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4. Proof of Lenmnas A and B. We shall use the following formulne:

YL E ¥, K
(1) NG B g, #l K
e logm ;  Hog®t loge
{4 1 G{m) Ty FLI ey I
wy N e = T ) M ) I R
T
T w plf2
= [f{p, K)-}-0 (Jog.r &z )
From Lemma 9 and Lemma 8 for s = 1/4(", it follows that
- | log*r)
(4.3) Vie, B) =2+ 0lrexp| — 0y — .y )
for 1< 1A] < log%a, 1< n < 0, o082
ol idlslog 10g3 @z

Hence owing to (4.1)

L . 2
(4.4) PN 0(r exp(_ ., log’ ))

L logm ni?
mea

Combining (4.2) and (-14, We ~get Lemma A. Similarly, the proof of
Lemma B follows.
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1. Introduction. The object of this paper is to prove some theoreins
of which two typical ones are as follows.

TEEOREM 1. Lét y+iy, be any zero of :(s) with 8, > % and yy 2= 100,
With every positive constant A not exceeding % and every comples number
L+iu (u real) let Dy(1-+iu) denote the diso 1 +ip—s[ << . Then there
exist effective positive absolute constants ¢y, Oy, 5, €, {(depending only on 1)
such that for all Y satisfying C,loglogy, < ¥ < Op(l— Bo) " there holds

Ee-”*"*’ > 03(1’(1—~f5’o))""1—-~

where ¢ = f 14y runs over all the zeros of {(s),which lie in D, (1L tiy,) and
Dy (L +2dy,).

Remark. Since we let 0y, €y, ..., 0y depend on A, in Theorems 1, 2
the upper bounds like ¥ < 0h(1—g,)"! are plainly UNNecessary. But
we have retained them only for trivial reasons. However, we have good
reagsons to rebain it in Theorem 3 which we state at the end of the ‘paper.

TraeoreMm 2. Let f, -+iy, rmd Ba+iys be fwo zeros of C(s) with f, > 1,
Pazz 3, 100 < py < e < 2y, W08y —oy (1070 d5 wmsmportant and can
be replaced by smaller positive eonstant as well). Then there exist effective
positive absolule constants Uy, C, (7, Oy and €, (depending only on 1) such
that for all X satisfying :

Usloglogy, < T << ¢y min{(1 — 8,7, {1 —8y) Y
and all vy, v, satisfying o ' :
ve—v1 < exp(0;(loglogy,)” (logloglogy;) )
there holds '
D TP s O Y min (L — )7 (1-£,)77) — Gy,

whe;e ¢ = B-Hiy runs over ‘all the zeros of C(s) which Tie in D, Ly} and '
D;(l +'3"}"9)
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The earlier works in this direction is due fo N. Levingon and later
to H. L. Montgomery and for the history of these works we refer the
reader to the thesis [1] (the chapter relevant fo our paper is 11) of Mont-
gomery, which is perhaps the most valuable work on these and related
topies. We make some brief comments. The methods of Levinson and
Montgomery were completely different and their results also appeared
to be slightly different from cach other. While Levinson roughly proved
that D, (1--ipe) and D,(1 -+ 2iy,) together contain at least two zeros,
Montgomery proved that ‘in an average sense’ the same region contains
‘many more zeros’. This work of Montgomery provided a novel a-ltern&tixfe
approach to establishing the zeros free regions of I, M. Vinogradov still
depending {like other approaches) on the deep estimates of Vinogradov
for |£(s)]. In his thesis Montgomery proposes the problem of proving
‘a good lower bound for the zeros in the union of Dy (14 dy,) and D;(1-+ 2iy,)
instead of his lower hound ‘n the average sense’. This problem of Mont-
gomery is solved in the present werk (Theorem 1 golves the problem
and like Montgomery’s resulf gives the zevo free region (') of Vinogradov)
which may be looked upon as a econt’nraticn of the ideas of Montgomery.
However, in this paper there are sonme other important ideas like

. o0
o 2'(s) _ s +ia) bi;'(sm-‘za) _ \1 J.(Z"u)_ 1 e
o(8) L{s-ia) C(s—1o) )

=1
whieh conpled with inequalities like
EE L R T R i
(in fact 10® and 3 can both be rep.lae.ed by 4) and
‘ TOP( (L~ n™a P (L w2 1 4.—72,"(“1_“5)i2 =3

are respongible for proving Theorems L and 2 respectively. These last
inequalities may be generalized as follows: ‘ ‘

B
B . iy 2 P42 [+]
) I - g R
Chg ) L gL P 2 s
k=1 - .

