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On /i-regular graded algebras of characteristic »>0
by

A. Tye (Torun)

o]
Abstract. A graded commutative algebra 4 = @ 4; over a local Noetherian ring 4, with the

maximal ideal »iis called (4, ..., hy)-regular for some sequence Ry ooy Bin, i€ NU{o0}, N being positive
rational integers, if the ideal I = m@ (@ 4;) is generated by a sequence of homogeneous elements
i>0

Uy ooy tpsuch that (g, oo, tke1): () = (g, .., iy, nﬁk_l), k =1, ..., n, where /g is the minimum
of integers m> 0 such that u;;' = 0 (if u}é’ # 0 for all , then we put /i = oo and assume that g~ = 0).
The paper concerns (hy, ..., fi,)-regular graded algebras of characteristic p, where p is a prime.
A criterion of (phy, ..., phy)-regularity of a graded algebra A of finite type over A, is proved and then
some applications of that criterion to the investigation of the local structure of I-Iopf algebras over
a perfect field of characteristic p>0 is given.

2]
Introduction. Let R be a commutative ring with identity and let 4 = @ 4, be
i=0

a commutative graded R-algebra such that 4, = R. A sequence u;, ..., %, of hom-
ogeneous elements of 4 is called h-regular in Aif (g, .., u) #Adand Wy, ., 4y

() = (uyy ooy ey, ult™4), k ,n, where h, = h(y) is the minimum of
integers m>0 such that uy = 0 (1f u % 0 for all m, then we put h, = co and
ug =uy ! =0). A homogeneous ideal J in 4 is called (hy, ..., A,)-regular, for

a given sequence Ay, ..., h,, h,e N® (1), if there exists an /- regular (in 4) sequence
Uys oy thy Such that J = (uy,...,u,) and h(u) = h, for i =1, ..,n. The graded
R-algebra 4 is said to be (5, ..., h,)-regular if R is a local Noetherian ring and the
unique homogeneous maximal ideal of 4 is (&, ..., h,)-regular, The R-algebra 4 is
said to be h-regular if it is (hy, ..., h,)-regular for some sequence /1y, ..., hy,, iy & N*.
The ring R is called (hy, ..., &,)-regular (h-regular) if the graded R-algebra A=A,=
is (hy, ..., h,)-tegular (h-regular) (*).

Let p be a fixed prime. The present paper concerns /-regular graded algebras 4
of characteristic p (i.e. such that p4 = 0) and contains as the main result the following

() N denotes the set of all positive integers, N® = N u {oo}.
(*) The definition of an /-regular sequenc;a&-x&ell as the definition of A-regular graded algebra
come from [7].
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THEOREM. Suppose that R is a commutative local Noetherian ring of charac-
teristic p with the maximal ideal m and that J is a homogeneous ideal in a commutative

graded R-dlgebra A = @ A, satisfying the following conditions:
i=0

\
() J® = {*;xeJ} is an (I, ..., L)-regular ideal in the graded algebra

AP) = (a®; a e A}, where n = dimg,(J/MJ), M = m@(‘@oAD:
i

(i) JPA is @ (py, ..., p)-regular ideal in the graded algebra AJJA with
pi=pi=1,.,m :

(ifi) Torf™'(A™[J1"), 4) = 0 for i=1,2.

Then J is a (ply, ..., pl,)-regular ideal in A (V).

Making use of this theorem, one can prove (see Theorem 2.4) that a commutative
graded R-algebra 4 (for R as above) is (p/y, ..., pl,)-regular, where n=dimg{(M] M),
if and only if 4™ is‘an (;, ..., l,)-regular graded algebra, A/MWd is a (py, ..., Pu)-
regular graded algebra with p; = p,i =1, ...,n and 4 is'a flat graded AP-module.
This permits us to give in § 3 a new proof of the well-known Borel Theorem stating
that a finitely generated commutative graded Hopf algebra over a perfect field k of

r

characteristic p is, as a graded k-algebra, of the form & k[X; i]/(X ) where h; = p™
i=1 ‘

for some n;e N®, i=1,..,r

The theorem plays also an essential role in the proofs of Theorems A and B
below, established in § 3. ‘

TueoreM A. If H is a commutative Hopf algebra over a perfect field k of charac-
teristic p (for the definition see § 3) and R is a prime ideal in H, then there exist iy, ..., My,
n, € N®, such that the localization Hg is a (p™, ..., p™)-regular local ring whenever Hyg,
is.a Noetherian ring.

THEOREM B. If H is a commutative Noetherian profinite Hopf k-algebra over
a perfect field of characteristic p (for def. see § 3) and R is a closed prime ideal in H,
then there exist By, .., n, in N such that the completion of the local ring Hg is
a (g™, ..., p")-regular local ring. ‘

Theorem A is closely related to [1], Chap. 11, § 3, Cor. 6.5, and Theorem B
to the Dieudonné-Cartier-Gabriel Theorem [6], p. 556. '

Throughout the paper all rings are assumed to be conmutative (with identity)
and all local rings are assumed (unless otherwise stated) to be Noetherian.

