefficients satisfy
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In crder to prove (4), let
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Then, by repea.tad application of (7) and (8), we have for n> 0,
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Bince P, = 1, it follows by induction that for % =0,

"

P, =[[a~a"? 1 —a¥).

r=1
That is,
t
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It we now multiply by ji]l (1—#™), we obtain (4).

To prove (5), let |
Z (—1) (2r +1)mﬂr“+r)-[2: + 1] .
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Then for n > 0,
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or,

1—af)t = 3 (—1y(@r41 *"2“)[2”“].
[Taer - Sisroremaea]27]

r=1 =0

(5) follows on multiplication by H (1—a™). -
r=1

3. Identities of Euler and Jacobi. We now show that (4) implies (1),

(b) implies {2). We have

in
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n
Z Y (aderi=n) . gHer® )y +telma of degree > 3n,
since 1{3r2—r)+ (32 —3r+3) =30+ 3(3r2—Tr+6) = 3n+1> 3n
. =1+ 2 (—1y A8 + 2 $i(3f +r)
}(mz?r)lsan }(arﬂfz-r)s;mz

-+terms of degree > 3n

since if (3r2—r) < 3n, v, and i B+ <

(1) follows on letting n—-co.
We also have

3n, r<n.
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sinee 2(rt )+ (m—r+1) =n+3(rt—r+2)>=nt+l>n,

J=0
Hrier)=n

since if- HrEdry<m, r<n. '
(2) follows on lebting n—soco.
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Remarques sur les nombres de Pisot-Vijayaraghavan

JEAN CoQUET (Valenciennes)

1. Introduction. Dans [3], Mendés-France donne la caraetérisation
suivante des nombres de Pisot—Vijayaraghavan:

THEOREME. Soit § un réel > 1. Soit

el

# =2 a,(n)g"

r=0
le développement de n en base 4. Posons
+o0

faln) = D 6. (n)6".

el
Une condition néeessaire et suffisante pour que 0 soit um nombre de Pisot
est que la suite {f(m))uar 16 50it pas équirépartie modulo 1.
(Pest ce résultat que nous généralisons. Nous avons besoin de quel-
ques définitions et notations:

(1} llz|| désigne la distance du réel & Pentier quilui est le plus-proche.
(2) @ = (g;);en» ©86 une suite d’entiers > 2. Posons p, = 1, et pour
i

L

Tout entier naturel # se développe de manidre unique sous la forme:

‘oo ™ .
n = 2 a.(n)p, oL VreN.a.(n)e{l, ..., g1}
=i

Ce développement est appelé développement de # en base ¢.
(3) Une application f de N dans C est dite p-additive si, pour tout
ieN*, on a: :

flap,4-b) == flap,) +F(b).
quel que soit le couple d’entiers (a,b) satisfaisant &:

ae{l, ..., gy2—1} ot '.56{0:---&5—1}-'



