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Existence, uniqueness and continuous dependence
fon the parameter of solutions of a system
of differential equations with deviating argument

by S. Czerwik (Katowice)

Abstract. This paper is concerned with the problem of the existence, uniqueness
and continuous dependence on parameter of solutions of the initial-value problem

q’.: (2}) = hi (m) 21 [fi.l(x)]; cens P [f't,n(z)], ‘P; [gi,l (m)]r ey ‘P;L [gt.n(x)]: ’u’):
p(0)=06,i=1,...,n
(0 denotes the zero of a Banach space). The functions ¢;, ¢ = 1, ..., n, are unknown
functions belonging to a special function class, &y, fi , 94, @ k£ = 1, ..., 7, are known

functions and « is a real parameter, The proof is based on the contraction prineciple
for Lipschitz transformations due to J. Matkowski.

1. Introduction. In the present paper we consider the problem of
the existence and uniqueness of solutions (assuming values in a Banach
space) of the system of functional-differential equations with a parameter »

(1) ?’; (z) = h, (w5 @ lfi1 @)y oy @ [ fi o (@)1 ‘P; [g;.(z)], ..  Pn [4:,0(2)] “)’
t=1,...,n,
with the initial condition

{2) @:(0) = 6, t=1,...,m,

in the interval I = {0, oo), where 0 is the zero of the. Banach space (a
general initial condition ¢;(z,) = ¢; can be reduced to the above one).

The functions ¢;, ¢+ =1, ..., n, are unknown functions belonging to
a certain functions class G, which is defined below and h;, fi., Gu, @ k
=1,...,n, are known functions; % is a real parameter.

For ¢ = 1, the corresponding problem has been investigated in papers
[1}-(6]. ,_

In this paper we shall give certain conditions ensuring the existence,
uniqueness and continuous dependence on the parameter of solutions
of the initial-value problem (1)-(2).
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2. Preliminaries. We define the numbers af,, ¢, ¥ =1,...,n, r
=1,...,n as follows:

Qi v #k,
(3) ay, = i, k=1,...,n
1 . ? ’ ? ’
— 8y, t=F,
ror r r : .
r41 @11 %41,k 41 1 B41,10 k410 ¢ F K,
(4) G =31, . . .
@11 %51k~ B, By ¢ =K,
r=1,...,n—1, i, k=1,...,n—r.
Let
(5) a;>0, r=1,...,,m,t=1,...,n4+1—7.

The following fixed-point theorem is known (cf. [8]).

THEOREM 1. Let (X,, d;), ¢ =1, ..., n be complete metric spaces. Sup-
pose that the transformations T;: X, X ... x X,»X;, ¢ =1, ..., n, fulfil
the conditions

(6) GITy( @1y ey D)y Til¥ay ooy ¥a)1< D) Grdie(Thy 90,
k=1
Ty Y €Xpy 4 K =1,..ym,

where ay > 0. If the numbers aj, r=1,...,n, ¢, k =1,...,n+1—7r
defined by (3) and (4) fulfil inequalities (5), then the system of equations

has exactly one solution z, e X;, © =1, ..., n. Moreover,

" . .
z; =limz,, +=1,...,n,
k—o00

where x;,€ X;, © =1, ..., n, are arbitrarily chosen and
.’12,-’,,+1 == T._-((Dl,k, ..-’wn.k), @. - 1’ .--,n’ k == 0,1,2, cee

3. Existence and uniqueness. In this section we establish a theorem
on the existence of a unique solution of the initial-value problem (1)-(2).

We assume the following:

HypoTHESIS 1.

(i) Let (B, |-]i) be a Banach space. The functions k;: I x B** x R—B,
I =<0, o), R = (— o0, +), ¢ =1,...,n, are continuous in I x B> x R.

(ii) There exist functions L;: I—+(0, o0), Pyt I+(0, ), 4, k=1, ..., %
such that for every (@, -..; py Ugy ooy Uy)y (Z1y ==y Zny D1y ..., V,) € B,
zecl, and v e R, we have
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Woi(y yy ooy Ty Unyooey Uy ) — R (L) 21y oovy Zpy Vyy onny Oy Bl
T n
< D' Ly (@) o — 2l + ) Pig () e — vy
k=1 k=1

(iii) Functions f;., ¢, I—>I are continuous in I.

