icm

ACTA ARITHMETICA
XXXV (1879)

A note on Friedlander’s paper “On the class numbers
of certain guadratic extensions” -

by

A, Mazrix (Noftingham)

1. J. B. Friedlander [1] has recenily proved the fo]loﬁri.ng

TaeorEM. Let K be an algebraic wumber field of degree » for which {z(})
= 0. Let B be a quodroatic extension of K having discriminant dy and Dede-
kind zeta function Lp(s) = Ig(s}L(s, x). Lel = > 0 be arbitrary. Then,

L1, 3) > |&x"(logldp)y",
where > indicates an effectively computable constant depending (a¥ most)

on an & and K. .

COROLLARYE. Assume in addition that K is a totally real field and that F
is a totally imaginary quadratic exiension of E. Then, if h(F) denoles the
class number of F,

h(F)y & (logldg))*=*.

In a remark at the end of [1] he suggests it should be possible to
improve the exponent of log|d;! occurring in the above results. 'We show
here that using an old method of Hecke a substantial improvement of
the above Theorem is possible, viz.

THEOREM'. Under the same assumptions of the Theorem above,
L1, )& IdF]—yé: ‘
where > indicates here (and below) an effectively computable consiont de-

pending on K af most.
COROLLARY'. Again under the same assumplions of the Corollary above,

L(F) 3 jdgl.

For the case K = Q Hecke proved that if L{s, ) # 0, for 1 —
|d I1]2 10g ldl

Togd]" A proof appears in {2]. B

Using this method we are able to prove Theorem’.

<< § < 1, then k{d) »
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2. Proofs. Let »(F), %(K) be the residues of Zp(s), {x(s) respect-
ively at ¢ = 1. Then since Z(s) = Ix(s}L(s, ¥) we have
x ()
_ #(E)
Under the assumptions of the Theorem, L{s, y) is an entire function, it
follows that if {x(3) = 0 then {x(1) = 0. We use this fact o obtain a lower

bound for «#(F), and since an upper bound for x(K) is easily got we can
prove Theorem’.

L(1, x) =

TEnMwA 1. If K is an algebraic number field of degree n > 2, then
#(E) < 22"V (1.3)" (log |dg )™ 2.
And if K is o totally real ficld, then '
%(H) < 2° Ve (L.3)" (log ldg )" L.
Proof. This is Lemma 2.1 of [4].
Levua 2. If 0p(3) = 0, then
x(F) = 2—2(ﬂ+1) Pl |dF]—1j4.

“Proof. Take s, =}, ¥ = [F:0] =2n in Lemma 3, p. 323 of [3].

Thus together Lemmas 1 and 2 give

L, ) ldg,

and under the further asgumptions of the Corollary we have from the
first part of the proof of Theorem 4.1 of [4] (see (7)) that

' B(F) |dx "
50,0 < onp HELIEL
and so :

W(EF) > I{1, z)[dgl" > |ag0".
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Existenee of an indecomposable positive quadratic form
in a given genus of rank at least 14

by

G. L. Warson (London)

0. Introduction. We shall prove the following

TrroREM. Lei f be a positive-definite quodratic form with integer
coefficients in n 2= 14 variables. Then in the genue of f there is at least one
class that éonteins no disjoint form.

There is also (for # ;= 12) at least one class that does contain a disjoint
form; see [4], pp. 75, 76, Theorem 47.

The constant 14 is best possible; to see this, we define genera each
of which consists entirely of classes that contain disjoint forms. Twelve
suitable genera may be defined by

{0.1) feaitmt .+l 2<a<1l or 0 =13,
(0.2) C feaidat . e 20, (2 =12).

In a number of papers, references to which may be found in [1], it has
been shown that

{0.3) each of (0.1), (0.2) implies f ~ {454, for some
' (n—1)-ary form b = h(@y, ..., B,)-

 Denote by ¢(f) the class-number of f, that is, the number of elasses
in the genus of f. In the counter-examples (0.1), (0.2) we have ¢(f) =1
for n< 8;2 for m = 9;10,11; 3 for » = 13; 4for » = 12. Many other
counter-examples, with n < 10 and o(f} = 1, may be found in [B]. For the
smaller values of # many examples with ¢(f)>1 could be given. TFor
example, with n = 2 and f eo}+140f = 24} 1723, we have o(f) = 2.
‘We ghall use the elassical formula, see [2], [3] for the weight of a posi-
tive genus. The weight, w(f), of the genus of f i the sum of the weights
of its constituent classes. Temporarily, let «’(f) be the sum of the weights
of the classes that contain disjoint forms; and detine W (f} as @' (f) w0 {f).
Then frivially W (f) < 1; and the theorem may be expressed as:

{0.4)  W(f) <1 for every positive-definite f in n > 14 variables:



