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1. Let K be an algebraic number field. Denofe by # and -1 the degree
and. the diseriminant of the field K respectively and by (s}, 8 = o+,
the Dedekind zeta-function (see [3]).

The function' &y-(s) iz defined for ¢ > 1 by the absolufe convergent

series
{11 : S?F(?n)m"s,
17't_='{1

where F(m) is the number of ideals of the ring of algebraic ntegers By,
with the norm equal to m. The function £ (s) can be continued analyti-
cally to & meromorphic funetion with a simple pole at s = 1.

In 1968 A. V. Sokolovskil (see [1]) nsing Vinogradov's methods
proved that &y (s) has no zeros in the region

Fg
)1!3 ?

1-2 1 _ 7 ',3"_-__'-_"""'—'_'
(12) log*#t{loglogt

=1,
where A and i, are consiants depending en K (ecompare 87

The aim: of this note is to express the constants 4 and f, in Soko-
lovskii’s theorem explicitly in terms of degree n and discriminant A of
the ficld K and to extend the region (1.2) closer to the real axis of the
complex plane.

We shall prove the fellowing

THEOREN. [y (8) has no zeros tn the region

1
e, it | A3 log** t{loglogt)

(1.3} gz l— TR
where ¢ 18 & pure wumerical constant, ¢, > 1.

Tt has t0 be noted that for the refinement of the zerofree demain
(1.2 of iy (s) with respect to n and A it was essential to nse some results
of K. Mahler and . Siegel.
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2. It i3 well-known that for & =o--il, o> 1,

(2.1) Sets) = NN (¥,

' ¥

where the immer sum is talken over all ideals a of K belonging to an ideal -

elass O (see [5], p. 57) and the ouber sam is taken over all 7 ideal classes (.
It is alzo well-kmown that

(2.2) fols) = M (Na)™ = (¥a')? ¥ ¥ (a)],
Gl e’
where the last sun is taken over a full system of in pairs not associnted
algebraic integers belonging to o' from the inverse class €= (see |5),
D 58).
Lt ay, ag, ..., a, form a hasis for o', Then each a of a’ can he writiten
in a unigue way 28 a sum

a4 = @ —...+@q,0,

with rational integral coefficients ay,...,a,.
Every element ¢ ¢ K can be considered as an element of the n-dimen-
sional real space R":

#la) = (B, ..oy T 3 Uiy ooy Yrgs Bapvong Zp,)

where n = r; - 2r, (see [1], IT, §3).

_ Denote by Dt the n-dimensional lattice in B formed of images of
algebraic integers a e &, divided by o', and denote hy V the fundamental
domain of I (see [17], p. 352). Then the summation in (2.2) reduces to the
summation over rational integers ay,...,a,, such that #(a) eMAT
where a == ayq, +...4a,a, € K. We have

(2.3) fols) = (W) ... ¥ (Na(a)~.
44 .
7 E . arl(ar)ciﬂlrﬂ??’I
Denote further by

o = qaf +. ta,dd,  § =1, 2,...,%,

the conjugates of ¢ and namely o™ are real if 1 < i < ¥y a.nr]. a™ are com-
plex conjugates of '™ if r, +1<iCr,, s0 that Na = o ... o
Denote by ¥ the set which we get multiplying the elements of V
by images of all roots of unity belonging to XK.
Then we can write the series (2.3) as follows

Na)“y. Z

w()eDt~ P’

—iﬂogl Nr(a)l

2.4) ' -
(2.4) . Jo(s) le(a”

R
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where mi denotes the mwmber of roots of unity belonging to K (see [4],
p. 323).

In the n-dimensional real space B® we shall define for any ideal
the sets K&, X > 0, as follows:.

(2.5) B = {{ugy ooy y): w6 R, max ju,) <

1=ign

< X, a(u) e T}

and xf{u) = u; (o) - where oy, ..., q, form a hasis for q
(see [4], p. 324).

In the following we shall always assume that Na < |11 because in
cach ideal elass € there exists at least one such ideal (see [57, p. 12).