§ 1. Definitions, revision of known results and a preliminary lemma. By a graded

) w0
algebra we shall mean in this paper a commutative (*) graded algebra 4 = @ 4,
1=0

such that A4 is a local ring and A, are finitely generated 4, -modules. If 4 is a graded
algebra, then the unique maximal homogeneous ideal of 4, i.e. the ideal m@( @ 4;)
i>0

“(» The theorem'is patterned on [1], Lemma in III, § 3 n° 6, p. 350.
® Le. ab = (—1)"*" 9" g2 = 0 if dega is odd.
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where m is the maximal ideal of 4, will be denoted b); M(A4). For a given homo-
geneous finitely generated ideal J in 4, e—dimJ will denote the dimension of the
A/M (4)-vector space J/MJ. A map f: 4—A’' of graded algebras is, by definition,
a grading preserving homomorphism of rings such that F{M(A)=M(4"). Such
amap is called flat if 4’, as a graded 4-module, is flat. A graded algebra 4 = @ 4,
is said to be of finite type if the ideal M(4)-is finitely generated, or equivalently, if 4,
as an A, -algebra, is of finite type. Finally 4 is said to be reduced if it has no non-zero
nilpotent elements. If u € 4, then h(x) will denote the minimum of integers m=0
such that o™ = 0. If u" % 0 for all m, then we put A(u) = oo and assume that

u* ™t =0 if i<oo.

1:]. DEeFINITION. Let 4 be a graded algebra. A sequence #y, ..., #, of elements
of 4 is called /-regulur in A if w’s are homogeneous and the following conditions
hold: )

1° Gy oy u)) 4,

2° (g s )t () = Uy s ey 1 _g, 27 1), where f, = hw)fork =1,..,n
and (g, e, tymy) = 0 for k = 1. '

A sequence uy, ..., u, is called (ky, ..., h,)-regular in A if it is h-regular and
h(u) =hy, i=1,..,n ‘

1.2. DerINITION. A homogeneous ideal J in a graded algebra A is said to be
h-regular ((hy, ..., h,)-regular) if it is generated by an /i-regular (g, s hy)-regular
sequence.

A graded algebra A4 is said to be h-regular ((hy, ..., hy)-regular) if the ideal
M(4) is h-regular ({4, ..., h,)-regular). A local ring R is said to be h-regular
((hys .oy B,)-regular if the graded algebra 4 = Ay = R is h-regular (hyy oo )
regular).

Now we give a:list of (more or less) known results that will be needed later.

(1.3) If A is a graded algebra and K = @ K; is a graded 4-module such that K:

iz0 -
are finitely generated A,-modules, then M(4)K = K implies K = 0.

14 ( [7], Lemma 1.6). If uy, ..., u, is an k-regular sequence in a graded algebra 4,
thetl #yg1ys vy Ugy 15 an fi-regular sequence in 4 for each permutation ¢ of the
set {1, ..., n}. Moreover, if u; # 0 for all j, then uy, ..., u, is a minimal sequence of
generator of the ideal J = (uy, ..., u,), ie. u+MJ, ..., u,+MJ is a base of the
A[M(A)-vector space JIM(A)].

A(I.S) A map of graded algebras f: A4—A’ is flat if and only if
Tor;(A/M(A), A") = 0. Furthermore, if 4y, ooy uy is an (hy, ..., h,)-regular sequence
in 4 such that A(f{u)) = h; for i ='1,...,n and Torf(4/w,, ..., u,), A') = 0 for
i=1,2, then f(u,), ..., S (u,) is an (hy, ..., h,)-regular sequence in A4'.

The first assertion can be proved in the same way as [8], Cor. 31, by using the

equality () M(A)' = 0 instead of the Krull Intersection Theorem. The second one

is a consequence of [7], Prop. 2.6.
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_ (L.6) Letu 1s -5 U, be a sequence of homogeneous elements of a graded algebra 4
with h(u)<h,forsomeh, e N®,i=1,...,n Thenu,, ..., u,is an (h;, ..., h,)-regular
sequence in 4 if and only if there exists a j, 1 <j<n, such thatu, , ..., wyisan (hy, ..., i)~
regular sequence in A4 and the images iy, ..., #, of u’s in the graded algebra
A= AJu,, ..., w) form an (Ay.q, ..., hy)-regular sequence in A.

This is a slight modification of [7], Lemma 1.4,

(1.7 If uy,...,u, is an (hy, ..., h,)-regular sequence in a graded algebra A,
then for each sequence ky, ..., k,, k;€ N®, the sequence i, = u‘+(u'§‘, v uﬁ"),
cwy Ty = U+ (@, 0, W) is an (A, ..., hy)-regular sequence in the graded algebra
AlGf, ..., %), where k) = min(k;, hy) for j =1, ..., n.

