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EXAMPLE 4.6. Let M’ denote the reflection of M i

~ ! ‘ M in Bxample 4.4 in the li
x =2/m, and let H =M U M'. A pattern for H is (2, 1, 4, 3), ¢ e

ExampLE4.7. (1, 3, 1) is a pattern for a well-k i
’ »3, -known indecomposabl &
with only one endpoint (see [4], p. 332, Figure 8-6). posable continuum

ExampLE4.8. The union of two copies of Example 4.7 joined at their endpoints

is used by Bing as an example of a chai i i
nable continuum with n. int
p. 662, Example 7). A pattern is (3,1, 3,5,3). ° endP°1llt @

ExXAMPLE 4.9. (2,3,1) is a pattern for an indecomposable continuum withv

three en po1nts. hi s chai abl (ﬂ. hy
N 2 nce 11rred C ’
( d ts, which. is ¢] b © d he dl,lclble) betwcen any two Of ﬂlen]
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Extensions, retracts, and absolute mneighborhood
retracts in proper shape theory

by
R. B, Sher (Greensboro, N. C))

Abstract. The notion of an extension of a proper fundamental net is defined and studied.
Various results concerning this notion are obtained; these include a homotopy extension theorem
and results relating the idea of extension to the concept of proper fundamental retraction. We also
define absolute neighborhood proper shape retract (ANPSR), and show that the property of being
an ANPSR is a hereditary proper shape invariant,

1. Introduction. In [5] Borsuk introduced the notions of fundamental retract,
the extension of a fundamental sequence, fundamental absolute retract (FAR), and
fundamental absolute neighborhood retract (FANR) for compacta in the Hilbert
cube Q. These ideas were later studied by Marde$ié [13] for compact Hausdorff
spaces using the ANR-system approach to shape theory developed by MardeSi¢
and Segal [14]. Tn [15], Patkowska proved the important homotopy extension theorem
for fundamental sequences on compacta in Q, and this result was then used by Bor-
suk [6] to show that the properly of being an FANR-space is a hereditary shape
invariant. Results similar 1o these have recently been obtained for the shape theory
due to Fox [9] by Godlewski ([10], [11], [12]). In a seminar at the University of
Georgia during the spring of 1974, Godlewski presented an exaniple to show that
similar results do not hold in the theory of shape for metrizable spaces described
by Borsuk in [7], [8]. (It was this example and its implications which, to a degree,
stimulated the ideas that led to this paper.)

In [1], Ball introduced the notions of proper fundamental retract and absolute
proper shape retract (APSR), which are in some sense the patural analogues in
proper shape theory (2], [3]) of Borsuk’s fundamental retract and FAR. It is our
purpose in the present paper to introduce and study the concepts of extension of
a proper fundamental net and of absolute neighborhood proper shape retract (ANPSR).
Perhaps it should be now noted that the notion of extension studied here is not an
exact word-for-word carry over into the proper shape theory of the extension of
a fundamental sequence; indeed, as noted in Section 2, the precise carry over wogld
not yield the main resulis here established, notably the (proper) homotopy extension
theorem (Theorem 4.1) which yields the fact that the property of being an AN'PSR
is a hereditary proper shape invariant (Theorem 6.5). Theorems relating the ideas
of proper fundamental retraction and the extension of a proper fundamental pet
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appear in Sections 2 and 5. Section 4 is occupied by the proof of the homotopy exten-
sion theorem, while Section 3 contains some technical results which are used in Sec-
tion 4 but may be of value elsewhere. In Section 6 the foundations are layed for the
study of the ANPSR’s.

Our terminology and notation is that of [2], [3] and, to avoid a gross repetition
of what appears there, we assume familiarity with those papers. For convenience,
though, we recall the following; If X" and Y are closed subsets of the spaces M
and N, respectively, then a proper fundamental net, f = {f)| e A}: X~ Yin (M, N),
is a family { f;: M—N};.4 of maps, indexed by the directed set A, such that if V' is
a closed neighborhood of Y in N, then there exist a closed neighborhood U of X
in M and anindex A, e A such thatif A2 A, then f, | U j)1°| UinV. Here, and through-
out, = stands for “is p;operly hqmotoplc to” and shall refer either to maps or
proper fundamental nets, context supplying the correct interpretation.

