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On c-continuous fundamental groups

by
©

David B. Gauld (Private Bag, Auckland)

Abstract.. The notion of ¢-continuous fundamental group is mtrod;zced by9Cj;a;1trI}; a;l"l“ds I:Zg::
in thei er “c-continuous fundamental groups”, Fund. Mafth.. 7§ (1972), pp. . | {his papet
o, ?‘f paiiis group in a more natural setting, finding that it is in fac.t a subgfcup o
K;gai::mal group after an adjustment of the topology on the space in question.

The notion of a ¢-continuous fundamental group is introd.ucec% i1'1 [1]]; Itxlll tgiz
aper the group is placed in a more natural setting thereby.s1mphfymg 0!

gescription of the group and the proofs of various propert_les. . e e

Throughout, I =[0,1] and J = [0,1) denote respectively - the closed

it ir " i 1 topology. .

_open unit interval, each with the usua - ) ’ ‘
ol OFI;Howing [1], we say that a function f3 X—Y b'et_ween topologxlf.al] Sl;ijels] 12
c-continwous at x € X if for each open set Uc Y containing j'”f((xl)/)for C;N ;;:1 ; e

i i taining x such that <U.
mpact, there is an open set ¥ in X con . Tuneti

;’Ois f— continwous if it is c-continuous at each point of _X. Let T denote the topology
on Y. Let T¢ be the topology on Y having as basis

{UeT| Y-U is compact (in T} .

i is the -standard basis for T°. . .
Call ,;};:1:’0::;81' f: X— (¥, T) is c-continuous if and only zf f: X~ (Y, T‘) is hconttzm‘t:[o;‘.sci
Proof. Suppose f: X (Y, T)is c-contim‘mus and Uisa rr-xcmbel otf ti 1fi:ns. a;lsuch
basis for T°. Then for each x & f "!(U) there ‘15' an open set Vin i(,' ;0%112 ; on%iuuouS.
that fV) e U, i.e. Vef ~HU). Henc;ef‘i(U) is open so f: X— (¥, i continuons
Conversely suppose f: X—(Y,T) is continumcls, xeX an—d1 L{/’])e r 12 s:n e
fG)e U and Y—U is compact in T. Thf:n Ue T. so V=F"% D
Since x e V and f(V)< U, we see that fis c-con.tlnuous. -] ¥ based at »
Let C(Y, yo) be as in [1], i.e. C(Y, yo) consists o_f allch.)ops in ; a iyt ;
using the topology T"on Y. In [1] an .equivalence r'glatlon'% is deﬁne‘: ons func,ti Oon
as follows: if f, g € C(¥, y,) then fi g if and only if there isa c—contxiuou R,
;’S: IxI-(Y,T) such that F(x,0) = f{x), F(x,1) = ggx), 21:((1)1:)”]; y';hgbrem, D
for each x, tel. Since T°cT, f and g are also loops in (Y, T°). By
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fyiog if and only if fis homotopic modulo end points to ¢ when ¥ is topologised
by T. Thus if we let A(Y, y,) denote loops in (¥, T°) based at y, we see that C(Y, o)
<A(Y, ;) and that y~"° is the restriction to C(Y, y,) of the usual notion of homot;pci)c
loops in A(Y, y,). The operation * on C(¥, y,) given in Definition 3 of [17 is the
}wual notion of composition of loops so the operation * on C,(¥, Yo) = C(Y, yo)| =
is well-defined. C,(Y, y,) is clearly closed under this operation: if f, g: I-(7, 2{§
are loops then f* g: I- (Y, T) is also a loop. Moreover if fe C(Y, yo) then ’the

reverse of f is also in C(Y, y,). Thus C(Y, y,) is a subgroup of the fundamental
group n(Y, yo; T°). In fact, ®

Ci(Y,30) = {een(Y, yo; T there is a loop feu
for which f: I#(Y, T) is continuous}. -

