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ACTA ARITHMETICA
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Equations with equivalent roots
by '
J. H, B, Corx {London)

The quadratic equation 22° +2—7 = 0 has two real roots 1(~1 +VB7)
whose represenfations as confinued fractions are respectively

[t,1,1,1,3,7,3] and [-3,1,6,3,1,1,1,3,7,3].

© Such numbers, which have the same elements in their continued fractions

from some point onwards, are called equivalent. Writing down some quad-
ratic equations with real roots at random, it will be found that this
phenomenon occeurs surprisingly often, although not always. It is the
object of this note to discuss under what ecircumstaneces this happens
for quadratic and higher degree equations. Throughout we assume that
all the equationg are irreducible over Z, the ring of rational integers.

We observe that two real numbers 9 and v are equivalent in the
ahove sense if and onlv if

Ab-+B
Co+D
where 4, B, 0, DeZ and AD—BC = +1,i.e.,if and only if ¢ = 6 Where 7
iz & unimodular transformation. We recall that the unimodular trans-

formations form a group I" under composition and that v may be rep-

resented by the matrix 7' = (‘é; g), then 1,7, 18 represented by the matrix

‘1‘[)=

1,7, and the matrices T and —T are identified in the senge that they

correspond to the same 7.

Regarded as a transformation over the complex plane z: O-C is
1-1 and onto, with the usnal comvention regarding oo, and unless =
iz the identity transformation i, = has af most two distinet fized points;
thege will be either rational or gquadratic algebraic numbers.

The two following lemmas are well-known and ea.sily proved.

Lwswa 1. The group I’ has precisely the following elements of finite
order, viz.,

( ) the identity o,

(b) elemeénts of -order 2, satisfying A+D = 0,

(e) elements of order 3, satisfying A4 = +1, AD—-BC = 1:
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Lexva 2. The only findle subgroups of I' have order 1,2, 3,4 or 6,

THEOREM 1. The rools of aa’ +bxt-c = 0 are cquivalent if and only
if the quadratic form & X°+(b° —2ac) XY + X" represents at least one
of b* and —I.

Proof. The roots are

- b—d'"*
and g = — 5
&

¥y = (404-B)/(06 +D) with AD —BC = 41, then Cefa+Dy = 40+ B
ie., Ocja+D(0+y) = (A+D)0+B, ie, Co—Db = a(Ad+D)b+ab.
 Now 6 is irrational and so we have 4 +D = 0, whenee 4*+BC = F1,
Oc+Ab = aB. Thus T = B*BC+(Cc—aB) = a’B* +(b" —2ac) B0+ &°C%,
a8 required.

Conversely if T b = ¢*X* +(b* — 2ae) XY + ¢ Y?, then b*{(aX—c¥),

f = — where. d = b° —4dae.

2a

sy aX —c¥ = bZ. Then 2°+XY = Fland X—0pY = —{(0-+9)5F, ie.,

p = (82 +-X)/(6¥Y —Z) and so 6 and p are equivalent.

The condition in the theorsm is certainly satisfied & = ¢ or —o,
for then take X =1, a—¢¥Y = 0; also if «|b for then take X - bla,
Y = 0; similarly if ¢|b. However suppose ¢ =2, b =1, ¢ = -} with
2> 0. Then we reguire 4¥°+(4A4+1) XY +2*Y° = L1 and zo ¥ must
be odd. Thus we find that (8X +(4A-+1)¥)'—(8A+1) ¥ = £16, and
g0 Z*—{BA4-1)¥* = 116 must have a solution. with ¥ and Z both odd.

But then {Y¥,Z) = 1 and at least if 1 is sufficiently large Z/¥Y must be

a convergent to the continued fraction for (84-1)Y% But if 84 = »? the
continued fraction for (84 1) = (n*+1)"* = [, 2n] and the convergents
plq all satisty p*—(n’+1)¢® = +1. Thus there can be no representation
in the form required. The least A for which 2¢* 4+ 2 —1 = 0 is irreducible
Cand Z* —(8241)¥® = +16 fails to have a solution with both ¥ and Z
odd is 1 == 18. In this case we find that the eqmation 22°+2-18 =
has roofs

—14+V145
b = - 1 =[2,1,3,5]
and _ : '
—1-V145 ' ——
Y = —"Z_ ={—4,1,2,1,5,3]

which are not equivalent.
Nexf congider an irreducible cubic eqgnation

Fo) = aw +b9} +ertd =0

with a, b, ¢, deZ and (a,b,c,d) =1, having three real roots, two. of
which ‘are equivalent. Then if 8 a.nd 8 = (A6+B)/(C6+D) are the
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equivalent roots with AD—80 = 41, define the polynomial
1F(z) = a(dz+BY + b4 X +B){Cr+D)+c(dz +B)(0x + DY+ d(Co+ D)

" Then tF(6) — (C6-+DYF(rf) = 0 and so «F has § as a root. Since P

is frreducible, F = kF for some congtant k. Sinee
zF(0) = aB® -+ bB*D+eBD* +dD° = 0
as B, D cannot both be zero, k == 0. It follows that for any root a of F,
' 0 =kF(e) = tF{a) = (Ca+DYF(za)

and 80 za is also a root. Henoce 8, 76, 7" 8, ° 6, ... are all roots of F and
gince there are precisely three roots in all these cannot all be distinet.