(1.7) is a simple consequence of [8], Lemma 20 (see the proof of [8], Th. 19)-

(1.8) Let p be a prime. If uy, ..., u, is a (p, ..., p)-regular sequence in a graded
algebra A of characteristic p and vy, ..., v, is a minimal sequence of generators of
the ideal (uy, ..., u,), then vy, ..., v, is also a (p, ..., p)-regular sequence in A. .

The statement follows by induction on n by using (1.6).

(1.9) If 4 is a reduced graded algebra of finite type and of characteristic p
(p as above is a prime) such that the natural inclusion 4™ = {a”; a € A} 4 is
a flat map of graded algebras, then A, is a regular local ring and 4 = A, [X7, ..., X,]
for a certain ne N.

If A = A, then (1.9) coincides with the Kunz Theorem ([4], Th. 2.1). In the
general case it can by proved in the same manner as [3], Cor. 3.3, because the assertion
of (1.9) is equivalent to the finiteness of the global projective homological dimension
of A.

1.10. Remark. If Jis an A -regular ideal in a graded algebra 4 and n = e—dimJ,
then there exists a sequence 4; <...<h, in N® such that J is an (&, ..., k,)-regular
ideal in 4. In fact, if u,, ..., u,, is an h-regular sequence of generators of the ideal J,
then dropping zeros out of it and, possibly changing the order, we obtain an A-regular
sequence of generators vy, ..., v, such that v; # 0 for all j and h(v)<...<h(v,).
From (1.4) it follows that r = n. Putting 4, = h(v), i = 1, ..., n, we get what we
wanted. .

Now we prove a lemma which plays an'important role in the proof of the main
theorem, :

1.11. LEMMA. Let p be a prime and let 1, ..., I, be a sequence of elements Srom the
set N®. A sequence uy, ..., u, of homogeneous elements of a graded algebra A is
(ply, ..., pl)-regular in A if and only if

@) uf, .., ul is an (I, ..., 1,)-regular sequence in A,

®) @ = u+@l, s ud), oy 8, = v @, L W) s a (s s P)~regular se-
quence in the graded algebra A = A7, ..., ul).

Proof. = Assertion (b) follows from (1.7). For the proof of assertion (a)
we apply induction on z. If n = 1, then (a) holds because if au] = 0 implies
a = buf" ™" = bl by [7], Lemma 1.2. Suppose that n> 1 and that our assertion
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is true for all sequences of length <n. Further, consider the graded algebra 4 = A ()
and the sequence @l ..., il,, f; = u;+(uy), whichis (pl,, ..., pl,)-regularin 4 by (1.6).
In virtue of the induction assumption it follows that #%, ..., #i%is an (I, ..., I,)-regular
sequence in A. Therefore, u;,u}, ..., u} is a (ply, 1, ..., I,)-regular sequence in A
again by (1.6). Hence, in particular, i, = u, + @5, ..., u2) is a (pl;)-regular element
in A = AJ(u}, ...,u}) and the induction step n = 1 shows that " is an (}))-regular
element in A. Consequently, u%, ..., u?, 1€ is an (I3, ..., 1,, I;)-regular sequence in A.
The conclusion now follows from (1.4) and thus the implication = is proved.

For the implication <= we proceed also by induction on n. If = 1, u = u,,
I=1; and au =0, then & = a;u*""") because au’ = 0 and u” is an ()-regular
element in A, Hence @ = 0 if I = o0, i.e, u is (co = pl)-regular element in A. If
I<o, then the equality 0 = au = a,u® "*! = g W27+ 17 jmplies g,u¢~2*1
= a7, Qe (ay—aut T UTIPILP — 0 As before, this gives

(ay—azu” -'1) p-3p+t as u=vr

whence (a; —a,u? ™t —azu?? ")y~ 3P+L — 0, Continuing this procedure we find
elements a,, ..., q; in 4 such that