- Following Mahler (see [T}, p. 429), a cetling is a positive valued fune-

tion A(p) of the variable prime divisor p with the following properties:

(A} At all infinife prime divisors q, Z(q) may assume arbitrary pesi-
tive values.

(B} At every finite prime divisor », A{r) i3 of the form

o, w{a,)

/’1(7:) =pr_r7',ei'
where e, 1s the order of v, p, is the corresponding rational prime, and 1, is
any rational integer.
(C) A(p) is equal to 1 except at finitely many prime divisors.

(D) | [ =1.
’ P

There i & one-to-one correspondence, a ~ [a], between the finite
divisors a and the fractional ideals [a] in K which consist of all field
elenmtenfs « that are divisible by a (see {11, p. 244).

3. The proof of {1.3) rests on the following lemmas.
© Limarva 1 (fheorem of Mahler, see [7], p. 436 and [67, p. 400). Let
ilp) be an arbitrary ceiling of X, and let a, be the corresponding divisor.
Then there exists o basis ay, ..., v, of the ideal [a,] such that

(3.1) A7) < lagle < 41 4{0)
for all infinite prime divisors q, end B =1,...,n, where A, = 2" 4",
7z 2.

Ievima. 2. For ench ideal « of K there exists a basis ay, ..., q, Such
hat _ ' '
(3.2) A7EY (W) 1ol L A (Na)ln,

where A, = " A1” and i =1,2, ...

Proof. Writing
) o 0= HT:,

c L =19 :
ymy B =1,2, ..., n
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with prime ideals v and rational integers I, > 0, we define the ceiling of
K as follows

(Nzy e for p ~7,

Ap) = for the other finite prime divisors,

(Nayh® for the infinite prime divisors,

where #, = é,f. and e, {s order of prime ideal =, f, its degree. Then
- u
[]H™ =1.
e

From Lemuna 1 it follows that there exisfs a basis ay, .
a {a corresponds to the above ceiling), satisfying (3. ‘))
Leava 3. In any field K there exisls a fundamental sysiem of 1 = v, =
Jipg —1 waits eq, ..., &, {Tn the case of r aizmmi’j‘mld and of imaginary quadratic
fields v = 0} such ﬂmf
(3.3) ) o logledh < midp
where F =1, ..,r and j = 1,..., 0.
This statement ean easily be deduced from Siegel’s paper [12], p. 85.
LEMMA 4. For each ideal a of K with Na < |41 there exists an n-
tegrul basis wy, .., a, such thal for any pomt (ul, ey ) of KPNAT
{see (2.5)) we }'mw the ineguality

(3.4) A X < Juyal® o

., o, of the ideal

)l < A, X,

noand A, = exp(—4ntad2), 4, = 2 4|2
Proof (compare (4], Lemma 1). From (3.2) it follows that
9Xnd (No)'" < 4, X

Now we have to estimate (x| from below.
Consider the tystem of » linear equations

where © =1,..

= o i i
{3.5) el el <

" = el )

where [ =1,...,n. By Cramer's rule

uy = eput et
and

Dy e
¢ = ——  where
[

Dol = {det [ s 0! = 142N

Owing fo {3.2) and by the use of Hadamerd inequality, we have

. in — a_ o
1Dyt < a2 max [aff))t AP
1<s,d<n
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Hence
(3.6 e =

A%, 4, = n-ﬂ”ggf"ﬂ"-*) and using (3.6), we geb

n wiv_Ian l}

Putting ju' <

gt = leg ™ o e u < XL

From this it follows that all solutioms (u, ..., #,) of the syvstem of in-
equalities -, +... w0l < 4, X, T =1, ..., n, belong to K.. Hence
for any {uy, ..., %,) € E2XNKEZF there exists such j (1< < »n) that

(3.7) : el f -, d e AL X

Furthermore, for any w = (#y, ..., u,) belonging o 17 we have

(see f1], p. 309)

\ flog e,

Rzl

. 1
{3.8) log il =— log N (u):

where 4 =1, ..., #,
satisfying (3.3).
Putting ¢ = j, we get from (3.3)

0< &< 1and e, ..., & are fundamental units of i,

r
[ N i ep(ee 142,
feml .