where 4 is & linear eombination ¥ g, «;, with integer coefficients a, such

: k=1
that 3'[ay| is 2 bounded even integer and ¢, depends onty on this bound.
(This inequality ean alzo be generalized in a useful way when a; are rational
and satisfy some conditions.) Tt is possible that these ideas may play
some unexpeeted role in the future development of this subjeet. (In all
these statements «, ay, s, ..., a5 arve veal) It must be mentioned that

{) See the Appendix at the end.

icm
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Theorem 2 depends on the zero free region of Vinogradov. We end this
paragraph with the remarks that these ideas lead to a quick and easy
proof that L(1--42 x) (¢ == 0 if  is real) is different from zero and that
the investigations of this paper go through for L-series considerably.
‘We have only to note that :

o '(s) N L’(3+iasx) L’(S*'iaz-i)
T sy L(stia,y)  L(s—ia, 7)
e Aln . A
= A4 g MG ).
=1 fie=l

It is a pleasurs to record here my warmest thanks to my colleapue
Shri R. Balasubramanian who shared much of my thoughts on the subject
and cheeked this manuscript carefully.

2. Proof of Theorem 1. We give a sketch of the proof of Theorem 1
and leave the proof of Theorem 2, which is analogous, to the reader,
Algo in this seetion ¢ will denote a real number exeeeding 1 and a a real
namber exceeding 100 and W will denote a complex variable. The rest
of the notation is the same as already explained with these differences.
We will denote by 8, ia a fixed zero of L(W) with 8,2 1/2, a> 100
and €y, C,, 0y, ... and the O-constants which are effeciive positive con-
stants (not to be confused with the constants of the introduction). These
constants are absolute numerical constants with the exeeption of
and €y, whieh depend on A and only on i

The following lemmas lead to the proof.

Leyvmra 1. Let

7(8) = ()< (s — i) (s Lia) ()2 (s — 2da (s +24a)} {(s))
Then
IACNERNEN
L

W
=1 .

=

where b, are non-negative real numbers.
Toana 2. For X 221, we have, by writing F(s) = ¢'(s) e (s),
1 Wy S % 2)
1 cid T no_ e
where the line of iniegration is ReW = 2,

Moving the line of integration to ReW = -2 4-1/100 and assuming
that I« ¢<{1 41/100 we have '
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Levna 3. If 1L <& S 14-1/100, then

d Y] : loga
\ ”) —2-10°%, + 25, — 35, + 0| X4+

1 1—exp| — (_X 10°2, +25, =+ 0 oy
= - .

where

s

)vpéﬂ%gﬁy

e

o .
Z, = Re(wxl"sf‘(

5, = ~X1—sr(12 S),
and, &y is the same as X with a replaced by %a. Here g = B +1iy runs over
the zeros of [{W) with positive reol part. (In fulure the same convention
will be in force. Also the restriction of the sums o zeros which satisfy some
conditions will be indicated below the swinmation symbol or ewplaimed af
appropriate places.)

We now write g, = fp--ia and

- N —8 — 2
z@mfrﬂwkiﬁ}r myw*w( lﬂ

2
eFeog -~

and we sec that Lemma 3 gives
LeyMa 4. Let 1< s < 1+1/100, X = (loga)®™. Then

0@2-10*( XHP(IQ )¢Xﬂu—sr(ﬁ° ))+x“sr(_1_2ﬁ)+

+2-108%, + 2%, + 0(X9).

We now impose some further conditions on s and X so as to satisfy

2-108(_3:1—8p(3_)J..Xﬂrsp(ﬁn ))P{l QP( S)Q%Xl_sr(l——s)'

2

This requires

11—
4(4-10*3—1)1’(- ~

8

8) 4108;@%-21*(5" )\0,

ie.

Bo— &\ 7} 4-10°8
1-5 el ——
X nf( )( ( 2 )) < 4-10° -1

To satisfy this it suffices to impose the conditions
logX < Oy(1—Bg)7",  s<P+0, and (5 Bo) ( <0

where 0; and (I, are small positive constants and U, i3 & constant which
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is greater than 1 but close enough to it. The third condifion can be sat-
isfied by requiring that s> 1+ 0 {1~ Bg) where C, is a sufficiently large
constant. To satisfy conditions already imposed on s we have to requirs
that 1--8, shail be small. Collectmg these observations we state

LEnra 5. Let 13041 —8,) < 8 < fo--Cy where C, is a eertain l’m&?;
constant and Cﬂ, s a ce;tam small posztwe eonstant. Let 80logloga < logX
L (L Bo)™" where €y is a ceriain small constant. Then