- Our primary interest, here and throughout the study of proper shape. theory,
centers on locally compact separable metric spaces. Therefore, while remarking that
our results can be extended in an obvious way to the (non-proper) shape theory based
on nets which is briefly mentioned in [2], Section 3, and or to nonseparable local
compacta. as outlined in 2], Section 5, we now call the readers attention to the follow-
ing standing hypothesis: Henceforth, all spaces considered. in this paper shall be
locally compact, separable, and metrizable. In particular X’ € ANR (X e AR) means

that X is a locally compacty separable absolute neighborhood retract (absolute re-
tract) for metric. spaces.

2. Extensions and restrictions of proper fundamental nets. Suppose that M and N'
are AR’s, X< X’ are closed subsets' of M, Y is a closed subset of N, and
f={fil Ae A}: XY is a proper fundamental net in (M, N). Then the proper
fundamental net f*={f5l: ed}: X'-Y in(M, N)isan extension of S (alterna-
tively, fis a restriction of f*) if for each 6 € 4 there exists /1(6) € A such that

(1) if <8’ e 4, then A(8)<A(S),

() {1(8)] 6 € 4} is cofinal in 4, and

(3) for all Se 4, f;'| X = = finlX.

-~ 'We also say that f extends to J*if f*is an extension of )

* The above definition may not seem particularly natural, in view of the results
of [S]; more precisely, our initial solution to the problem of defining. “extension”
for' proper fundamental nets, based on [5], would be (paraphrased) as follows:
f*={fi1 Aed}: X'>Y is an “extension” of S={fil AeA}: X>Y if for all
e A,f]|X = f;,| X. Note that this is quite restrictive inasmuch as it requires the
same indexing set for fand f*, and that this causes certain desirable results to fail
ipso facto. For example, if r: X’—X is a proper fundamental retraction (as defined
below) and f: X— Y is a proper fundamental net, then Jr (when this composition
is defined) would not generally be an extension of J> nor would r be an extension
of iy (cf. Theorems 5.1 and 2.15). In addition, the 1mpormnt homotopy
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extension theorem (Theorem 4.1) would fail, as the reader may easily verify. Our
definition, while weaker, retains enough of the features of the “restrictive” one given
above to make good geometric sense, and it seems as though there is little to be lost
by adopting it.

There is, however, one potential area of dificulty to be considered. This involves
the case in which X' and Y are-compact and fisa fundamental sequence from X
to Y; for, as observed in [2], Lemma 3.13, fis also a proper fundamental net, while
Borsuk [5], Section 1 and [8], Section17 has defined an “extension” of Jfto be a fun-
damental sequence from X” to Y essentially satisfying the “restrictive” definition of
the preceding paragraph. This has proven to be very fruitful as regards the theory of
shape for compacta. However, the two concepts are actually equivalent in this case,
as shown by the following result.

(2.1.) TuroreM. Suppose X=X’ and Y are compacia such that X' =M eAR
and Y=Ne AR, and suppose further that f= {fi}i%y: XY is a fundamental se-
quence in (M, N). Then [ extends to the proper fundamental net f*: X; "— Y in (M, N)
if and only if there exists a ﬁmdamenml sequence [’ = { i }f‘;l X'=>Y in (M,N)
such that fi|X = fil X for k=1,2,.

Proof. The sufliciency of the given condition is apparent, since a fundfmmental
sequence 7 as in the statement of the theorem is immediately seen to be a proper
fundamental net extending fo Assume then, for the converse, that
f* = {fil 6e4}: X'=Yis a proper fundamental net in (M, N) extending f: X— Y.
Let VioV,y=... be open neighborhoods of Y in N such that

(2.2) il ¥ is a neighborhood of ¥ in N, then Vo ¥, for some k.

Since NV is normal and f* is a proper fundamental net, for each positive integer k there
exists an index 8, e 4 and a closed neighborhood Uy, of X' " in M such that

(2.3) if =8, then FH Ul Uy in V.

