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On local ergodic theorems for positive semigroups
; by
RYOTARO SATO (Sakado)

Abstract. For a one-parameter semigroup I' = {Tj; ¢> 0} of positive linear
operators on Iy of a o-finite measure space which is assumed to be strongly integrable
over every finite interval, the following local ergodio theorem is proved: Ifo<fel,
and [ifll; > 0 tmply supliTyflly > 0, then for any f e Iy the limii

£>0

1]

1

lim — f Tyfdt

bot0 b g

exists and is finte almost everywheré. Under the assumption that I' is locally bounded,

ie., sup [[Tfls < oo, a necessary and sufficient condition is given for the possibility
0<i<l

of completing I'to & strongly continuouns semigroup on [0, o). A local ergodic theorem
for the adjoint semigroup I'* = {T7; ¢ >0} of I" is also considered.

1. Tatroduction and theorems. Let (X, #,u) be a o-finite measure
space with positive measure g, and let L, (X) = L,(X,#, w), 1< p < oo,
denote the (complex) Banach spaces defined as usual with respest to
(X,#, p). All sets and functions introduced below are assumed to be
measurable; all relations are assumed to hold modulo sets of measure
zero. If A is a subset of X, then 1, is the indieator function of 4 and L, (4)
denotes the Banach space of all L,(X)-functions that vanish on X—A.
Algo, I (A) denotes the positive cone of L, (A) consisting of nonnegative
I, (A)-functions. A linear operator T on I, (X) is called positive it T (L3 (X))
< L} (X), and & contraction if | T, < 1. It is well known that if T is positive,
then [T}, < oo. The adjoint of T' is denoted by T

Let I' = {T,; ¢ > 0} be a one-parameter semigroup of positive linear
operators on L, (X), i.e., all the T; are positive linear operators on I, (X)
and T,Ty = T, forall ¢, t > 0. In this paper we assume that I"is strongly
integrable over every finite interval. This means that for each f e L,(X)
the vector-valued funetion ¢—T,f is integrable with respect to Lebesgue
measure on every finite interval. It then follows from Lemma VIIL.1.3 of
[4] that I" is strongly continuous on (0, oo), ie., for each feLl, (X) and
each s> 0 we have lim | T, f — T,.fl, = 0. Hence, by an approximation argu-

]

ment (¢f. [13], Section 4), we observe that for each f e I, (X) there exists
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a gealar function T,f(x), measurable with respect to the product of the
Lebesgue measurable subsets of (0, co) and &, such that, for each fixed
1> 0, T;f(x), as 2 function of x, belongs to the equivalence class of 7,f.
From this and Fubini’s theorem it now follows that there exists a subset
B(f) of X with u({B(f)) = 0, dependent on f but independent of ¢, such
that if @ ¢ E(f), then the function #—T,f(#) is integrable with respect
170 Lebesgue measure on every finite interval («, b) < (0 oo) and the mtegral

f T.f(«)dt, as a function of », belongs to the equivalence class of f T,fdt.
T is called locally bounded if sup 1T, < oo, and bounded if sup HT,I]] < oo.

t<i<oo

Next let I = {TF; ¢ > 0} denote the ad301nt semigroup of I". There-
fore, I'™ acts on L (X), and <u, Tif) = (Tu,f> for all u eI, (X),
fely(X)andt> 0. For 0 a< b < ocoand fel,(X), we let

b b
[rfa=(f T,dt)*f
Therefore,
b b b
[ TifdteLo(X) and  u, [ Tifaty ={[ Tuat,f>

for all u e L, (X). A'slight modification of the proof of Theorem 1.1 of
Lin [11] implies that for each fe L. (X) there exists a scalar function
T7f(«), measurable with respect to the product of the Lebesgue measurable
subsets of (0, co) and &, and a subset B (f) of X with u (E( f)) = 0, dependent
on f but independent of 7, such that if # ¢ B(f), then the function ¢—T7 f(z)
is integrable with respect to Lebesgue measure on overy finite interval

(@, b) = (0, oo) and the mtegra,l f Tf()d, as a function of 2, belongs
to the equivalence class of fT* fdt.

