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Ist o = 9(mod4), 50 LBt y, offenbar keine Nullstelle von »"—a oder
#n9ng2 fest. Tsb ¢ = 0{mod8), so gilt y,(V2) = V2, und y, 186t eine
Nullstelle von & —a bzw. &™ 3-2%a* genan dann fest, wenn es ein j, =2
(modd) gibt mit

¢, = —&fy(moddn),
bzw. ein j; = 1(med?2) mit

e-ds = — Bj;(moddn).
Beidgﬁ ist genan dann der Fall, wenn {e, 4n}|8&]f;. Ist ¢ = 4(mod8) so gilt
va(V2) = —¥3. Damn 1Bt y, cine Nullstelle von x" — o fost genan dann,
wenn es ein 7, = 2{mod4) gibt mit W

¢f, = —8j;(moddn),

also genaun dann, wenn
' (e, 4n) 18],

" Fine Nullstelle von #*" + 2%¢® hleibt genan dann fest, wenn es ein ji. =1
{mod2) gibt mif '

0j; = —8j,+ 2n(mod4n),

also gensu dann,. wenn
{e, 4n)}( —8fs+ 2n).

Beide Teilerbedingungen sind gleichwertig. Nach Hilfssatz 1 ergibt sich
also die Behauptung. Damit ist Satz 1 hewiesen.
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An explicit bound for Iwasawa’s A-invariant

by

Bruch FERRERO (Cambridge, Mass.)

Tor each finite cxtension k of the field Q of rational numbers, and for
each prime number p, Iwasawa has defined a non-negative mteger Aplk) (see
[4] for a description of the meaning of this invariant). We will give an
explicit bound for 1, (%), for all p, when & is one of the fen imaginary
quadratic fields described below. The method used is & refinement of a tech-
nique of Metséinkyld [5]. '

Trrorewm. Lel kb = Q(l/:»_d) be the imaginary quadratic field of dis-

eriminant — d, where d < 20, d = 24, or d = 40. Then for each prime number

p, we have L, (k) < p*EHE .

Proof M p<7 and p<d, if p =4 =11, or if p = d = 19, then
the wvalidity of the theorem may be checked by caloulating the exaet
value of A,(k) (usually O or 1) by the formulas of [2] We will therefore
assume that p +d and that p is greater than the minimum of 4 and 7.

Let Z, and O, denote respectively the ring of p-adie integers and
field of p-adic numbers. Lot y be the Dirichlet character for &; then y
has condnctor d, js defined on the rational infegers Z, and assumes the
values—1, 0, and 1. Let w: Z—Z, be the Dirichlet character of conductor p
which satisfies the congruence o{a) = a{modp), for all & e Z. Let L,(s; 1)
be the p-adic L-function for the character yo (see [3] for the delinition).
Then L,(s; yo) is defined for s € Z, and takes values in Z, for sueh‘ 5.
The main step in the proof consists in showing that if » is a nonnegative
integer such that 4,(k) = o, then Ly (s; qo) is divisible by p"*, for all
seZ,. '

Tational number h(h, c) by

a-1
nb, €) = (—wf2d) ), jxb+4).

Then the following properties are easily verified:
) Bib, 0) = y()h(t, 1), it b’ e Z and b =Db'e(modd);

Lot w be the number of roots of 1in k. Define, for any b,ceZ,

s g e e
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{ii) If 5> 0, then
b1
B, 1) = h(0, 1) —(w(2) ) 2(});

=0

(i) £{0, 1) = R{E), the class number of %.

In particular, (b, ¢) e 2 if (¢, d) = 1.

For each n =0, and sach ¢ eZ,, define s,(a) eZ by the conditions
0<s,(@)< 2", 8,(a) = a(modp™'Z,). |

Define 7’ =-{w(a): 1< a< (p—1)/2}. For each a'eZ, and each n >0,

define

H{a,n) = 2 B (sn.(cw) s Y.

veP!

Twasawa [3] comstructed a power series F(T; yw)e A = Z,[[11]
satistying ' :

Ly (85 yo) = 2f{(L+pd) —1; yo),

Frrthermore, his construction gives, for éach » = ¢, the econgruence :

for all s eZ,.

-1 :

(w/2)f(T; ) = 3 He;, n)(1+T) (modw, 4),

where ¢; = (1+pd)" %, and o, = (1 +TP"—1 e 4.

By the properties (i)-(iii) above, this congrunence may be rewritten
as follows:

p"—1

(1) (@™ V0 2))(T5 40) = ) a(1 + T (modw, 4),

i=0

where

4= Y (h(k)—(wi2)i,,),

gef’

and where ¢; , is a “partial sum” of y, i.e., & sum of the form

.
. =t .
for some positive integer  (r depends on ¢ , 0, 30d %),
Now let 7 be a nen-negative integer such that Ay (k) 2= p™ Then by [2]
(see also [3], § 7) we have (T'; yo) = 0(modpd +T*"4), Since w,, € P+

+Tf‘_nx1, it follows from (1) by a simple argument that p divides a;. The
* ten fields % in question all have the property that '

(k) (w[2)t] < 2,
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where  is any partial sum of y, and so it follows that
£ Iazi {‘-2 b 1 ?
and therefore a; = 0, 0 < { < ™ Returning to the congruenecs (1), we find.

F(T; yo) = 0{modw, 1),
and consequently

Lp (8; yw) g ((1 +pd)spn_1)zp - Pn-mzp’

"~ for all s %, If the theorem wore false, then, setting n = 3(p—1)/2, it.

would follow in particular that
2y Lo —1; yo)ep®?—RZ,

Let L = L,(—1; yw). To derive a contradiction to (2), nofte first
that since pd is not o prime power, L is & non-zero algebraie integer in &
(see [1] or [3], § 2) where F = @, is the number field generated over
by the values of the character ». By fixing an embedding of ¥ into the
complex. numbers €, we may also view yw a8 @ characler with values
in €; then ([3], § 2) we have the equality of complex numbers:

(3) , L= _ (pﬁdzfgﬂaf(lw))l}@i %0},

where L{%; yw) is the value at 2 of the usnal (C-valued) L-function for
yeo, and where 7(yw) is the Gauss sum ' '

nd .
1(yo) = ) yola)exp(Zrialpd).

Let | |; (1<t [F: Q1/2) be the complex absolute values of F. From (3),
we find

1 o :
() 1Bl = ((pd)" 227 [1(2; z0)] < ((paf*12%) D 0™ = —(pd)* <’

. nzl
Let M be the norm of L from P to @; then M is a positive integer, and
[F:0)/2
(5) =[]

i=1

L < (p)P 7 = pte R,

Let R be the ring of integers of ¥, and let p = R npZ,, a prime ideal
of R lying above p. By (2), it follows that L « pP®~Y%, g0 that M is divisible
by p®?~12 which contradicts (5) and completes the proof.

Remarks. The argument also shows, ag in [5], that the invariant
4, (k) is 0, for all p, where % is one of the fields of the theorem. )

The theorem may also be proved by estimating L (which has a simple
expression as a eharaeter sum, see [3], § 2-3) directly; however, the method
given above provides a better cstimate for 1,(%k) than thab stated in the
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theorem, as an examination of inequalities (4) and (B) shows. But fo

= Q(V —1), for ezample, we have 1,(k)<C1 for all p <349 (see [2])
whieh snggests the possibility that 1,(k) may be uniformly bounded.
independently of p, when k is fized.
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