(iv) Let L be a positive number. For every « € R there exist constants
Ni > 0 a.lnd. (Tl.z—, cevy Tn.i’ .pl,i’ ceay Pn"‘) € an, 7: == 1’ veay n S'IlGh thalt the
following inequalities hold:

i = Wh(@y 710y ooy Pnyis Priy -+ 5 Py W)l < Niexp(La),
vel, 1 =1,...,n.
(v) There exist constants b,,, Cxy ¥ B =1,...,n, such that
L' Ly (#) exp (Lfu (@) < by exp(La),
Py (v)exp (Lgy (@) < ozexp(La),
zel, i, k=1,...,n.

Next, we define @ as the space of those functions ¢: I->B, which
are continuous in I and satisfy

(8) lp(@)ll =0 (exp(La)) ().
In the space G we define the norm (cf. [1])
(9) lpl = su})(ll«p(w)llexp( — La)).
Now we shall verify that ¢ with the norm (9) is a Banach space.

Let {g,} be a Cauchy sequence of elements of @ and take an & >0.
There exists a positive integer N such that for &k, m > N

(10) lpr — Pl < €.
For x € <{0,d>, where d > 0, we have

llpr () — @ (2| < sup [exp (L&) lipx (%) — @ (@)l €xp ( — Lz)]

<Klpy—pul <Ke, k,m>N, K =exp(Ld),

and consequently {g,} converges uniformly in {0,d > to a function ¢.
The number d > 0 being arbitrary, it follows that ¢ is continuous in I.
Also, ¢(z) € B for v € I. Letting k—oc in (10), we see that lp—¢,| < e
and next from the inequality

191 — 1Pml] < lp—gml <ee

(1) I.e., there exists a constant M > 0 such that |lp(z)| < Mexp(Lz), zel.
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we have
ol <l +6 < o0,
Therefore ¢ € G and so G is a Banach space.
We shall prove:

THEOREM 2. Let Hypothesis 1 be fulfilled and let the nmumbers a.,
Wk =1,...,n, r =1,...,n, defined by (3) and (4), where a; = b, + ¢y,
Julfil inequalities (5). Then, for every u € R, the initial-value problem (1)—(2),
where 6 is the zero of B, has exactly one solution ¢, €@, i =1, ..., n, given
a8 the limit of successive approzimations.

Proof. Let u € R be fixed. We assume ¢;(#) = v,(z). Then the system
of equations (1) with the initial condition (2) is equivalent to the system
of equations

fi1(@) Tin(@
(@) = hlz, [ vi(s)ds, ..., [ 0,(9)d8, 0,[04(2)], ..., val0i(2)], %),
0 0

t=1,...,m.
We define transformations 7,;: X, x ... x X,—»X;, where X, =@,
t=1,...,m by Tips, ...y 9¢,) =P; for ¢; €@, i =1,...,n, where
(11)  Dy(=)
fi1() Jin(@)
=li(e, [ @u(s)ds, s [ 9,()d8, 91190 (@)1, --vs Pulgin(@)], ),
0 0 o
it =1,...,n.

We c¢hall prove that if ¢; €@, then also &;€G, i =1,...,n. By
Hypothesis 1, @, are continuous in I and &;(xr) e Bforzel,t =1,...,n.
Next, from (ii)—(v) we obtain:

|D; ()]

Ji1(2) Jin(@)
<[reles [ ou@ds, .oy [ pale)ds, palga(@)], .., ulginl@)], u) —

—hi(@y gy ooy Tagis Pryiy oo ey Pryisy 'u')H +J;
n Tipl) n
< ZLﬂc(a’) ”f gr(s)ds —7y; +ZPz‘k(w)"‘Pk[gik(w)]"Pk,i”+Ji-
k=1 0 k=1

fik(@)
If 9;eG, i =1,...,n, then also ‘f @i (8)ds, i, k =1, ..., n, are functions
belonging to G. Next, 0
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n fix(@)
D; (2)]] < ZI%("”) ‘ f Pr(8)ds — rk,il exp (I’fik (a,')) +
k=1 0