Clearly, we may also assume that

@4
Letting 4 denote the set of positive integers, directed by <, and using the notauon
of the definition of “extension”, we may also assume, by conditions (1) .and (2) of
the definition, that

(2.5) it izA@, then fi] X efi0l X in ¥V, and

(2.6)  A(S)<A(B)<0

By (2.6), we may let f;/ = fyt for | = A(5,), and in this way we have defined a“skelton”
of the sequence {f)}ny. We note that if 1 == A(8,), then

F1X = fal X = faol X = FIX .
4 .
The skelton may now be “fleshed out” to a full sequence {fi}%, such that
@n FI1X=f1Xfor i=1,2,..,and

5 — Fundamenta Mathematicae KOV

UnU,>.. and §; <3<
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2.8) if i24(8), then f'|Upfa| Uy in V.

(This fleshing out is accomplished using (2.3), (2.4), (2.5) and the technique of the
proof of [15], Theorem; or, what amounts to the same thing, using the technique of
the proof of Lemma 3.2 of the current paper.) By (2.2)and (2.8), f* = { f{}i2;: X' > Y
is a fundamental sequence in (M, V) and, by (2.7), the proof is complete.

The following observation is immediate.

(2.9 If X ::X " are closed subsets of M e AR, Y is a closed subset of N € AR,
and f* = i-f"l Sed}: X'=Y is a proper fundamental net in (M, N), ther;
- fH*1X = {f5| e4}: X~Y is a proper fundomental net in (M, N) and f*|X is
a restriction of f*. ) -

The relationship between f*| X and an arbitrary restriction of f* t is gi
by the following ) 170 Xis gven

(2.10) THEOREM. Suppose X=X’ are closed subsets of M e AR, Y is a closed
subset of N e AR, and f: X— Y is a proper fundamental net in (M, N) which extends
to the proper fundamental net f*: X'—Y in (M, N). Then fo=f*|X.

Proof. Suppose f={fil e A} and f* = {1 ded} apre as given in the
hypothesis. Let ¥ be a closed neighborhood of ¥ in N. Choose W to be a closed
neighborhood of Y such that W lies in the interior of V. Then, since f is a proper

fundamental net, there exist an index 1; € A and a closed nej
Jncament’ ne 1 neighborhood U, of X'

@11)  if 432, then f;]Uyf, | Uy in W.

Since f*| X is a proper fundamental net, there exist an i '
ce nindex 6, € 4 and
neighborhood Uf of X in M such that, ' mes °1°Sedl

Q12) if 624,, thenf;*[UI;f:f;:lUt in W.

Since {A(6)| & € 4} is cofinal in 4, there exists §, € 4 such that 1(8,)=1,. Let 8, € 4
be chosen so that 858, and §;>6;. Recall that 6,8, implies 1(53);1(6 )3and
thus A(85)>A,. Finally, noting that f3,| X = fi4,)| X and that fX(X)< W, it t%oilows
from [2], Lemma 3.4 that there exists a closed neighborhood 3U2 of X" such that

@13)  f5lUsfaen| Uz in V.

Now, letting 4, = 1(53‘) 8y =083, and U = U, NUrA T, d
> > = , Wi i
@.11), (2.12), and (2.13), that + 0T B W0 consiuds, velng

(2.14) if A>1, and 626, then fi|Usfy|U in V.
P

This, of course, implies that f > f*|X, completing the proof.
We now recall some definitions from [1]. Su
. Suppose X=X’ are closed subsets
of M e AR. Then a proper fundamental retraction of X' to X in (M, M) is a proper
fundamental net r = {r,| o:eA}’: X'—X in (M, M) such that r(x) = x for all
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xeXand aed. A closed subset Y of the space Y’ is a proper shape retract of Y’
provided there exist a space M e AR, an embedding (understood to be closed)
h: Y'—M, and a proper fundamental retraction r: h(Y")—~h(Y)in(M, M).As shown
by [1], Theorem 4.2 the property of a space being a proper shape retract of another
is not dependent on a particular choice of A andjor M. The connection between this
concept and that of the extendibility of a proper fundamental net is given by the
following result. Recall that if X is a closed subset of M € AR, then iy = {idy}: X=X
in (M, M).