1
Cay—- Y a0y = 0.

i=2

Since u+(u?) is (p)-regular in A[(w"), it follows that

1 ‘
ay— ¥ a0 pyP=li P for some b,ced .
i=2

Therefore a, = a'u?~' and consequently a = a;u% " = g'u"~1. Thus we see
that (0): (u) = (u"~1), which together with the inequality h(u)<Ip proves that u is
a (pl)-regular element in 4. Now suppose n>1 and the implication <= holds for all
sequences of length <. If 4 = 4/(uf}) and @; = u;+ () for i = 2, ..., n then it is
easy to see, by using (1.6), that i,, ..., i, satisfies conditions (a) and (b) of the lemma
with A@i1) = [, j = 2, ..., n. Hence iy, ..., %, isa (ply, ..., pl,)-regular in 4 in view
of the induction hypothesis. Using again (1.6) we infer from it that uf, u,, ..., u,
is an (I, ply, ..., pl,)-regular sequence because k(w;) = pl; (otherwise A (i) <I;p!).
This means that @], where @i, = u;+ @y, ..., u,), is an (/})-regular element in
A=A [Guy, ..., u,). Morcover, there exists a natural isomorphism of graded algebras.
g: AJ@)—A*|hs, i), A= A, .y ul), uf = u;+(h, ..., ul), such that
g (i + (@) = ¥ = uf+ (3, ..., uy). Since ui* is a (p)-regular element, #i; -+ (fi7)
is a (p)-regular element in Z/(ﬁi’) and so we know that the element 7, satisfies
conditions (a). and (b) of the lemma. Now making use of the induction step 7 = 1,
we conclude that i, is a (pl)-regular element in A, whence uy,..,u, is
a (ply, ..., pl)-regular sequence in A. The lemma is proved.

§ 2. Main results, From now on all graded algebras 4 under consideration are
assumed to be of characteristic p (i.e. p4 = 0), where p is a fixed prime.


Artur


22 A Tye

If 4 is a graded algebra and S is a subset of 4, then S™? will denote the set
{a"1 e 4; ae S} It is easy to check that 4™ is a graded subalgebra of A and J©!
is a homogeneous ideal in 4'! for any homogeneous ideal J in 4.

2.1. THEOREM. Let A be a graded algebra and let J be a homogeneous ideal in A
satisfying the following conditions:

W I s an(ly, ..., L)-regular ideal in A™) for n = e—dimJ and some sequence
I;<..<l, in N*,

(i) JJT"A4 is @ (py, ..., p,)-regular ideal in A[J™A, where p; = ... = p, = p,

(iif) Tor{" " (APYJP, 4) = O for i =1, 2.

Then J is a (ply, ..., pl)-regular ideal in A.

Proof.Letl = [, = ... = [,_y <l and letuf, ... ul be a sequence of generators
of the ideal J', which is (4, ..., /,)-regular in 4"\, Moreover, let v, ..., v, be a se-
quence of homogeneous elements of J such that of = 0,7 = 1, ..., r, and v; + M/, ...
v Oyt MJ, M = M(A), is a base of the 4/M-vector space J,+MJ[MJ where
Jp = {aeld,a’ = 0}. We show that vy, ..., 0,, U, ..., 4, is a minimal sequence of
homogeneous generators of the ideal J. It is clear that V1, ooy Uy, Ugy ey u) .
If aeJ, then a® = Xalu], ic. (a—Za;u)” = 0 whence a—Zau, = Zbyw;+y for
some y € MJ. This means that J = (vy, ..., 0, Uy, ..., #,)+ MJ and consequently
I = (Vg5 ey Uy, U, ..., 4,) In virtue of (1.3). Now, let Zbjv;+Zau; = 0 for some by,
a; € 4. Then Zafu] =0, which gives af € M'™ because in view of (1.4) 2, ..., u”
is a minimal sgt of generators of the ideal J™). Therefore a,& M and Zbyv e MJ.
Hence we infer that b€ M since. as {v;-+MJ} for j = 1, ..,r is a base of the
A|M-vector space Jo+MJ[MJ. Thus we have shown that D5 wvny Upy Hgy cvey Uy 18
a minimal set of generators of the ideal J. Since n = e-dim./(:dimA,M(J/MJ),
it follows that r=s— 1. By definition, let u; = v, ..., Us—1=v;_. For the proof of the

theorem it is sufficient to show that uy, ..., u, is a (pl,, ..., pl)-regular sequence

in 4. First observe that by (1.5) u?, ..., u? is an (15 ..., I,)-regular sequence in 4

because it is such a sequence in A (@, s ul) = (0, ..., 0,08, ..., uD)) and
Tor{"" (4™}, ..., u}), 4) = 0 for i = 1,2 by condition (iii). Next (1.8) implies
that 4, = w4+, ..., ud), ..., 0, = Ut (@i, ) Is a (p, .., p)-regular
sequence in A/(uf, ..., u}) = A[J”'4 as @,,..,7, is a minimal set of generators
of the ideal JJJ'"14 in 4/J™'4. The conclusion now follows from Lemma 1.11. The
proof of the thedrem is completed. :

2.2. Remark. It would be interesting to know if conditions (i)~(iif) in the above
theorem are independent on each other. It is not difficult to prove that condition (ii)
is independent of conditions (i) and (iii). The same refers to condition (iii) and con-
ditions-(i) and (ii). We are unable to show that condition (i) is independent of con-
ditions (if) and. (iii).

