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A remark to a paper of Janas
“Toeplitz operators related to certain domains in C"”’

by
K0Z0 YABUTA (Sandai, Japan)

Abstract. We shall improve the main result by Janas [2]. He showed that the
C*-algebra generated by Toeplitz operators in strongly pseudoconvex domain D in
C" is, modulo compact operators, isometrically isomorphic with the space of all con-
tinuous functions on a set ¢ < 8D. We shall show that this set o is exactly 0D. Hence
one sees that a Toeplitz operator with continuous N XN matrix valued symbol ¢ is
a Fredholm operator if and only if dete(e) # 0 for 2 e dD.

~ In this note we remark that the assumption A (D) = P(D) posed by
Janas in [2], Theorems 2.1 and 3.1, can be removed. Let L(H) be the al-
gebra of all bounded linear operators in a complex Hilbert space H and let
A (H) be the ideal of all compact operators in H. Let D be a bounded
domain in the m-dimensional complex euclidian space C" and O(D) be
the Banach algebra of all continuons functions on D and 4 (D) the Banach
subalgebra of (D) of all fe C({D) which are holomorphic in D. Denote
by P (D) the Banach algebra of all fe C (D), which are uniformly approxi-
mated by analytic polynomials on D. Let I*(D) be the space of functions
f: D—C which are square integrable with respect to the Lebesgue measure
av in C*, and by H*(D) the space of all f € L*(D), which are holomorphie
in D. Denote by P the orthogonal projection from I*(D) onto H?(D).
Tor a ¢ e L*(dV) the Teoplitz operator T,: H*(D)-H*(D).is defined
by T,f = P(gf). Let ¢ be a (*-algebra generated by Toeplitz operators

T, (p e 0(D)). What we shall show is the following
TEmorREM. If D is o strongly pseudoconvex domain in C*, thew
G|’ (B2 (D)) is ssometrically isomorphic with C(0D), more precisely, there

emists & *-homomorphism o from % onto O(0D) such that the sequence

(0) > (H*(D)) 4> %2> 0 (8D)—>(0)

is-exact, where i denotes the inclusion map, o(T,) = ¢lp-
Proof. Janas proved this theorem under the additional assumption
A(D) = P(D). He proved that the theorem is valid if 0D is replaced by

= 0,(T, ..., T,): the joint approximate point spectrum for T, ...
y ey, He :ﬂso showed o, < 0D. Hence it is enough to show o, > 0D
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if D is strongly pseudoconvex. To show it, we first note that if f is bounded
holomorphic in D, then | T4 = ||fllw. In fact, let { € D. Then f({) € o(Ty):
the spectrum of 7}, since for any B e L(H*(D))

(T —F(2)BL = (f—f(£)} BL 1.
Hence f(D) < o(Ty) and so we have

1l = sup [f@) < sup{ial: 2eo(Lp)} < < 1 lloo

Hence the set o = {Tf feA(D)} is a commutative closed subalgebra
of L(H*(D)) which is isometrically isomorphic with 4 (D) and which
contains T,l, o, T, , and the identity operator. Therefore, by the argument
in the proof of the ‘theorem in [4], p. 240, we have for every ne ['():
the Shilov boundary for o/

(W(Tzl)’ ceey "](Tzn)) € U,,(Tzl, teey Tzn)
or equivalently for every feI'(A(D))
(*) ; (E(zl)’ tre E(zn))EGW(Tzl7"'7Tzn)'

However, it is known that I'(4(D)) = 0D if D is strongly pseudo-
convex ([1], Theorem 6.3). Hence we have 9D < ¢,, which proves the
Theorem. .

‘Remark. As the above proof shows, for every bounded domain D
in C", () is still valid for 4 (D) and also when one replaces 4 (D) by any
other closed subalgebra of H®(D): the Banach algebra of all bounded
holomorphic funetions in D, for example, P(D), B(D), or H(D): the seb

of all fe ¢ (D) which are apprommated uniformly on D by holomorphie
functions on D.
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Sobolev type inequalities for p > 0
by

ALBERTO P. CALDERON (Chicago, Ill) and
RIDGWAY SCOTT (Upton, N. Y.)*

Abstract. Sobolev type mequahhes for gen( ralized Peano derivatives with ex-
ponents p, p > 0, are obtained.

- Certain kinds of generalized Peano derivatives (see [1] and [2] and
Definition 2.2 below) have been shown to have many desirable properties
that the classical Peano derivatives lack. In this paper we continue the
study of such derivatives and establish Sobolev type inequalities between
them. The basic results here are the estimates for the distribution funetions
of the N7"(¥) in Section 5, from which the desired inequalities for exponents .
p which are merely positive follow.

1. Notation. By ,Y,2,..., we denote points in n-dimensional
Buclidean space R" The closed ball with center # and radius ¢ will be
written ag B(®, o). Given a set o, let d(w, o) =inf{lw—yl: y e S}
If o is (Lebesgue) measurable, let |o/| = [dx denote the measure of &/
(dr denotes Lebesgue measure). i

" We will deal with real or complex valued functions, and we will
refer to the corresponding field as “sealars”. The term “constant” will
be used to mean 4 positive real number. All functions are assumed to be
measurable.

For an open set 0, let (>(0) denote the linear space of functions
infinitely differentiable in 0, and let 0;°(0) be the subspace consisting
of functions with compact support. For a function F e 0*(0) and a point
red,

o1 a \%
(L.1) FO(z) = D*F(z) = ('a%:) (55;) F(a).

As usualy la| = ay+ ... +ay,.

* Work performed under the auspices of the ERDA.
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