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A note on the sum of sets of m-tuples

by

M L._ Daxry (Porfland, Ore.) and M. I. Livivesron (Edwardsville, 11L)

For m a natural number, let J™ be the set of m-tuples. of nonmegative

‘integers, The element of J™ having each coordinate equal to zero iy rep-
regented by 0. For 2 = (2, 2, ..

o Zy) in J%, define

IB = {(m17$27 "'rmm)E Oéw«ngl for 1 ﬁl,z, ey C')’b}.

Addition of elements of J™, as well as subtraction of elements of I, from 2,
is done coordinatewise. When A;,4,,..., 4, are subsets of J™, let

Y . X : .
{ 2 a; a; € 4;} be their sum and denote it by 2 4;. When A is a subset

of J " and z € J7, let 4 (#) be the eardinality of the get (A I )~{0}. With

the Cartesian ploduet of % copies of the power set of J™ denoted by PE,

for each natural number %= 2 define the function f, on the nonzero
elements. of z of J” as follows:

it )
file) = max| Y 4y(e)] (4, dg, .0.; A} € P50 € nA”«. G S‘A
i=1 . i 1

When. % is a natural number Erdés and Scherk [L] have shown that

feln) =Enj2 —k/2 if » is odd and

En ["—L—,—l < fr(n) < knf2 — k{2

if # is even. We evaluate fuln) when # is even a-nd extend the result to

the wm-dimensional space J™.

THEOREM. Let 2z ed™ 2 # 0, and let n be the mr(lmahty of I.~{0}.
For each aotural number k> 2,

kn j2 — 2

knj2 —k +1

’bf n 48 odd,
if n is even.

' fk(z) =

Proof. Let s = — (214 Zay ores ~,,b), 2z #0, be an element ot J™ for which
1s the earc‘unfmhtv of I~ {01 Tt &3 2.
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“e first defermine an upper bound for fk( . Let 4, 4,, ..., 4,
be subsets of J™ satisfying 0 e ﬂ A; and z¢ Y T’A It A.(2) <nf2 for

i=1 i== l
i =1,2,..., k then we immediately obtain

L En—1y2 if »is odd,
2_{41(3 g 0 0y i 7
= E(n2-—1) if » Iz even.
Next consider the cagé when A4,(z) > »/2 for some 4, 1<<i< k, and
let t = max{d;(2)] ¢ =1,2,...,k}. Let j be such that A;(z) =1t If

zed;nl,, v #0,and & # 2 then 2—r¢d,;, z——meIZﬁ-)Ai, g—w # 0,
and z—2 #£2 {0 =1,2, ..,k ¢ £j) Also, s ¢ 4; bub 2 e I ~A4; (i =1,
2y ...y k). It follows that '

(Lom A (2) > Ay +1 = t+1 (0 =1,2,..,K; 4 #3).
Hence,
A =a—(I~A) R < n—(t41) (t=1,2,.... %k 1% £,

and

k
M ae) <+ h—1) (r—1—1) = 2~} +(k—1) (n-1).

=1
However, the function o defined on the set of real numbers by
aly) = 2 —k)y-+(h—1) (n-1)

is decreasing since o {y) = 2—Fk < 0. Since { > nj2, then_
. .
Ma)<a)<an2) =knf2—k+1.

From the preceding considerations we have

)2 k2 if » is odd,
kn[b—k—zl it » is even.

fil®) <

That equality holds will next be esta.bhshed by exhlbltmg subsets By,
.3 By, of J™ for which 0 & ("} B, =z ¢2BZ, and S‘B (z) is equal to

i=1

the upper bound of f, (2} just obtained.
m :
If n is odd, then n+1 = [J(2,+1) is even; consequently, 2, is odd

i=1

for some v, Lgv<cm. For ¢ =1,2,...,k define

B; = {{m, 3y, ..., 2,) 0oy <z for 1<) < , § =,
' and (zt+1)/2<m < 2, O @, —0}
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5
Lo
d=1

E i
Y'Bi(e) = k({;n(zt—w‘-l)—l) — Fnf2 k2.
=1

Next assume # is even; hence, z; is even for ¢ = 1,2, ..., m. Let
4 =10 >0 and 1<<i<m} and % =min{i] ¢ e d}. For i e 4, define
Dy = {(wy, @ay .., 2} @ = 2,2 for j < i,
%2 <57, and 0 <oy < 5 for § > 1),
Set O, = Dy~{} and ¢, =D, for i e 4 and § + .
I @ == (@4, s, ..., 3,) and o0, then ;> 2/2 and so g 0; for
j > 4. Hence,

(UAG (2) = D Cife) j %/2 (H (zt—}-l)) +2,/2—1 =n/2—1.
ie ied =1 =1
Define "
B, = f.Uch.)u{o, (2002, ...y 2, 2)}
and "

:(J_L-;IOI')U{O} for "’:=-2:3:'”5k-

O i<j, = (01, By .0y ), Y= (Y1s Y2y <3 Ym)s -’L'L—‘.G,;, and yeo
then u; > /2 and ¥, = z]2 Thus x, +y,>z It follows that z¢Z‘B
{aml
Furthermore, Z‘BI = k(n/2—1)+1.
i=1
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