}'MU) ‘ — ]A"’ ( H) il;‘u

Henee, owing fto (3.7), we have
N (w)| = Al exp ( —n? A1y X"

and finally from (3.5)

L

:11-

()’
1 ]

k=1
ki

i =

> exp(—dn® |4 X,

and this eémpietes the proof of Lemma 4.
LEanA 3 (compare [4], Lemma 2). Putting
Flityy ooy Uy) == — -;?%'log | Nae (whl
we have for any (gy ..., ) eKﬁX\IEf and w1 the estimales
(3.9) : : s AP (1Y AT,

where A, = exp (5n®| 41%).
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Proof. Applying (3.4) and (3.2) we obtain easily (3.9).
Lma 6 (Turan’s second main theovem (see [15] and [130)). Let

k22, m > 0 are rational integers, b; arbitrary eompler numbers, 1< < &

If 2., 1<Kk, are compler numbers such that
T J , iz
1= alzki>=.2
then
. L & '
(3.14) max . (Dy# .. b ;z( ~—-) min by 4. +b;0.
mlSrsm <k Belm—+EY | 1oy

Lexid 7 (compare [4], Lemma 3). For arbitrary fized w; (f == 4)
such that (uy, ..., u,;) € KZ*\K and for any rational integer my > 1 we
can divide the interval in which w, is determined into at mosi

AP = exp (T0® A2 (my + )
sub-intervals in such o way that fm each sub-interval there exists m (ml -+1
s m< my+n) sueh that the follouwg moqzmhty holds

[ amfF

N
ik

(3113 = AM(m—1)1i T

I 0u
with 4, = a7 477, fm‘ every poind of the sub-interval.
Proof. This lemma can be deduced in the same way af Lemma 3
in [4] by the use of (3.10) and (3.4).
Levns 8 (Vinogradov’s theorem (see [27,
p > 0 be radional infegers. Let

. 210)). Let k3= 11, m > 0,

_T'I?il(ﬂ‘i‘ #13-IC+1

S:

[\4@

LhayEsag)
. 1

x

¥

where @y, .., 0, 4y are real.

Let v be one of the numbers k+1,...,3,2 and suppose thot

24
&, =—+_é§,

where
q -

{a,q) =1, 1 <g=<<p', |6i 1.

Then

22
18 < (BE)HmTpie
“twhere

C12R{k+1) T
b=log—"—" 0 =gy

icm
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Here 7 is defined in ferms of g and p by

qg=p° . for l<g<p,

T =1 for p<qur—i

g=p"" for PpTl<g<pn

Levwa 9. If
(3.12) my = [11 %;—3 11005;5]
(3.13) ) o X ATV
Ay = exp(—4n?|A}%) and > exp(n®|dide,), then
1

(3.14) 18] =1 v ﬁgﬂp(ul,...,a,,ni < AT e

e
. a<a1<a
{150 an}sK \K‘

where dg .= exp(enlogin); ¢, ¢a, 6 are numerical constants ond

t
F(a-l, ey aﬂ) == —'g 10gIN.’E((1N.

Lemmsa 9 follows from Lemmas 8 and 7. The method of the proot
is casentially the same as fhat of Lemma 5 in [4]. We mention only that

- we have to use Lemma 8 with Ljen < v <L

Lemma 10 (Vinogradov's theorem (see [3], p. 55)). Lef k=11 tmd

7
8§ = Tgani(ai.xk+..,+alm)
Z=1

where ., ..

If

vy Gy are real.

klk+1)

A B(E+1) T
Dy = (208) 2 —(——+——)+1]f

: bt=m[ 1

where 1> 0 rational q}az-ieger, then for b=

a 1
- KEED Bt (1)

f fi 8] ’bda da;< D 7
o s

CoroLLARY. Let », L, k be positive rotional integers, k =1,b = [k21+

(k1)
7—4*"." +1]-
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Let & run through integers 1,2, ..., p and let

Zy w=afd ap—ag - ... — 25,
Then the number of solutions of the system of equations
4y = £y, Zy = '527 tay Zk =&

2 not greater than U where

Eil41), ap REED) L KGHD)
R

(3.15} U=(208 * p °

This corollary can easily be deduced from Lemma 10.
¢ Leana 11 (eompare [4], Lemma 8). If

logt
(3.18) m = [— ~—1+1

log X
and
(3.17) 1< X < e
then

I i 1-—

(3.18) ;ng :f E BZniF‘(al,...,r;”)§< A,X oAy gm?

a- -,(A‘.l-\ﬂx
(gonn e K NES

where Ay == exp(en®]1}%), A, = e’ and ¢, ¢, are numerical constanis.