XI“G 2 3 I—2

Our next lemma is essenfially due to Montgomery.
LeMs 6. We have

i . —8—i
1:919—6—1“P(5m~3—3) < 0, I log X

where O5 48 a4 cerfain positive constant.
Proof. Let a denote the complex number g—§—ic. Observe that
the real part of a lies hetween —3/2 and zero and write
@ ' 2 2 2
X“I"(—) = I"(I"(—al) b (YO XSy LT x-S
2 o2 @ @ @ :
The first two terms on the right are 0(X**logX) and the real part of

the last term is negative. These remarks complete the proof of Lemma 6.
We next write

\ |
N fo—8—ia :
‘,..4—-RE‘\ ln sﬂm}( 5 ) ::26+27
azay v
where X is the same as I, with the sum restricted to zeros in Dy (1 +ia)
and Y, is. the remaining portion of the sum., We also split up

— s

o g— 8 — S \
2.= Re ,S._Xg"s_"“F{—g——) = ES’”;' EB
s 2

. where Xy is the same as ¥; with the sum restricied to zeros in Dy (1= 2ia)

and Y, i the remaining portion of the sam. By Lemmas 5 and 6 we have
Leants 7. Let D denote the union of D,{1-1a) and D,(1-2ia). Write

Y’ Xﬁ—

—’10 - —‘10( )
where the sum is over all the zeros in D. Then for some lm ge constants (
and Gy, we have,

. 1 '
0< Xl‘s(— Tos=1) © Cﬂlongm(X)mz—G,) +2-108%, 42X,
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provided 1 -+ 0’4(1 —B) <8 By and
80logloga < log X < O, (1—8,)~
We next write
X = 6I’+ul+u2+...+um
where Y is fixed to be large, m is fixed to be the integral part of T and
finally w,, ..., %, arve variables subject to 0 < u, < G’a F=1,2,...,m)
where 'y is a constant to be chosen later. Writing X, = % and X, = ¢(CetDE
we have to sce that all the numbers X in between thege 5a1usfy our re-

gquirements, i.e.
80logloge < ¥ € O (Cy+ 1) 11 — By %

We note that (¥,(X)) log X does not exceed (Z,(X)}(Cs-+1) Y. Trivially
If- J (2-10°Z, 125, du, ... du,

v :)mxﬁ— . Y’ gm xi—s |
=0 L — .
e-isgalzi | — 8 —1ia] ie—i—2ia|»1 g — 8 — 2ia|"H!

~0 ((—j—) “ floga) X},—E) .

Now we are going to show that

T
1 Cel 21 (X C,-VY -+, 2 —mmm—.,
1 s( Wl X)) (Ce+1) T + " 2005 —1)
If this iz falge then we have
1
0 X% — | L 2.10° 3, 425
! ( 200(8»»—1)) i -

Integrating this with respect to u,, ..., ,, we have
Xl SC)R .

@) 0S ~ o]

i.e.

2 m1
+ Op{IOE ) ( 2 ) X,

{m+ 1)

X\t 7
(X:) (200(3—1)}“1 \<~ Cy(loga) ( /C""" )

Tt is plain that the right-hand side is less than Cy(loga)™ if we set C,
= 400477 Now

‘1’ &—1
( ;5“_'0) = ¢~ Ca¥6-1) > o % 10
1

provided the maximun value of ¥ does not exeeed Crols—1)"Y. We
have not yet fixed s. So far we had to satisfy only o

1+0,(1—8) <o ﬁu+Gz:
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but we now fix & =1-+-0,(1~3,) and insist that ¥ << 000 1 —F07%
Putting €y, = €0 (s+1)"" we see that this condition on Y is anto-
matically satisfied if our earlier inequality for ¥ is satisfied.

These remarks prove that for all zeros g, = f,+—ia with

. i 5 '
Cylloga)™ < zao—e"fsf-m, Le.  loga > 400 C5lexp(0,Cy),

(note that the last inequality implies the last but one), the inequality (2)

can not hold. Hence under this condition on a we must have (1) and so

0ot T T cm) (O 1)

i D Y18 .
provided 80Jogloga < ¥ < {Ce+ 1)y ({1 — 37 with (; = 400i~". Here
Oy and €, are positive numerical constants. We end with the remark
that it is possible to prove glightly more viz.

THROREM 3. Let B,+ia be a zero of J{(W) with fo= L and o> 100.

Then theve exist effective positive numerieal constanis €.y, Oy, Oy and Oy,
such that if 1 is a variable satisfying

Cullogloga) (1 -8 <13

then with ﬂw sondition 80logloge << ¥ <L O A{L—3)"" on Y, there holds

) t"y(l_ﬁ) = ( ; - 016)’1:
L]

where the sum on the left extends over the weros ¢ = f-Liy in the wnion of
Dy(1+ia) end Dy(1 4 2ia).