. Theorem 5 of .[1] is now a consequence of the fact that if H: (¥, T)—(Y,,T,)
is a homeoxcnorphmm then so is‘ H: (Yy, T{)—(Yy, T5). The isomorphism from
n(Y{I,‘gl; T5) ;o f7r([Y2,y2; T;) induced by H carries C((Y,,y,) to Ci(Y,,33)

eorem 7 of [1] is an immediate consequence of th i " s
compact then T° = T. ! " et et (D)

THEOREM 2. If (Y, T) is non-compact and there is a :
then C,(Y, n(0)) = 0. proper path m (L1

Proof. “Proper” means for any compact K< ¥, (K i |
. s 1S compact. Let
A: I=(Y, T) be any loop based at 7(0). Define F: IxI—¥ by i
Ax) i '
n(dtx* —4tx +1)
n(4(1—0)x*—4(1~)x+1)
7(0)

t=0,

if 0<r<% and O<x<1,

if ;<r<l and O<x<1,

if t=lorx=0o0rx=1.

Fx, f) =

Note _that ng, 0) = A(x) and F(x, I) = n(0) so if we can show that F: Ix [
.a(Y, T°) is continuous then we can deduce that Ci (Y, =(0)) =0,

Suppose U_ is in the standard basis of T°. Then U is open in T and ¥Y—U is
compact, so w (I:l_ U) = J—="YU) is compact. Thus there is a real number
.a €J so that J—z~Y(U)<[0, a], so that (g, Der~Y(U).

Suppose (x, f) e F"Y(U). If 0<t<1 and O<x<1 th i
. : (o, . en (x, £) is clearly in th
1gter10r of F~Y(U). If 1 = 0, then (x, 0) e A"(U)x [0, 1 —a). Moreover Y e

ATH U)X, 1-a)c F-Y V),

'2(; gc: 10() Ul; 1;1 the ilnterior of F~(U). Similarly one shows that (x, ) is in the interior
ift=1orx=0o0rx =1 Thus F-Y{U)j :

s contimors (U) is open so that F: Ix [-(Y, T°)

The effect of F is to pull the loop A onto the “end”

loop back to 7(0). @ of n(J) then to push the
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Theorem 2 motivates the following as an example of a non-compact, path-
connected space having non-trivial c-continuous fundamental group.

ExaMpLE. Let S* denote the unit circle and L the long line; L is obtained
from the ordinal space 10, @) by connecting each ordinal with its. successor by
a copy of the unit interval I. Let X be the space obtained from the disjoint union
of S* and L by identifying the point 0 € L with some point of S*. Then X is a non-
compact, path-connected space.

CLAM. X has non-trivial c-continuous fundamental group: in fact the group is Z.

Proof. Tt suffices to show that-any c-continuous homotopy

H: IxI-X

is actually continuous.
Suppose not: say (so, to) € Ix Iis a point at which H is not continuous. Choose

aeL such that
H(sq, t)eS* U [0,0a).
Now V neighbourhood ¥ of (o, %),
' HP) &S U0, 4],

since S* U [0, 4] is compact, and if H(¥) did lie in this set then c-continuity of H
in ¥ would imply continuity of H in V. Thus there is a sequence (S, tyeIxI
satisfying:

(@) (s,, t,) converges to (8o, f);

@) H(s,, t) ¢S* U [0,a), Vr=1,2, ...

Since {H(s,, )] n = 1,2, ..} is countable, 3b.€ L so that

H(s,,,l,,)e[a,b], . Vn = 1,2,...

Consider S'u [0,a) U (b, Q) = U say. Since U is open in X and X-U
= [a, b] is compact, c-continuity of H implies that H ~1(U) is open in Ix 1 But
this , contradicts our choice of the sequence (s,,1,) since (s,, %) € H™*(U) but
(s, t,) ¢ H~X(U) for n>0.

Thus if H is c¢-continuous, H is also continuous. @
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