Under the additional assumpmon that all the 7, are contractions on
L, (X), Akeoglu and Chacon [1] proved that for any f e I, (X) the following
local erogodic limit

& T f T, (@)t

b—>+ 0

exists and is finite a.e. on X.-Related results in this direction have been
obtained by Krengel [7], Ornstein [13], Fong and Sucheston [5], Kubo-
kawa [8], [9], [10], Baxter and Chacon [2], McGrath [12], the author
[15], [16], and by others.

In this paper we apply Akcoglu-Chacon’s local ergodic theorem to
obtain the following results:
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THEOREM 1. Let I' = {T}; t> 0} be & one-parameler semigroup of
positive linear operators on L,(X), sirongly integrable over every finite
interval. Then the space X decomposes intd two sets P and N such that

(1) for all f e L,(N) and t > 0, we have |T,fl, =0,

(i) for all fe L (P), with ||fll;, > 0, we have sup|(T,f)1pl; > 0.

i>0

For any fe L,(X

The next theorein shows that, on N, the almost everywhere existence
of the limibt (1) need not hold in general for all f e L,(X). .

THEOREM 2. For any &> 0 there evisis a finite measure spacs (X, , u),
and & one-parameter semigroup I' = {T;; 1 > 0} of positive linear operaiors
on L,(X), strongly continuous on [0, co), such that

(i) for all t =0, we have T;1 =1 and |T,l; = 1+,

(i) u(N)> 0, where X = P+ N is the decomposition given in The-
orem 1,

(iii) for some f e L} (X), the limit (1) does not ewist a.e. on N.

TEEOREM 3. Let I' = {T); 1> 0} be & one-parameler semigroup of
positive linear operators on L, (X), strongly integrable over every finite inter-
val. Then the space X decomposes into two sets C and D such thai

(i) for all feL,(X) and t > 0, we have Tf e L,(C),

(ii) for all fe L} (C), with f> 0 a.e. on C, we have

) the limit (1) exisis and 4s finite a.e. on P.

0 = UfweX: Tyuflo)> 0}

Assume, in addition, that I' is locally bounded. Then T, converges
sirongly as t—>-0 if and only if there exists a fumotion g eLf (D) g>0
a.e. on D, and & decreasing sequence (b,) of positive reals, with limb, = 0,

n

such that the set
by, '
1 ]
{_—f Tgdt: n> 1}
b, 7 -

is weakly sequentially compact. in L (X).

THROREM 4. Let I' = {T}; t> 0} be a one-parameler semigroup of
positive linear operators on Ly (X), strongly integrable over every finite interval.
Assume that X = C in Theorem 3. Then for each fe L, (X) there exisis
a scalar function T; f (z), measurable with respect to the product of the Lebesgue
measurable subsets of (0, o) and F, such that for each fized t> 0, T f(z
as a function of , belongs to the equivalence class of T f; moreover, the folla'w~
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ing local ergodic limit
b
1 .
@) lim f T* () di
0

b—>-+0 b

exists and is finite a.e. on X,

Theorem 1 contains a local ergodic theorem of Kubokawa [8] as
a special case, since X = P for every one-parameter semigroup I' = {T;
1> 0} of positive linear operators on L,(X) which is strongly continuous
on (0, oo) and satisfies strong-lim T; = I (the identity operator). Theorem

+0 " .

3 generalizes Theorem 4.1 of Akeoglu and Chacon [1]; their argument
is due to the almost everywhere existence of the limit (1) and Leébesgue’s
convergence theorem, therefore the additional assumption that all the
T, are contractions on L,(X) cannot be weakened in the argument (cf.
Theorem 2). Theorem 4, together with Theorems 1 and 3, generalizes
Theorem 1 of Krengel [6], Theorem 7.2 of Lin [11], and 2 part of Corollary
2 of the author [14].

2. Proof of Theorem 1. Let o ={4deF: feL,(4) implies |T,fl, =0
for all ¢>> 0}. Since 4, Be o implies AUB e o, and since (X, %, u)
is & o-finite measure space, there exists a set N e of with 4 = N for all
A e o. To prove (ii), let P = X — N and let f e L} (P) be a nonzero func-
tion. By the definition of N, we have |Z;fl, > 0 for some ?> 0, there-
fore by (i), :

[ Tos (Tiuh Te)lls = 1T (Taf Yo = WTfl > 0.
To prove the remainder of the theorem we may and will assume

without loss of generality that X = P. Let a > 0 be a constant satisfying
¢ T4l < 1. Then it follows that for each feL,(X) the vector-valued

function t—e *T,f is integrable with respect to Lebesgue measure on .