Now sinee F is irreduncible, no root of F can be a fixed point of any
unimoduiar transformation apart from the identity. Now ¢ 5= ¢ and 2t o=y
otherwise the roots of F would be 6, z0 and a, say. Now 7o i§ also a root;
but 7a 5 ¢ gince « is not & fixed point of 7, ra # 0 since ¢ = # and
ro 7 0 sinee otherwise a = v°a = v0. Thus +* = and zo the roots of
F must be 0,70, 70, i.e,, all be equivalent. '

It then follows that the roots are

A0+B —DB+B
T 0e+D7 CH—-A
and so the field Q(8) is cyclic. Thus we have

THEOREM 2. A necessary condition for & cubic squation io have two
equivalent roots ¢s that the discriminant be a perfect square.

In the opposite direetion suppose F(z) = 0 is an irreducible cubic
equation whose discriminant is a perfect square. Then if 0 is & root, the
field Q(9) is ocyclie and so the other two roots lie in the field. If « is one
such then a = kb, + kg0 + % 0° where %y, kg, k3¢ and we find easily that
a = (A0+B}(C6+D) where 4, B, C, DeZ and AD—BC 0. It is not
necessarily the case that AD —BC == 1; for example if F(x) = —32"—
—24p—1, with discriminant 3%, we fmd that the Toots are

' 0—7 2047

f, g+2? 1—6

f

which are not equivalent.
Let & = (Az+B)[{0z+4-D) for each complex z. Then since a = §*
is a root of F(x) =0, we have

a(Az+B) +b(Az+BY (Gm+D)+6(Am+B)(Cm+D) +d(0x+D) = kF( x)

and so 0, 6%, 0**, 6", ... are all Toots of F(z) = 0. Thus as before § = ™.
We find easily that t]ns requires simmltaneously BL = 0L = (4 D)L
= 0, where L = A*-}-AD +D*4-BC. Since § # % we cannot have B = (

= (4 —D) =0 and so L = 0. Thus (A+D) == AD—BC and so AD~B(C
must’ be a perfect sguare.
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We now show that although F(z} = 0 need not have eguivalent
roots, for suitably chosen integers I, m, # the equation with roots (10 +m)/n
ete., which also has square discriminant and which generates the same
field Q(6), does have equivalent roots. For suppose as above that

. dAB+EB
T 06+D
with (4 4+ D) = AD—B( = 1; without loss of generality suppose (4, B,
¢, D) =1 If (4,D)+#1 let p be a prime diviling (4, I}). Then BC
= AD— (4 4-D) =0 (mod »*}. Since (4,B,¢,D) =1 we must have
p*|B or p2|C. I p*{B then
223l

L_2l® - | say.

6 D 0
P B ?
Thus the equation with roots 0/p ebe., hay

AD BG‘

pz

AD, B0, = < AD—B(.

Similarly if p*|C then

. F(PBH- |
Continuing in like fashion we reach a stage at whiech (4,D) = L.
I now AD-—~BC #1, let ¢ denote a prime dividing 4D -—B0; then
pi{A-D) and since (4,D) =1, pt4, ptD. Since BC’ AD—(A+DY
- =AD (mod 7), p¥BC. Now for any integer %,

5
P

= B A60+B (4 +CR)(6 + - (B+ED—RA —FO)
C6+D C84k)+(D—Ck) -
A (6+B)+B,
G l6+E)+D;

Then (4d;+D,) = (4+D)* = AD—B(C = 4,D,—B,0,. But now pt4,
»10 and so choosing % such that p |4 +Ck, ie., p|A,; we find that p|D,.
Thus the previous method ean be applied to reduce 4D -—BC unti
finally we reach the stage at which AD—B¢ =1.

For the example above, with 6% = (#—T)/(0+2) we find that

g —1 -~ -1
3 (9"1)+1
_ 3
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and so the squation G(2) = @8 —3z—1 = 0 with roots (8 --1)/3 ete., has
the required property.
We now consider equations of higher degree. Let F(x 2 By T

an irreducible polynomial of degree n, ie., a, =0, with mteger coef-
ficients. If the equation F(z) = ¢ has two eguivalent roots 6 and 6 =
(AO+BYCO+D) with AD—BC = 41 then ss before

b
wF (@) = ) a,_(Adw-+BY (Ca+Dy ™" = kP (2)
=0
for sorme non-zero constant k. Thus ra i8 a root of F{xr) = 0 whenever
o is & Toot. It follows that = is of finite order sinee otherwise 6, =6, 7°0, ...
are all distinet. It follows by Lemma 1 that v has order 2 or 3. It then
follows that all the roots of F(z) = 0 form pairs or triples of equivalent
roots. Thus we have '

n
TaroREM 3. If the irreducible eguation F(x) = ¥ a, " =0 with

r=i
ay 7= 0 has equivalent roots 0 and 0 then either (1) v° =14 2|0 and the

roots of F(x) =0 form ¥n poirs «, ra of equivalent rools; or {2) ©° ==,
3in and the roots of F(x) = 0 form in iriples a, ve, v o of equivalent rools.

Of possibly greater interest is the case in which all the roots are
equivalent. In this case we vust have a gronp of » unimodular transform-
ations which transform .any one rcot 8, respectively into 9, 85, ..., 8
Tn view of Lemma 2 we obtain

THEOREM 4. I fthe drreducible equation F{x) =

nr

Zan L7 = 0with gy £ 0

1

has all its rools equivalent then n = 2,3, 4 or

That the cases n = 4,6 can actually occur can be seen from the
equations

=102 +1 = 0
with roots § = ¥3—V2, —f, 1/6 and —1/6 and
o — 8% ~ 302t +11:63——3m2—3m.+1 =0
with roots 0 = 1.53208889..., 674, 1—0,1—6", (1—6)"" 8(6—1)""
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