Proof. First of all, it is easy to verify that (3.18) holds for

X << exp 4y (log 4,)m*). 8o, we may assume that
X 2 exp(dy, (log 4,) m?).
#+3 and X" i< X" We put

Y = [leﬁ:l '

Notiee that m >

My = 3m,

P O = [5% 3+ T’-‘-’@i‘i—-}u +1].

Then
i J r b
: 1 - |
S,I & e Y esz(al,...,u“}i 19F®
] Y2 | ; T
. : ﬂ(uzﬁa =1 y=1 I
{€]5m0es uﬂ)e}!i'2 Y\ - .

Now, since by Lemuns 4 [Nsr{a){ > A} for X > 1 by Taylor’s expansion
with Lagrange’s remainder, we goh

1

Y a3
ﬂ:{at(ﬂ
AR N o

{319 [Sti iSaii +3X2!’3, -

icm
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where .
T F : &
g v V2 Ity Imn.a: eytty _ 1 &*F
a; ) r Ay =g T
' r=1 3,:{ k! dﬁ:f
mplag +1) o
e : . 3 gl
We divide the sum in (3.19) into at most 4, * SIS
S = S-‘ 180—]
el 13
_:i-"a,\t‘i

(Afyens an)sK“ \K‘

aceording to Lemma 7 in such a way that for each of them for m, =1, 2, ...

I gy
.., g there exists M: m,+1 < M < m+n such thaH Sl

i

ratigfies

(3.9 and (3.11) in every point of the interval (4, A"
By Holder’s inequality we have

¥
. . —1 Ea B ERACT & SR o P "m :i.‘: )
A e M B
Tl Wyy-.eablap
where
- ko E__ gk k
Ve=¥+ T — Yoy — — ¥
and ¥, ..., ¥ run through rational integers 1,..., ¥.

Applying . Holder’s inequality again, we geb

8 e < yortr-1) 2 AY em(.ﬁrﬂm-;—...+.4mﬁr'manD)

agi = e

. Tloeeesialy Yiremalfah

where '
Wi = 2 e —af g —. -—.r,b

and, 2y, ..., &y run through ratlonal integers 1,..., ¥. So- -V and W, run

through ra,tmnfﬂ integers &, snch that

|£sl < b.Ysﬂ

By the eorcﬂlamv of Lemma 10 the number of solutions of the system

§ =1,..., .

Wy = &,y Wy, = &y, 18 not greater than U (see (3.13)). Hence
ﬂ!u
(3.20) 18, < oo [ [,
s=1
where

o

y P

N gl
s
Jrrgl <BFS " |Egl<tb1™8

It i8 obvious that ] )
: @ 1

i szﬁs"’s‘fs L < min {’r Y—s, 3«"‘1——},

’ lfs[<b]rs ""( 8773)
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where {z) Indicates fhe distance between 2 and the nearest integer.
' For ¢ = [m+1] since |4 7, <_—é- we have evidently (A 7.} = (4,9,
and
1 +
g 3T
H, < T*X° :
Hence
g 1 a5

Ll m
H | < Y™t 1000

|

=1

Now, from {3.20) and (3.15), we geb

19,1 < 7 (B0m) S e Ing e
T
and finally by (3.18)

!
1#

18, < 4X esn‘*m.:'

Lieava 12, If

n--2 logt
ml_[ll n log_X]"

(3.21) 1< X< AT A, — exp({—4n3|d]?), > exp (n°|4]3¢,)

then

) a<a;<a’
IR <

where Ay = exp(c,n?1A4]2), A1, = 0’

This lemma is & simple eorollary of Lemmas 9 and 11,

. _ 1
Leywa 13 (compare [4], Lemma 9). In the region o3 1 — w1
t=1, § = o4-it of the complex plane, we have the estimate
(3.23) | ety — D Fm)m™|< exp(e,n'|4]2),
1<’Ml<i“+1

where ¢, is purely numerical constant.