2.3, Remark. In Theorem 2.1 the converse implication is not true, although

condition (i) holds whenever 4 is a (p/y, ..., ph)-regular graded algebra by ( 1.7).
In fact, if k is a field of characteristic2and 4 = 4, = kX, Y, Z]||(X*—¥2Z?, ¥?,24

]
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then theideal J = (1), u = Z~+(X*— YZ?, Y2, Z*) is (4)-regular in 4 while J2 = (1)
is not (2)-regular in 42 = k*[X, Z)/(X?, XZ, Z%). This means that condition (i)
is not satisfied. One can also verify that in this case condition (iii) is not satisfied
(Tors™(A®YJ™, 4) # 01). However, as is shown by the next theorem, such an
example does not exist if J = M(4).

2.4, TaroreM. Let 1, €...<], be a sequence of elements of the set N®. A graded
algebra A with e—dimd = n is (ply, ..., pl,)-regular if and only if

(1) A" is an (I, ..., 1) -regular graded algebra,

() AP = A|MP'A, M = M(A), is a (py, ..., p,)-regular graded algebra with
o =Py =P, .

(3) AP esd is a flat map of graded dlgebras.

Proof. The implication <= follows from Theorem 2.1 applied to J = M. In
order to show the implication => we prove successively that conditions (1)—(3)
are satisfied for a (ply, ..., pl,)-regular graded algebra A. .

Let Fi A—A denote the Frobenius homomorphism of 4, i.e. the homomorphism
of rings defined by the formula: f () = o for a € 4. To establish (1) it is enough to
show, by using (1.7), that KerF = (¥, ..., ur) for a given (ply, ..., pl,)-regular
Sequence uy , ..., t, of generators of the ideal M = M (4). We shall do it by induction
on n. If n =0, there is nothing to do. Suppose that >0 and (havillg in mind the
induction assumption) that F(z) = 0 for a certain ae 4. Then F(a+ () =0
where F: A = A(u;)—d[(u;) is the Frobenius homomorphism of the graded
algebra A. Since e—dimA = n—1 and iy, ..., &, 4; = t;+(), I8 2 (ply, ..., pl)-

‘regular sequence of generators of the ideal M (4), the induction assumptiop implies

n
that a+(u,) € (@2, .., W), i.e. a =Zza,u'i‘+a1 uy. I I; = 1 we have obtained what
&

we wanted. If [, > 1, then 0 = a” = afuf givesa] = b € (uy) by [7]1, Lemma 1.2,
whence F(a,+(u,)) = 0. As before, it follows that ay & (uy, UE s vy UT). :fherefolre
ae@?, u?, .., u"). Repeating the reasoning, we conclude‘ tha:t ae(u,‘,...,z.z,,“)
provided that /,<co. If ;= 0, then the equality afuj= 01 1mplxels af =0, which
means that a € (%, ..., )+ MJ where J = KerF. Since (u3, s ) c’J, we have
J = (@, o, u)+ MJ and finally J = KerF = W2, oy dlry = @, oy i) by (1.3).
Thus condition (1) is proved.

Condition (2) is a consequence of (1.7).

For condition (3), by (1.5), we need only to verify that Tori‘“’](A["’j/J\f[ el A? = 0.
In the proof of condition (1) we showed that Fi A—A induces an isomorphism of
rings f: A = AJ(uf, ..., ulr)—A". Hence v, ..., uy is an (4, o l,,)jregular sequence
in 4™ because, by (1.7), uy+ @ty oy U yooes U H @5 s y) s an (U, ey )-
regular sequence in A and f(g+ @Y, .y u)) = uf, j=1,.., n. Furt_hermore,
M® = M) = (L, ..., u?). Now, if j: 4°c>A is the matural inclusion, then
@), ..., j@P) is an (I, ..., ,)-regular sequence in 4 b)f Lemma 1.11 and the re-
quired result follows from [7], Cor. 2.9. The theorem is proved.
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§ 3. Applications of the main resuls in the theory of Hopf algebras over a perfect
field. Let'k be a fixed perfect field of characteristic p (i.e. k¥ = k). If 4 is a graded
algebra, then N(A4) will denote the nilradical of 4.

Case I. Graded Hopf algebras over k.
3.1. DeFINITION. A graded Hopf k-algebra is (in this paper) a graded algebra H
over k such that H, = k together with a map of graded k-algebras

A A—ARA4A (® = ®))
such that

1) A@x) = 1@x+x®1+Y, x,Qy;, 0<deg(y)<n, if xe 4,

2) ()4 = (14)4. )

If H and H' are graded Hopf k-a]gebrasfythen a map g: H—H' of graded
k-algebras is called a morphism of graded Hopf k- algebras if A-f'= (fQf) A. A graded
Hopf k-algebra is called of finite typé if it is of finite type as a k-algebra. If H is
a Hopf k-algebra, then it is easy to see that H™ is a graded Hopf k-algebra.