(2.15) TrEOREM. Suppose X< X' are closed subsets of M & AR. Then X is a pro-
per shape retract of X' if and only if ly: XX in (M, M) extends to a proper funda-
mental net t: X'=X in (M, M).

Proof. Suppose first that X is a proper shape retract of X'. Then there exists
a proper fundamental retraction 7: X" " X in (M, M). It is evident that 7 is an exten~
sion of iy. '

Conversely, suppose iy extends to the proper fundamental net
r={r,l wed): X'~»X in (M, M).

It follows from condition (3) of the definition of “extension” that re|X = idy| X
for all & € 4. Thus r is a proper fundamental retraction of X” to X'in (M, M) and X

is a proper shape retract of X".

3. Preliminary results. In this section we establish some technical results which
will be used in the proof of the homotopy extension theorem of Section 4. The first
of these is the “proper” version of the Borsuk homotopy extension theorem ([4],
Theorem 8.1, p. 94), and the obvious modification of the proof given in [4] suffices
once we note that if Z is a closed subset of Z', f: Z—Y is a proper map having an
extension to a map f* defined on a neighborhood ¥ of Z in Z’, then there exists
a closed neighborhood V of Z lying in V' such that /| ¥ is a proper map ([2],
Lemma 3.2).

(3.1) TueoreM (Borsuk’s homotopy extension theorem for proper maps).
Suppose X is a closed subset of the space X' and Y € ANR. Then every proper map
H: Xx[0,1] U X' x{0}—Y has an extension 10 a proper map H': X' %[0, 11— Y.

‘We now generalize to 2 «collectionwise” homotopy extension theorem as follows.
We note that our proof also shows that the “non-proper” version is true.

(3.2) LemMMA. Suppose given the following data:
() a space X, and closed subsets X1, Xoy s X0
(ii) a space Y, and closed subsets Yy, Yy, ., Y, such that if i, | P
“ k .
€{0,1,....n}, then () Y, € ANR;
Jj=1
(i) @ proper map F: Xo— Yo such that if 0<i<n, then F(X)< Y.

5%
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Then if X is a closed subset of ﬁXi and g: X—Y, is a proper map
such that F|X =g in ﬂ Y:, g extends lo a proper map G: Xo— Y, such that zf
7 lkE{O 1, n} then

FI‘Q X"f'szl.(S X, in (’a Y,.

Proof. It 1<k<(n+1, let X* (resp. ¥*) denote the set of points in X, (resp. o)

lying in at least k of the sets X, Xy, ..., X, (tesp. Yy, ¥i, ... , Y,). Let

G: Xx[0, 11U Xy x {0}~ ¥,
be a proper map such that G(x, 0) = F(x) for all x & X,, G(x, 1) = g(x) for all
xeX, and G(Xx[0, 1)< {’:] Y;. By Theorem 3.1, G extends to a proper map
Gt X"“X[O I]UXOX{O}-»YO such that G"”(X"“xro 1D ¥+, (Note
that X%t = ﬂ X; and Y"1 = ﬂ Y:.)

Inductxvely, suppose 1<k<n+14and that G*: X*x[0, 1] U X, x {0}> ¥, is
a proper map which extends G and has the following property:
(3.3) if kjgn+1 and iy, iy, ..., ;;€{0,1,...,n}, then
A (GNP AT ATY () =D A Y,n.n ¥y,

. n+1
Letiy = (k 1> and let 4, , 4,, ..., A;, denote those subsets of {0,1,...,n} containing

exactly k—1 elements. If 1<j<iy, let X = X* 0 ( ﬂ X,). Applying Themem 3.1,
11;11<]<zo, then G* extends to a proper map G5 X' %[0, 11U Xy x {0} Y0 such
that

Gk(( ﬂ X)x[o, 1]): Y-

zeAj
Now, noting that X*~! = X7 u Xz - U X, we may define G*~ 17 X*~1 x [0, 1Mu
uXox{O}—»Yg,c by G*i(x, r)—Gj(x H it (x,)eX;x[0,11U X, x{0}. It is
evident that G*~' is & well-defined proper map and that

‘B4 if k-1<j<n+1 and i,,4,, ... ,i;€{0,1; ,n} then
G Xy n Xy ~nX;)x[0,1])e Y“m Yon.nay,.