The method of the proof of (3. 23) is standard and therefors the
proof of Lemima 13 will be dropped. We mention only that it needs refine-
ments with respect to n and A of a series of Landaw’s classical results
([5], th. 203, 210). These refinements can simply be obtained by the use
of Lemms:s and 3. :
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LEyora 14 (see [14], p. 185). In the region —1 < o<
of the complex plane, we have the estimate

(3.24) s —1)Crls) < (It +1)", 5 = g+t
where '

2, —co<<ix

A = GLAM, A4y, = gﬂ'-‘-?
and ¢y i8 @ pure numerical constand.
- LEMMA 15 (compare {4], Lemma 10). In the region

. 1 /loglogty® '
(3.23) 0z oy =1 —— (Eﬂg— , iz 1,
() logt

of the compler plane, we have the estimote

(3.26) - » Kx(8) < A logt

where Ay == explen® |42 and cw,cu are numerical constants.
Proof. Denote

B, =K% where i, = exp log‘sf(loglogt) B (see (2.5)).
1

Owing to (2. 1} (2. 4) and (3. ‘73) we get in the regmn o=l— PRE i>1
B
the estimabe R
(8:27)  [Cx()] < exp(eynt[A}2) = L4772 ‘7‘ > Na(w
: i= 1 {ay- u“)d\.u '
o<i:w(uaq<\n AR+l
'0
In ‘1 ’ . ’ . Hs'l
220 Y Ny
_):;-I =1 ((I] au)eKz\.K —i

’\.r(u) wa e

where q; is an ideal belongmn' to the inverse class C7Yy Na; < (A" a.nd A
i the chss-numbel ‘For b we have the estimate

B 1A+ (see 117, p. 160).

By Lemma 4, ;s 3logt, : o
We. estimate the first sun in (3.27) using Tandan’s theorem (see [5],

th. 208}, We get simply

LY el

< z P{EYE ™0 < exp(ean®iA]2) logt.

(71y5-- -ty Ky o ]
1 | Nig{z) |« \ﬂjin +1

We estimate the remaining sums of {3.27) 'bpplvmg Lemnm 12 with
X =27",. We obtain :
I Fela)r|< oxplognt1 1)
(al,..i,an)eK\B . .
<] Vr(a}}< Ny N&‘*‘H

3 — Acta Arithmetica XXXIV,2
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and finally owing to (3.27) we get (3.26) for o = g, and # 2 exp(e,n® 113,
For 1.1 <t< explen’ 4}3), o= g, we oblain by Lemma 14

1 (8)] << exp (e, [A]2).

LEMna 16 (see [10], p. 435, thd.d). If F(s) is a Sunetion regular in

' : F(s) |
the cirele '8 —s,| < r and satisfying the inequality ll F((s )} l < M in this
- 0
eirele, then
F 4 1
2 —Re <— logM —Re m——
(3.28) ‘—Re = (s) <— log %80*9,

where o runs through the zeros of B (s) such that {g— 8| < 1r (a zero of order
m being counted m times).

4. Proof of the theorem. Let f1-4r be a zero of p(s) such that
¥ 1.5 and A > 0. Denote

{loglog{2z +1)}*" (%)
= 5 [#]
o log™? (27 4+1) ’ re*nt | A3loglog {27 +1)

(1) #(o)

and let 8, = a,--i7, 85 = a+i2%.