(0, o0). Therefore we can define a positive linear operator B on I,{X ) by
the relation

Rff=f0"“’Tzfdt (f & L,(X)).

Let u = RB*1 e LL(X). Then for any fe Ij (X), with Ilfli >0, we have

frwy =<Bf, 1> = e T fat, 1)

eg

e—at<th; 1>dt > 07

sinee <T,f, 1) is a nonnegative nonzero continuous function on (0, o).
It follows that u > 0 a.e. on X. By a similar calculation, we have TFu < ¢%u
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for all ¢ > 0. We now define a one-paxameter semigroup 4 = {§; ¢ > 0}
of positive linear contractions on L,(X) which is strongly continuous on
(0, o) ag follows:

For t> 0 and uf e I,(X), where fe L, (X), leb

8y(uf) = 6 u(T,f).
Since
I8Nl = [ e Hu(Tf)du =)' [ e H(Tru)fau< [ ufdp
. X X X

for all f e L} (X), and since {uf: f e L,(X)} is & dense subspace of L;(X)
in the norm topology, S; may be considered to be a positive linear con-
traction on I,(X). By an approximation argument we observe that
8,8, = 8;, for all 3, ¥’ > 0, and that for each fixed f e I,(X), the mapping
t—>8,f is strongly continuous on (0, co). Therefore we may apply Akcoglu—
—Chacon’s local ergodic theorem to A to infer that for any feL,(X)
the limit

b
.1
Jm 7 [ B

exists and is finite a.e. on X. This proves that for any f e L, (X) the limit
(1) exists and is finite a.e. on X, since T,f = ¢*8,(uf)ju for all 1> 0

and lim ¢ = 1.
i->40
The proof is complete.

. Remark 1. If all the T, are coniraciions on L((X), then Ty(L,(P))
= L, (P). '

To see this, let g e Ly (P), g> 0 a.e. on P, and > 0. Define
hy = (T;9)1p and h, = (T,g)1y. Then, since I' is strongly continuous
on (0, o), we have

hy+hy = Hm T, (h,+h,) = lim Tk,
40 ]
where the second equality follows from (i) of Theorem 1. Since |T,]l; <1

for all ¢ > 0, we conclude that [k, = 0, and this completes the proof
of Remark 1.

3. Proof of Theorem 2. To prove the theorem, we give the following
example:
Let L, = L,(0, 1] (with Lebesgue measure) and let, for each 1> 0,

Sif(@) =f(lz+1]) (fely, 0<o<l),

where [w+t] =2+t if 2-+i<1 and [w+t] =0 +i—n f n<o+i<ntl.
Then it may be readily seen that 4 = {§;; ¢>> 0} is a one-parameter semi-

4 — Studia Mathematica LXIIL 1
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group of positive linear contractions on L, and strongly continuous on
[0, o). Let (a,) be a sequence of positive reals satisfying

o

Z (1/2Mloga, = oo.

n=1

a,>1 for alln, and

Choose a sequence (B,) of positive reals satisfying

DB.<1, and (1/8) D) B:< 1la, for all n.
n=1 i>n
We then define
n . oo .
By =0, dy=py &= B =028

i=1

1
and a function ¢ on (0, 1] by the relation

1<m<dn’
it d<o<1.

It is obvious that geI)+ But, an elementary calculation shows that
if we let

b
1
@) = sup = [ Sg(a)a,
o<b<1 0 ¥ .

then ¢* ¢ L,.

Therefore there exists a sequence (b,) of positive reals;
with limb,
n

= 0, such that if we let
b,
. 1
g ) = suprf 8,9 (x)dt,
n n -y
then g% ¢ L. Since
= g(@)

bu
1
hm—b——f 8;g(x)dt a.e. on (0, 1]
n n S

by Akecoglu—Chacon’s local ergodic theorem and since

4

it now follows from Theorem 4.3 of Derriennic and Lin [3] that there
exists @ sub-c-field # of the Lebesgue measurable subsets of (0,1] such
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that limE'( f 8;gdt| )(a:) does not exist a.e. on (0, 1], where for any

”
felLl, B{fi% denotes the conditional expectation of f with respect to #.
Let ¢ > 0 be an arbitrary but fixed number. For each > 0, define
an operator T; on L,(0, 1+ ¢] by the relation

Si(fLo,19) () if
B(8,(flo) | #) (f:—I) i l<o<lte.