+ ZPik (@) @y, — Pr,1| ©XP (Lgik(w)) +dJ
k=1

n
< exp(La) D (Lby+ ) dg+ T
k=1
where
Fi1()
G =max (| [ @(@)ds—rd, lpe—pid)y 4§ k=1,...,n.
0

Hence from (iv) and (v) we get

1, ()1l < exp (Lz) ) ety dy+J,
k=1

< exp(Lx) (2 Ca‘kd{k + -Ni) ’
k=1

where
¢ = max (L, L™Y).
It follows that @, €@, ¢ =1,...,n. _

Now assume that ¢;, y; €@, i =1,...,n, and let @; = Ti(@1y ...y @),
¥, =Ti(y1y ...y p,). From (ii), (iii) and (v) we have the following in-
equalities:

1B (x) — ¥ ()]

i1(@) Jin(@)

< Ihl(m’ f P1(8)ds, ..., f P, (8)ds, p,[g:(2)], '°'r¢’n[9'in(w)]"“)-
" me Tinte)
—hi(m, [ va(8)ds, ..o, [ pa(8)ds, vi[9n(@)]; -ons valgin(a)], ul
n Jir(z) n
< ZLik(w) f llor (8) — wi(8)llds + Z-Pik(m)”‘pk (9 (2)] — i [gar (@) ]I
k=1 0 k=1
n Tir(2) n
;§.2Lik (@) I — ¥l f exp(Ls)ds + ZPﬂ:(“’) P — ¥l €XP (Lgy ()
k=1 0 k=1

n

< ZLik (2) lpr — yi) L™ exp (Lfik(a’)) + Z Cir. |9x — i €xp (Lar)

k=1 k=1

n n
< exp (Lz) Z(b{k + i) |9 — yil < exp(La) Z“ﬂ: P — Yl -
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Consequently

(12). 1D, — Wi < Zaik 9% — Pl -
k=1
Thus relation (6) is fulfilled and so from (5) and Theorem 1 we obtain
the assertion of Theorem 2.

4. Continueus dependence on the parameter. In this section we prove
the continuous dependence of the solution of problem: (1)-(2) on the
parameter .

We assume the following

HyrorTHESIS 2. There exist constants M; and functions 4;, w;:
I-I,i=1,...,n w;{u)->02as u—0+,¢t =1,...,n, such that for every
wel, uy, u, €R, (¥y,..., ¥,) € B

Wi (@ Yrg -vy Yans Un) —Bg( Ty Yuy o ovy Yony Uadll < A;(2) 0 (|0 —ugl|)

and
sup[exp(—Lr)4d;(2)]< M;, 1+ =1,...,n,

Tel
where [z| denotes the absolute value of x.

THEOREM 3. Suppose that hypotheses of Theorem 1 and Hypothesis 2
are fulfilled. If, moreover,

(13) m@x(jaik) =8<1,
k=1

L

then the solution of the system of equations (1) with condition (2) depends
continitously on u.

Proof. For ¢ =(¢1y..-,9,), 9;€G, i =1,...,n, we define |p|
= max|g;|. Let F = (F,,..., F,), where
$

Ji1(x) fin(2)
= h@'(w’ f ?’1(3)d3, teey f (pn(S)dS, ‘P1[9i1(3’)], vy 9’n[9m(w)]: u)‘

Let py = (91 .oy ¥p)y ¥; €G4¢ =1, ..., n. Just as in the proof of Theorem 2,
we obtain

n

|Fi(a71 @, u)—F(z,p, u) < Zaikwk_V’kI’ 1 =1,...,7n;

k=1
whence by (13)
(14) |F (@, @, u) —F (2, p, u)| < slp—yl.



(16)
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In view of Hypothesis 2 we have
[ Fo(®, @y ) —Fy(@y @y us)| < Myop(luy—ugf), @ =1,...,n.

From (14), (15), applying Banach’s fixed-point principle [7], we obtain
our assertion.
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