Appendix (added 13. 10. 1976)

Instead of altering the main contents of this paper we now amplify
a certain remark (concerning the deduction of zero free regions) mentioned
in the introduetion. This is desirable hecause Theorem 1 assnmes a slightly
improved nice form. With each D;(14-iu) associate the sum

Sl,y = E é(V} (.6, R)F_Y(Iﬁm
3 ' i
where p = f+4y runs over all the zeros of ({s) In DI,(1+iu) and
oy, m, A) is equal to 1 if lp—p < 1/Y and ¥ %y — |~ otherwise, Then
in the deduction of Theorem 1 from Lemma 7 we. write

X = 6}"+ul+...~}-um+um+1
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WHEre oy, ... i, are as before and 0 <Cu, ., < ¥. Arguing asx in the de-
duction of Theorem 1 frem Lemma 7 we can prove

THEOREM 1-A. Let §,-1-iy, be @ zero of C(s}. Then there exisi effective
positive constants F,, B, B, and T, depending only on A such that if v, = ¥,
Y = F,loglogy,, then

S;;ﬂﬂ—j-bl_g:.n > m - B,

Next we can break up the sum over o in 8§, ., into subsums consisting
of zeros o with #/¥ < iy —vl < (n4+1)/Y where # = =0,1,2,3,... and
estimate the subsums for any fixed » and add these subsms together.
We treat 8., similarly. Appraising these subsnms a little we can restate
Theorem 1-A in a nicer form as follows., Let N, (r} denote the number
{counted with multiplicity) of zeros of [{s) in D.(I1-+iv). Next with
0<lis4, Y22 and T =10 let us write

APy =7z Y, V)= max JN ‘l’;j X, () ‘”du}.
Fedgra P44 |
Then we have
THEOREM 1-B. Let fy-+iy, be a zero of £{s). Then there exist effective
positive constants By, Kg, B, and Eg depending only on A such that if y, = B,
¥ = Eloglogy,, then
. _ z,
(’.\ - 2V [ . —
f /0) ]“( fﬂ) Y(J-*ﬁu)
This (with Jensen's theorem for example) leads at once to the zero
iree regioms.

— B,
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Uber Hasses \erallgememerung
~des Sy racuse-Algorithmus (Kakuntanis Problem)

you

HErBERT MOLLER [Mimster)

1. Einleitung. Ist ¥, := {n € N'; 2tn} und §: N;-N5, 2 s (30.+1)/2°
mit eindeutig bestimmtem a = a(2) e N, 80 heiBit die Folge der iberierten
Funktionen (Sk);}exo Syracuse- Algorithmus, weil ein Mitglied der Uni-
versitit Syracuse (USA) die folgende merkwiirdige Eigenschaft dieses
Algorithmus (wieder-} entdeckte: Welche » € N, er anch probierfe, die
Folge (S (n)}h\v war immer periodisch mit der Periode 1. Die Vermutung,
dall dieses fir d,]le n € N, gilt, ist bis heute unbewiesen, aber mindestens
tir w < 2% richtig (Fraenkel). ‘

Obwobkl dieses Problem, das eine Reihe von verschiedenen Namen
trigt (z.B. Kakutani-Problem, Collatz-Problem), von vielen Mathe-
mafikexn untersncht wurde, ist his heute nur sehr wenig dariiber bekannt: (1).

Die {folgende weitgehende Verallgemeinerung des Syracuse-Algo-
rithmus stammt von H. Hasse, der auch erkannte, daB die entsprechenden
Periodizitdtsprobleme mit gewissen Refhenentwicklungen in den (Hen-
selschen} d-adischen Vervollstindignmgen des Ringes der ganzrationalen
Zahlen zusammenhingen.

Sei {(m,d) e N* mit 42 und ggTim, d) =1, Ny:={necZ; dfn}
sowie B, ein vollstdndiges Restsystem modulo & ohne Vielfaches von d.
Dann gibt es zu jedem x £ ¥; genau ein Paar (r, o) € By x N, so daf
(mac — r)jd* € Ny gilt. Damit ist eine Abbildung B = Him, d, B;): N—N,
& (me—r)/d* mit r € Ry, o € N definiert. Die Folge der iterierten Fonlk-
tionen (H*), v wit H° := id und B = HoH’”‘ (k & X,) bezeichnen wir
als Hasse- Algm TRINUS.

Wie bei dem Eakutani-Collatz Problem stells sich die Frage, fir
welche n e ¥, die Folge {H"(n}),..d\-o periodiseh ist, wenn (m, d, R;) vor-

(1) Herrn Profesacr Dr. . Hasse verdanke ich die folgender Hinweize: J. H. Con-
way stellte fest, daB Probleme dieser Art unensscheidbar sein kinnen; Riko Terras
bewies die Existenz einer ,,Velteﬂungsfunktmn die im Cnendhchen den Grengwert
Null besitzt.