<<,
Tif (@)

Then it is easily seen that I' = {I}; > 0} is a one-parameter semigroup

- of positive linear operators on I,(0,1+ ] and strongly continuous on

[0, o©); moreover for any t>0 we have I,1 =1 and |T,), =1+s
It is clear that P = (0,1] and X = (1,1-+¢]. Let heLf(0,1+e¢] be
such that & = g a.e. on P. Then for each n > 1 we have, a.e. on N,

by by
binaf T,k (z)dt = (bif E(S,gm)dt)(?—:}-)
- ( fS,gdt]Q)(m 1).

) dt (a;nd hence - hm = f T,h(x)dt) does not

Therefore, hm f Tt

exist a.e. on N
This completes the proof of Theorem 2.

4. Proof of Theorem 3. Let heL;(X), >0 ae. on X, and let

¢ = U{a}eX Tl,nh

n=1

) > 0}.

Then, by an approximation argument, we observe that T;k € L,(C) for
all ¢> 0, and that T,f € L;(C) for all f e L (X) and t> 0. Thus, (i) is
proved.

To prove (ii), let f e L (C), > 0 a.e. on C. Then, by (i) and an approxi-
mation argument, {#eX: Ty hiz)> 0} = {5 € X: Ty, (Tip,h) (%) > 0}
c {weX: Ty,f(z)> 0} for all n>1. Hence (ii) follows.

- To prove the remainder of the theorem, we assume that I” is locally

1
bounded. Then, letting f; = fT,fdt for any feLF(0), with f> 0 a.e.

on C, we have that hm WL, f1 ~f1]|1 = 0 and, by (i), that f, > 0 a.e. on C.
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Suppose there exists a function g e L} (D), ¢ > 0 a.e. on D, and a de-

creasing sequence (b,) of positive reals, with limb, = 0, such that the set
n

1P
{?—f Tgdt: n= 1}
o

is weakly sequentially compact in L, (X). Write h = f,+g. Then h > 0

a.e. on X, and the set
bn
1
{b_f T, hdi: n>1}
S 0

is again weakly sequentially compact in L,(X). Since the local bounded- -

ness of I” implies

sup
n

bn
1
——f T,dt|| < o0,

it follows from Lemma I1.3.30 of [4] that for all f € I, (X) the set

by,

1
{Tf Tfat: n;l}
5

is weakly sequentially compaet in I, (X).
To prove the strong convergence of T, as t—--0, let feL,(X) be

an arbitrary but fixed function. Since I' is strongly continuous on (0, oo), .

there exists a closed separable subspace H of L, (X), with f € H, such that
T,(H) = Hfor all t > 0."Let {f,: n > 1} be a countable dense subset of H.
Then, by Cantor’s dmgonal method, we can find a subsequence (¢,) of

(b,) such that weak- hm f T.f;dt exists for all the f;, i > 1. It now follows

from an a,pprommatmn argument that
. R
Weak-hm;«f T,gdt = Tog
™o

exists for all g e H. Since H is a closed subspace of L,(X), Tog € H for all
g € H. It is casily seen that, on H, T,T, = T, for all £, # > 0. Thus

= {T}; t> 0} may be considered to be & one-parameter Semigroup of
hneazr operators on H, and it may be readily seen that T,f belongs to the
norm-closure of the subspace UTt (H). Since 4 is strongly continuous

on (0, co) and locally bou_nded 1t follows that
lim [Tyf — T'ofll; = Lim | Ty(Tof) — Toflly = 0.
40 10 B

Hence T, converges strongly as t— 0.
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Conversely, suppose that 1} eonverges strongly as i—-40. Then

for any g e L,(X), strong- hm—-f T,gdt exists, therefore the condition is

obviously necessary.
The proof is complete.