3.2. TreoreM (Borel) [5], Th. 7.11. If H is a graded Hopf k-algebra of Jfinite
Iype, then there exist a sequence ny, ..., n,, n;€ N®, and a sequence ky, ..., k,, k;e N,

"
such that H, as a graded k-algebra, is isomorphic to SZ)l K[X1[X™, where degX;

=k, i=1,..,r

Proofi In view of [7], Prop. 1.14, we have to show that H is a (p™, ..., p™)-
regular graded k-algebra fof some sequence 7y, ..., 1,. This will be done by induction
on h(H) = min{i; N(H)® = 0}. If A(H) = 0, i.e. N(H) = 0, then the assertion
is a consequence of (1.9) because by [5], Prop. 1.7, H"co H, being a monomorphism
of graded Hopf k-algebras, is a flat map of graded k-algebras. Suppose that
A(H)>0 and that our assertion is true tor all -graded Hopf k-algebras H' of finite
type with A(H'y <h(H). To prove that H is a (p™, ..., p™)-regular graded k-algebra
we apply Theorem 2.4. Since h(HYY) = h(H)~1, condition (1) of this theorem is
satisfied in virtue of the induction hypothesis. Condition (2) follows from Lemma 3.3
below since M(A®)"! = 0. Finally, as we mentioned before, HPC—H is a flat
map of graded k-algebras. The theorem is proved.

3.3. LemMa. If H is a graded Hopf k-algebra of finite type such that M (P = 0,
then Hisa(py, ..., p,)-regular graded algebra, wheren = e—dimH and Pi=a=p=),

Proof. Induction on n = e~dimH, If n = 0, them H = k and the lemma is
true. Assume that n>0 and that the lemma holds for all graded Hopf k-algebras H'
such that M(H')™ =0 and e—dimH'<n. If Uy, ., U, is & minimal sequence
of homogeneous generators of the ideal M = M (H) such that degu, <...<degu,,
then clearly u, is a primitive element of H,ie A(w) = 1@Qu;+u,®1. It is easy
to see that for each primitive element u e H h(u) = p* for a certain se N, Since.
MU = 0, it gives h(u;) = p. Now let H, = E[X])(XP), degX = deguy , be a graded
Hopf k-algebra with A: H,—H,®H, given by AX) = 1QX+X®1 and let
J? H—H be a monomorphism of graded Hopf k-algebras defined by JX) = uy,
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Then by [5], Prop. 1.7, /'is a flat map of graded algebras, whence u, is a (p)-regular
element in H by (1.5). Furthermore H' = H/(u) is a graded Hopf k-algebra of
finite type with M(H")" = 0 and e—dimH' = n—1. So, in virtue of the induction
assumption, H' is a (py, ..., p,-1)-regular graded algebra where p, = p for
i=1,..,n~1. This means that there exists a sequence B, ..., U,, U; = 0;4+(uy),
of generators of the ideal M(H') = M](u;) which is (p, ..., p)-regular in H'. In
particular, h(v) = p because otherwise h(T)<p (h(v)<p as M = 0)). Hence
Uy, Ugs ey Uy 38 & (P, oo p)-regular sequence of generators of the ideal M by (1.6)
and consequently H is a (p, ..., p)-regular graded /c-algebra, as was to be shown.

Case II. Hopf algebras over k.

3.4. DEFINITION. By a Hopf k-algebra we mean in this paper a commutative
k-algebra H together with maps of k-algebra 4: H-H®H (® = ®y), S* H—H,
¢ H—l satisfying the following conditions:

1°(1@4)4 = (A®1)4, m(S®1)A4 = ne where m: H®H—H is the multi-
plication and #: k—H is the structural map,

2° (@D 4(@) = 1Qa, (1®8)d(a) = a®l for ae H. )

If H and H' are Hopf k-algebras, then a homomorphism of k—algebras g: H-»H
is called a morphism of Hopf k-algebras if Ag = (g®@g)4, S'g = g5, e'g =¢.
It is easy to see that for each morphism of Hopf k-algebras g: {{—»H’ .the set
{ae H,(g®1)4(a) = 1®a} is a subalgebra of H with augmentation being the
restriction of &; H—k. This k~algebra will be denoted by H-Kerg.

3.5. LEmMMA. If g: H—H' is a surjective morphism of Hopf k-algebras and' L=H-
Kerg, then Kerg = L™ H, where L* = Kere, and ey: L—k is the augumentation of L.
Moreover, Lc~H is a flat homomorphism of k-algebras, i.e. H is flat as an L-module.

Proof The lemma is a consequence of [6], VIz, Prop. 9.2 (ii), (xii).

3.6. LemmA. If H is a Hopf k-algebra with N(H)™ = 0 and R is a prime ideal
in H such that the localization Hg is @ Noetherian ring, then N(Hg) is a (p, ..., P)-
regular ideal in Hyg. ) ' .

Proof. Let Hyy = H/N, where N = N(H). It is well km-)wn' [1], 11, § 5, n' %,
Cor. 2.3, that H., is a Hopf k-algebra and the natural p1’03ect{on q: H——meq is
a morphism of Hopf k-algebras. Denote by K the algebra with augl;r.1<3211.t?.t1ort
H-Kerg. By Lemma 3.5, K*H = Nand H is a flat K-module. Let {u+(K™) jie I‘)
be a base of the k-vector space K*[(K*)? and let U = {u;; ie 1,}_' We are going to
show that i(u)) = p for all i e I and that U is an h-regular set inH in tl}e sense of [7],
Def. 1.7, i.e. that each finite subset {v; = uy,, ..., 0, = 1;,} of the set.U is h—'regular
in &, Let H' be a subHopf k-algebra of H which contains all v; and is ofuﬁmte t}llpe

as a k-algebra (such a subHopf k-algebra always exists). Then we have the following
commutative diagram: .
K- H— H 4
L,
LCr H'— r,ed
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where ¢’ is the natural projection, L = H-Kerg’ and i is the morphism of Hopf
k-algebras induced by the inclusion H'C— H. It is easy to check, by using the injec-
tivity of 7, that L = H' n K. In particular, v;e L for i =1, ..., n. Moreover, the
inclusion LS H is a flat homomorphism'of k-algebras because so are LC>H’ and
H’'~H by Lemma 3.5 and [1], p. 353, respectively. Hence in order to prove that
Vg, e, U, 38 @ (P, ..., p)-regular sequence in A it is sufficient to show (see (1.5)) that
it is (p, .., p)-regular in L. However, L = k[Xy, .., X,J/(X], ..., XP) in virtue
of [1], 111, § 3, Lemma 6.9, and consequently, using (1.6), we conclude that v,, ..., v,
isa (p, ..., p)-regular sequence in L, whenever it is a part of a minimal set of gene-
rators of the ideal L*, But this easily follows from the fact that {v;+(KX*)?; i=1,...,n}
is a part of a base of the k-vector space K */(K*)%. Thus we have proved that
U= {u;: iel} is an h-regular set in H and A(u;)) = p for all i,

Now if R is a prime ideal in H, then by (1.5) {u; = u)/l e Hy; ie I} is an
h-regular set in Hy contained obviously in Ny = N(Hy) and h(y;) = p for iel.
Furthermore, if J is the ideal in Hy generated by {u; i € I'}, then it is easy to verify
that Ny = J+ Ng. Hence J = Ny if Hy is Noetherian because Ny being finitely
generated is a nilpotent ideal. This is possible only when I is a finite set, since each
h-regular set of generators is a minimal set of generators by (1.4). Consequently,
Ny = N(Hg) is 2 (p, ..., p)-regular ideal in Hy, as was to be proved.

3.7. TueoreM. If H is a Hopf k-algebra and R is a prime ideal in H such that Hy,
is a Noetherian ring, then there exist ny, ..., n,, n, & N® such that Hy is a (p™, ..., p")-
regular local ring.

‘Proof. If, as above, N = N(H) and H,y = H/N, then we have the exact
sequence

O.ANR'—)H S\i (H red)?fl""o
|

where R = g(R), G(afs) = g(a)/g(s) and Ny = {afs € Hy; ae N} is the ideal in Hy
equal to N(Hy). Since H,q is a reduced Hopf k-algebra and (H,.q)"c— H,,, (Whence
(H,oa)5)*'~= (H,g)5) is a flat homomorphism of rings by [1], p. 353 (H,4)5 is a regular
local ring in view of (1.9). Hence we deduce, by applying (1.6), that it remains to show
that Ny is a (p™, ..., p")-regular ideal in Hy, for some L. We shall do it by induction
on A(R) = min{i, (N1 = 0}. If 2(R) = 0, i.e. Ny = 0, then there is nothing
to do. Suppose that A(R)>0 and that the assertion is true for all pairs (H', W),
where H' is a Hopf k-algebra and R’ is a prime ideal in B’ such that A & s a Noe-
therian ring and A(%') </ (R). To prove that Ny is (p™, ..., p")-regular ideal in Hy
we apply Theorem 2.1. Consider the Hopf k-algebras H'®! and H® = HINVE
with the prime ideals R and %t = RINP'H, respectively. It is obvious that
RR™) = h(R)—1 and N(H®)P = 0. Furthermore, one can easily verify
that N(H{D) = N((Hp)™) = (V)™ and N(HY) ~ Ny/N$'Hy, - because HP
~ Hy[NJ'Hy. Using the induction assumption, Lemma 3.6 and Theorem 2.1, we
obtain the required result. The theorem is proved.

3.8. CorOLLARY. If H is a Hopf k-algebra of finite type, then for each prime
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ideal W in H there exist a regular local ring S and elements ny, ..., n, from N,
r<e—dim #, such that

Hy o S[IXy, o0, LI, 00 XP™)

Proof. This is a consequence of [7], Th. 26.

3,9, Remark. Corollary 3.8 is also a consequence of [11, III, § 3, Cor. 6.4.

Case IIT. Profinite Hopf k-algebras, :

3.10. DEFINITION, A profinite k-algebra is a topological k-algebra B such
that B = Lim B, where B, are finite k-algebras considered with the discrete topology
(for details sce [6], VIIp). :

If B = LimB, and C = Linp C; are profinite Jc-algebras, then by definition
BRC = Lim(B,®,C).

A pr(')ﬁnite Hopf k-algebra is defined analogously to a Hopf k-algebra, the
usual tensor product over k being replaced by ® M.

3.11. TugoreM. If H is a profinite Hopf k-algebra, Noetherian as & ring and R
is a closed prime ideal in H, then there exisis a Ssequence My, ..., My, n,e N®,
r = e—dim Hy, such that the completion of the local ring Hy is a (", .., P")-regular
local ring.

Proof. Since the proof of this theorem is very similar to that of Theorem 3.7,
we omit it. For the required results concerning profinite Hopf k-algebras see [6],
VII;, and [2], Th. on p. 48.

3.12. COROLLARY. Under the assumptions of Theorem 3.11 there exist a complete
regular local ring S and numbers ny, ..., 1, n;e N®, such that

Hm = S[[Xl, ey Xs]]/(X{"l: ey X?"s) .

Proof. This follows from the previous theorem and 7], Cor. 24.

References

[1] M. Demazure and P. Gabriel, Groupes Algébrigues, V. I, North Holland 1970.

2] e peclivisible groups, Lect. Notes in Math., 302 (197?). ) ‘ )

EE% J. I{Icrzog, Ringe der charakteristil p und Frobeniusfunktoren, Math. Zeitschrift 140 (1974),
pp. 67-78.

4] E.Kungz, Characterizations of
pp. 772-784.

51 J.W. Milnor and J. C. Moore,
pp. 211-264.

regular local rings of characteristic p, Amer, J. Math, 91 (1969),
On the structures of Hopf algebras, Ann. of Math, 81 (1965),

® In [6], instead of profinite Hopf k-algebras one speaks about
groups over the field k.

affine algebras of formal

/


Artur


icm

28 A. Tyc '

[6] J. W. Milnor and J. C. Moore, Schemas en Groupes, Lect. Notes in Math. 151 (1970),
[7] A. Tyc, On h-regular graded algebras, Fund. Math. 86, (1974), pp. 41-52.
[8] — Basic properties of Iz-rggular local Noetherian rings, Fund. Math. 105 (1979), pp. 13-27.

INSTITUTE OF MATHEMATICS, POLISH ACADEMY OF SCIENCES

Aceepté par la Rédaction le 14. 2. 1977 On fi h
n fine shape theory

e ' . I’y

} . Y. Kodama (Ibaraki) and J. Ono (Shizuoka)
Dedicated to Professor Karol Borsuk for his 70th birthday

Abstract. A fine shape category (s is defined; The shape category C introduced by Borsuk is
a quotient category of Gy, G and Cj are not isomorphic. It is proved that Cj is isomorphic to the
proper homotopy category of complements of compacta in the Hilbert cube and to a certain full
subcategory of the proper shape category introduced by Ball and Sher.

1. Introduction. The concept of shape for compacta was first introduced by
K. Borsuk [2], T. Chapman [4] defined a weak proper homotopy category of comp-
lements of compacta in the Hilbert cube Q and proved that this category is isomorphic
to Borsuk’s shape category. As D. A. Edwards [6] asserted, it is natural to introduce
a new shape category corresponding to a proper homotopy category of complements
of compacta in Q. D. A. Edwards called it a strong shape category, but this termin-
ology was already used by Borsuk [3] for a different concept, so we call it a fine shape
category.

In this paper, first we shall define a fine shape category after a manner of Borsuk’s
fundamental sequences, and prove the equivalence to the proper homotopy category
of complements of compacta in Q. Next, we shall give another characterization
of this category in terms of the proper shape category introdnced by Ball and
Sher [1].

Throughout the paper all spaces are metrizable and maps are continuous.
AR and ANR mean those for metric spaces.

2. Fine shape category. Let X be a compactum. We denote by & (X) the family
of AR’s M containing X as a subset. Let Ry, (= [0, c0)) be the space of non negative
reals. For compacta X, Y and for Med(X), Ned(Y), a continuous map
F: MxR,—N is said to be a fundamental map from X to Y in M, N if for every
neighborhood ¥ of ¥ in N there exist a neighborhood U of X in M and a number .
to & R, such that

(1.1) F(Ux [ty, )=V -
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