Noting that X* = X,, this induction yields a proper map G': X, %[0, 1]— Y,
which extends G and has the property that , , °
(3.5 if 1<j<n+1 and iy, iy, ... »4€{0,1, ..., n}, then

SR (COULD A PTSD R (B 1) =5 A AP

L*
The proof is now complete, letting G(x) = G'(x, 1) for all xe X, 0
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Now, let @ be a point of the Hilbert cube Q and let K = Q—{w}. By the hom-
ogeneity of Q, K is not (topologically) dependent on the choice of w. Since Q is homeo-
morphic with the cone on @, it follows that K = Qx [0, 1). Introducing one final
bit of notation, if S is a set, let Y. (S) denote the set of all finite subsets of S regarded
as a directed set, where o, <o, if and only if o) =0, We note that () is closure-
finite; that is, each member of Y.(S) has but a finite number of predecessors.

The following proposition was called to the author’s attention by B.J. Ball.

(3.6) LemMA. If S is a set such that |S|=C and X is a closed subset of K, then
there exists a cofinal system U of closed neighborhoods of X in K and a function
®: Y (S)—U such that

(i) if Ue U, then Ue ANR,

(i) % is closed under finite intersection, and

(iii) if 61, 0,€2.(S) and o, <0y, then B(o)=P(0y).

Proof. Let #" be a cofinal system of closed neighborhoods of X in K such
that the intersection of any finite number of elements of #" is an ANR.
Since [#'|<E<|S), there is a function ¥: S—»# . If ¢ = {5, 55, ..., 5,} € X.(S), let
B(6) = Y(s,) N P(s) 0 ... 0 P(s,) and let # = {B(d)] e (S)}. Then (i)-(iii)
are easily verified. "

4. The homotopy extension theorem for proper fundamental nets. We are now
prepared to prove the following result, which will be quite important to the remainder
of the paper.

(4.1) THEOREM. Suppose X<X' are closed subsets of Me AR, Y is a closed
subset of N e AR, f: X—Y is a proper fundamental net in (M, N) which extends to
the proper fundamental net St X'=Yin (M, N), and g:" X- Y is a proper funda-
mental net in (M, N) such that j'p:g. Then g extends to a proper fundamental net
g*: X'=Y in (M, N) such that _f*%g*.

Proof. By Theorem 2.10, there is no loss of generality in supposing that

= f*| X, and so we henceforth make this assumption. We suppose f*={ S aed}
and g ={g Ae A}

To begin with, consider the spemal case M = N = K. By Lemma 3.6 there
exist a closure-finite directed set A4 and a cofinal system {V;] 6 e 4} of closed

‘neighborhoods of Y in K such that

4.2) if §'<4, then V=V,

4.3) if 6(,08,,...,0,€4d, then 'h V;, € ANR,
and -

4.4) |4|=]4].

By (4.4), there exists a function 0: 4-»A.
Now, let k be a positive integer and suppose that for each § € 4 having fewer
than k (strict) predecessors there has been defined a closed neighborhood Uj of X
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in K, an index o5 € 4, an index A(8) € A, and a proper map gf: K—>K such that

@4.5) if 8'<8, then A(5)<A(),

@.6) 1(8)=90),

4.7 if a=ag, then f:|U3%f%| Us in V3,

(4.8)  g5|Us=f|Us in V3,

(4.9) if §'<$, then g§|U,,,§.'g}|U,,, in V.,

and

4.10) g§|X= 9ipl X |

Now suppose & € 4 has exactly & predecessors, say 0y, d,, ..., 8. Then there
exist a closed neighborhood Uj of X’ in K, an index o; € 4, and an index A(5) € 4,
such that

O5ZUyys Xgys -ors Ogyy

@.11)
(4.12) if 8'<6, then A(6)<A(d),
@4.13)  A)=00), '
“4.14) if aza,, thenf [U‘, falUs in ¥y, :
and
4.15) f;lX%’gz(a)IX in V.
k
By (4¢.2), V‘,c:iﬂ1 Vs,- Hence, using (4.3), (4.11), (4.7), (4.14), and (4.15), wvméy

apply Lemma 3.2 to obtain a proper map g;: K—K such that

(4.16) g;[X= gl(d)an

4.17) for i=1,2,.., or k,g;‘|U,,,$J;‘;|U,, in ¥,
and

(4.18) gEIUangSIU.s in V.

By (4.11) and (4.7), | U‘;i%’f;‘;il Us, in Vy,.
Using these facts along with (4.17), we have

(4.19)  if 5'<, then g}| Uy 51Ty, in Vs,

Note that (4.12), (4.13), (4.14), (4.18), (4.19), and (4.16) correspond to the
inductive assumptlons (4.5)-(4.10) with & replaced by 5. We may thus suppose that
Uy, o3, A(8), and g} have been defined for all 5 € 4 in such a way that (4.12), (4.13),
(4.14), (4.16), (4.18), and (4.19) hold. By (4.19) and the fact that {Vyl 6e4} is
cofinal, g* = {g3] 6e4}: X'~ Y is a proper fundamental net in (K, K), while
by (4.18), (4.19), and (4.14), 1 *~ g*. The fact that 0 is an onto function along with
(4.12), (4.13) and (4.16), 1mp11es that g* is an extension of g.

Now suppose that M and N are arbitrary. Let i, be a homeomorphism from X"
onto a closed set Xy K, let h: M—K be a map such that h(x) = ho(x) for all x € X

By (4 8)3 f"h[ Uar— gﬂx‘ U:h in VJ(

icm°®
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and let fi: K—M be a map such that fi(x) = hy*(x) for all xe Xo. Let Xy = ho(x).
Similarly, let k, be a homeomorphism from ¥ onto a closed set Yy KX, let k; N—»K
be a map such that k() = ko(y) for all ye ¥ and let k: K~N be a map such that
k(y) = k3*(») for all y & ¥,. Then f* = {kfih| e A}: Xg— ¥, is a proper fun-
damental net in (X, K), as is § = {kg WAl Ae A} Xo— Yo, and it is easy to verify
that j‘ *| XO%' g. By the special case established above, § extends to a proper funda-
mental net g* = {851 e 4}: Xg— Y, in (K, K) such that g"‘f:_; J* I bed, let

= kg h: M—N. Then it is easy to verify that g* = {g3] 6ed}: X'>Y isapro-
per fundamental net in (M, N) extending g and satisfying the condition g*% S
Thus the proof is complete.

The indexing set used for the extension g* of Theorem 4.1is of the form X(S) for
some sufficiently large set S, since it was obtained from Lemma 3.6. The following
result, while not made use of in the current paper, shows that this is not a completely
unexpected nor undesirable state of affairs.

(4.20) THEOREM. Suppose X and Y are closed subsets of the AR’s M and N,
respectively, and let S be a set such that |S|>C. Then if f = {f;] Ae A}: X—> 7Y is
a proper fundamental net in (M, N), there exists a proper fundamental net

= {f,) 0€Z(8)}: X>Y in (M, N) such that f%__f’.

Proof. As in the proof of Theorem 4.1, we may assume M = N = K. By
Lemma 3.6, there exists a cofinal system {V,] o € Z(S)} of closed neighborhoods
of Yin K such that o’ <o € Z(S) implies V,=V,.. If o€ Z(S), there exists a closed -
neighborhood U, of X in K and an index 4,€ A such that

4.21) if 1=2,, then fllU,L;:faelU,, in V,.
We may also assume, since X(S) is closufe-finite, that : L
(4.22) if o'<o, then A, <A,.