5. Proof of Theorem 4. Fix & function u e L] (X), with %> 0 a.e.
on X, and let

f % Tudt (e Li (X)),

where a> 0 is a constant satisfying 6°%|T,]l;<<1. Then, by Theorem 3
we have k>0 a.e. on X. Therefore, for any £> 0 and f e L,(X, &, hdu),
we can define

8;f = A T,(fh).

Since the mapping f—fh iz a linear isometry from L,(X,#, hiu) onto
L (X,#, u), it follows that 4 = {8;; t>> 0} is & one-parameter semigroup
of positive linear operators on IL,(X,#, hdu) and strongly integrable
over every finite interval. It is easily seen that 87 = TF for all 1> 0
and that 8,1 & for all {> 0. Therefore we may and will assuome from
the first, without loss of generality, that (X, &, u) is a finite measure space
and that |7}, < 6* for all £> 0. Then, by the Riesz convexity theorem
and an approximation argument, I" may be considered to be a one-par-
ameter semigroup of bounded linear operators on L,(X) which is strongly
continuous on (0, co). Since L,(X) is a Hilbert space and the adjoint
semigroup I'* on L.(X) is weakly confinuous on {0, o), it follows that
I'* on L,(X) is strongly continmous on (0, co). Hence, again by an ap-
proximation argument, we observe that I"* is a one-parameter semigroup
of positive linear operators on L,(X) and strongly continuous on (0, o).
Moreover, ||T;ll; = T}l < 6 for all > 0 implies that I'™* on I, (X) is strong-
ly integrable over every finite interval. Therefore, for each fe L,(X)
(e I,(X)), there exists a scalar function T;f(x), measurable with respect
to the product of the Lebesgue measurable subsets of (0, o) and #,
such that for each fixed t> 0, T} f(z), as a function of z, belongs to the
equivalence class of T7f.

To prove the remainder of the theorem, we conslder the one-par-
ameter semigroup {e~®T7; t> 0} of positive linear contractions on L, (X).
Sinee this semigroup is strongly continuous on (0, o), we can apply
AXkcoglu-Chacon’s local ergodic theorem to infer that for any fe L, (X)
the limit

b
lim — f T o) @
b>t0 D 3


GUEST


54 R. Sato

exists and is finite a.e. on X, and hence the limit (2) exists and is finite
a.e. on X for all fe L (X).
The proof is complete.

6. An extension of Theorem 1. In this section we assume that
I' = {T}; t > 0} is & one-parameter semigroup of positive linear operators
on L, (X) for some fixed p, with 1 < p < oo, and strongly integrable over
every finite interval. Then, as in Section 1, for each & L,(X) there exists
a scalar function 7,f(x), measurable with respect to the produet of the
Lebesgue measurable subsets of (0, oo) and &, such that for each fixed
1> 0, T;f(#), as a funetion of », belongs to fhe equivalence class of Tf,
And there exists a subset B(f) of X with /;(E( f)) = 0, dependent on f but
independent of ¢, such that if x ¢ H(f), then the function t-T.f(z) is
integrable with respect to Lebesgue measure on every finite interval

. b

(a,b) = (0, o0) and the integral [ Tf(x)d, as & function of », belongs
. b a
to the equivalence class of [ Tfds.

a

Slightly modifying the proof of Theorem 1, we can prove the following
extension of Theorem 1:

TEEOREM 5. Let I' = {T}; t> 0} be a one-parameter semigroup of
positive lingar operators on L,(X) for some fived p, with 1< p < oo, and
strongly integrable over every fimite interval. Then the space X decomposes
into two sets P and N such that

(i) for all f& L,(N) and t> 0, we have |Tyfl, =0,

(ii) for ‘all f e L} (P), with |fll,> 0, we have supl(T,f)1zl, > 0.

>0

For any f e L,(X) the limit (1) ewists and s finite a.e. on P.

‘We note that this theorem generalizes Kubokawa’s local ergodic
theorem ([9], Theorem 1).

Remark 2. Let 1 < p < o0, and lgt I' = {T}; t > 0} be & one-parameter
semigroup of bounded linear operators on L,(X). If I' is strongly continuous
on (0, oo) and locally bounded, then T, converges strongly as t—>-0.

This follows from Lemma 1 of the author [15], since L,(X), with
1<p < oo, is a reflexive Banach space.
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