Consider the circles |s—s, <7 () and |s-so| < 7(r). Both eircles
lie in the region (3.25). :

For ¢ > 1 we have by (3.24)

1
{x(s)

1< biel0) < ——— e} | APR.

g-—1

Henee, by Lemma 15 for s —s,| < r(z) and 18 —8o0 L (1), we get

Lg(5)

L (80)
Lx(s)

Lx (S0}

< d exp ('315'”"3 [41®)log*{27+1),

(4.2)

< d*exp(e,nf | 4]%)log? (22 +1),

where ¢, is & numerical constant independent on ¢
Consider the third eircde |s — ap| << £. In this circle by (3.24) we have

(6—Uigls) | I
m!< ¢ exp(clﬁnzidnlogz_(%: $1).
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[+14

Applying Lemma 16 we have for g > ay—3r(z) the estimaies

wt

—Re :—I; (85) << (€1- +0.1¢,,¢%) 2 1 4 Plog™® (27 1) {loglog (27 ~1)}'°,

of

(4.3)  —Re 22 (8,) << (6 + 016,01 [ A2log™ (27 < 1) %

-

=R

= {loglog(2¢+1)}'7 — _
oy —f

b4

+ et 10 Tog et log?? (2T +1) %
% {log log (27 +1)}'7,

€)1, €5 are numerical constants independent on .
Now from the well-known inequality for o> 1

L) =t

l
’x

—3-2E (g —4ReE—K(-a+'£t) —Re=E (¢+2it) =2 0,
{x {x
- ) : ® 10ey, :
putting 1 = = and ¢ = ay, we have by (4.3) fore > |——
€1
(4.4) '
+ (€49 -+ 0.8, 67) 021 | AP log™ (2v +1) floglog (27 +1) 1 — =0

ay—1 ag—f

where ¢, does not depend on ¢*.
Hence

1
o0 w1 | APlog™ (27 +1) {loglog (2 +1)P7

5 1 '
(629 -+ 0.950,5¢" ) n™ | 4[310g¥* (2 +1) {loglog (27 +1)}'* )

B<1+

. S 200,
Sinee we can put ¢ > Hc 2 we get
¥ 10

g2t 41310g*? (27 +1) {loglog (27 + 1)} )

B~

It B<< ag—3r(z) we get. a similar result. Tt means that the pmof
of (1.3) is complete. o
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Sur la dimension diophantienne des corps p-adiques
par

v TErTANIAN (Toulouse)

1. La nstien de dimension diophantienne. Sofent 4 un annesu intégre
ot p un élément de A[X;],;, nous dirons que p ost anisotrope, ou ani-
sotrope sur 4, si I est fini, s » est sans terme constant et 8i le seul zéro
de p dans A est le zéro hanal; sous ees hypothéses, si p est de degré 4 > 1
on appelle ordre de p le nombre logym, olt # est le*nombre des inddéter-
niinées de p. Soit K un eorps commutatif, on appelle dimension diophan-
tienne de & et on note dd (A} la borne supérienre, finie on non, des ordres
des pelyndmes a coefficierts dans K, de degrds strictement supérienrs
4 un, homogénes et anisotropes.

Nous nows proposons de moutrer gue, si K egt une extension finie

- du corps des nombres p-adiques, on 2 AA{K) = 3. Nous généraliserons

ainsi e résultat que J. Browkin avait obtemm dans le cas dw corps des
nombres p-adiques; powr cela, nous nous servons, outre leg travanx -déja
cités de Browkin [1], d*une idée que nous avons remarquée dans des
travaux non publiés de S . Schanuel.

2. Le polyndme de Browkin-Schammel. Rappelons et précisons quel-
ques . définitions de Browkin [1]. On désigne par  un nombre premier
et par r un entier = 0. On suppose 7 == 3 lorsque p vaut 2. On a p" = 2r +1
et on note # la partie enticre de p”f(zr +1). Pour i entier compris entre 1
et r-+1, on note «; le nombre .

g1 frFi—1Y {2r 13
(=1¥ ( i-1 )(r+£)'

Si sl,. -, 8; sont decs entiers > 0 et Xl, ceey A des mdetclmmees, on
) e g )
note d(s], ooy &) Popératenr BX'gi...dXs . Pour & cntier tel que
1< kg n, on définit les éléments w, ef (p;b de Z[X,, ..., X,] par:
r+1
TO’: X})r (rﬂ)(h 1) Xr-H
P == Z ’P_A-(Xil: ey Xik)-

l<i1<...<ik‘;{n