Now, for each o e %(S), let f, = fi,. Suppose ¥ is a closed neighborhood
of ¥ in K; then let oy € Z(S) be chosen so that ¥,,=V, and let U = U,,. Then,
by (4.21)and (4.22),if o=0,, fo| U = f3,| U%’ iU = foo|Uin ¥, = V.We conclude
from this that f': X—7Y is a proper fundamental net in (K, K). Furthermore, if
Az2,, and o3>0, then:

Hil U f;,ﬂl U fu,lU=£U

and we conclude from this that f = I

in V,cV,

5. Proper shape retracts and the extension of proper fundamental nets. In this
section we establish the analogues of the extension theorems of [5], Section 5.
(5.1) THEOREM. Suppose X=X" are closed subsets of M € AR, Y is a closed subset
of Ne AR, and X is a proper shape retract of X'. Then every proper fundamental
net f: X—Y in (M, N) extends to a proper Jfundamental net _f *: X'>Yin (M, N).
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Proof. Since X is a proper shape retract of X”, there exists a proper fundamental
retraction r = {r,lae A}: X'->X in (M, M).It f = {f;|Ae A}: X=Y in (M, N),
then f* =—fr: X’'—Yin (M, N)isan extension of f; for f* ={fr,|(1, ®) e Ax 4}

“and we mz;y_ let, using the notation of the definition of “esxtension”, A(0) = Ao
where o = (Jg, %g) € Ax 4= Z.

(5.2) TrroreM. Suppose X< X" are closed subsets of M € AR, Y= Y’ are closed
subsets of N e AR, and that Y is a proper shape retract of Y'. Let i = {idy}: Y- Y"
in (N, N) and suppose that f: X—Y is a proper fundamental net in (M, N) such
that i fi X—Y' extends to f': X'»Y" in(M, N).Then f has.an extensionf*: X'—Y
in (]1./f , N).

Proof. Since Yis a proper shape retract of Y’, there exists a proper fundamental
retraction r: Y'— Y in (N, N).Itis easy to see that fg'% Iy. Since i fis a restriction
of f' it follows from Theorem 2.10 that f'|X = if. Thus

[z f50) f=r@NH2r(f1X).

But r(f’|X) is clearly a restriction of r f'. Hence, by Theorem 4.1, f extends to
f*: X'=Y in (M, N).

6. APSR’s and ANPSR’s. Generalizing a useful idea in shape theory for com-
pacta due to Borsuk [5], Ball [1] has defined an absolute proper shape retract (APSR)
to be a space X which is a proper shape retract of every space X" in which X is prop-
erly embedded. (See [1] for the definition of “properly embedded”.) Extending this
concept in the obvious way, let us say that X 'is an absolute neighborhood proper shape

. retract (ANPSR) if for each space X containing X as a closed subset, there exists
a closed neighborhood X" of X in X" such that X is a proper shape retract of X',
As is customary, we write X' APSR and X' e ANPSR for the statements “X is an
APSR” and “X is an ANPSR”.

Now, suppose X' € ANR. Then if X is a closed subset of the space X", by [16],
Theorem 2.1 there exists a closed-neighborhood X" of X in X' and a proper map
: X=X such that r(x) = x for all x e X (that is, r is a proper retraction of X"’
onto X). It is easily shown that this implies that X is a proper shape retract of X,
and hence we have the following.

(6.1) THEOREM. If X' e ANR, then X e ANPSR

The following two results are proved by obvious modifications of the proofs
of [5], Theorem 6.7 and [5], Corollary 6.8, and the reader is spared a repetition of
the details.

(6.2) TeeoreM. If X is a proper shape retract of the space X' € ANPSR, then
X e ANPSR.

- (6.3) COROLLARY. The space X € ANPSR if and only if Xis a proper shape retract
of some ANR.

From 'Corollary 6.3 and [1], Theorem 4.3-we obtain the following.

(6.4) CorOLLARY. If X'e APSR, then X e ANPSR.
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Finally, we note that the property of being an ANPSR is a_hereditary proper
shape invariant. The proof is completely analogous to that of [8], Theorem 26.1,
only using Theorem 4.1 rather than [15], Theorem, and we again omit detailing the
modifications.

(6.5) Tueorem. If X' € ANPSR. and Sh, X< Sh, X", then X € ANPSR.
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