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ACTA ARITHMETICA
XXXVI (1980)

A note on some polynomial identities
by
L. CArrirz (Durham, N. C.)

1. Hirschhorn [2] has proved the polynomial identities

3n n

(11) n (1 ww’) = (1 — m3n+3) . (1 2 an) e 2 ( __1)r (wr(ar—l)lz +wr(3r+1)/2 %

r=1 e

X (L—a®=3m48) (1 —a™) (1 ,_msn-aw’raj (L=

and » ,
, n . -
(1.2) l](l——ac’)3 = Z(_l)r(2¢+1)w(r+1)/z 56

r==1 =0

X (L= @™ ) L. (L — ) (L — a4 | (L— g,

He showed also that (1.1) and (1.2) imply

(1.3) (I—a") =1+ ¥ (—1)(a"6r—D 4 grGr+)a
and
(1.4) [Ta—ay = 3 (—1y@r+1)areros,

e ] =2 ()

the identities of Huler and Jacobi, resi)ectively.
In this note we show that’

In n
: = — ;7/3 — \ ' — . 2n ! v( i 1)/2_*‘ ./3

(1.5) r];ll (1 —a"") (,z;)n?‘:%u( 1) [n—-'r] 2 ]
and

" n
(1.6) [I (1—a")? = Z (—1)" (2 1) [27:‘1 —["rl] D,

el e -

where

(@), = (1—a)(1—a?) ... (1—a")
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and.

His Tﬁ%? =[u2], o<E<n.

The formulas (1.5) and (1.6) are equivalent to (1.1) and (1.2), respectively,
and are easily proved by using the well known formula ([1], p. 280)

-1 W

Tl T gl 1)[2
(1.7) ” (1-—a,w7°) == 2(...1)‘"[76] ale glete=1i2,
2] Tee0
2. We have
RS 2 %ﬁx 9
W =D e [ 2L (v t) (e 2) 2 () (8
(—1[,,]0 = Y]
r;ﬂ n—r % #
on !
= ( _..1)"'90”("—“ 1)/2-+n(8 2 (—1)" [2:‘] Q28 gr(r—1)f2
Paal)

Hence, by (1.7) with a = 2~"***, we get

2~ 1 N1 N1

(__1)nmn(n-1)/2-l'n/s H (1 ___w-n+k+2/s) - ” A __m(8n-87c~2)/3) . n (1 ___w({;]g.w)ls)
k=0 Jowa0) levs 0
n-1 -1
= ” (1 — R 18y n (1 — gpSk+2)08)
Jew=0 Jesn()

This evidently proves (1.b).
In the next place, by (1.7),

2n41

20411 r (n—r)n—r+1)/2
(2.1) (~1)*[ ] o
2n-+1 20
e m"(n4-l)/2 2 ( __1)7‘ [2’7’,':l‘1] (ammn)rwr(f— 12 . wn(n-)-l)ﬂ ” (1 - am'—*’n-i'k) ,
. T Towa 0
On the other hand

2n+41
( __.1)r [2’”' + 1] a’ m(n~«r)(n—-—r-—|~1)/2
r

I

Ds 1bg

. n
( _1)7‘ [2n -]—l] arm(",,,«)m_..r.w)/z n Z ( ___l)n.|~r.|.1[ 2n 1 ] al»n.w..lqwr(r»}-l)m
r

rab Pem) w1
n ‘ n
—[2 - . Py -
= 2 (~—1) [ ::j‘:] vt grlr-+-1)i2 e Z (1) Fr1 [20;'17‘:?1] T gr(r1)/2
re=0 P .

I
s

( __1)n»l-r [2"’:,‘;}‘/’1] 27T+ (wz-—r — gt 1) .

=
<
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Thus, by (2.1), we have

m -
(2.2)  gn(nre ]n (1 —aa™ ") = 2 (—1)+r [2721:!;1] D02 (grer _ gretraty
6= () r=0
and therefore
=1 kid ) n—r __ poutrdl
2.3 1—az®)(a —a") = -1 7[2" +1] g @ & .
(2:2) Icl-:l ( s ) rg; Sl 1—a

For a =1, (2.3) evidently yields (1.6).
3. In (1.7) replace # by 2n and a by — Law. Thus

2n—1 2n 2
” (14 az®+1?) = 2[ ;:] ak o
k=0 k=0

If we now replace a by az™", we get, after some manipulation,

(3.1) ?_71 (1+amk+1’2)(1+a"1w’°+1’2) — j [ 2n ] dkmlﬂlz'

n—k
k=0 k=—n
Clearly (1.5) is a special case of (3.1).
Replacing » by 22, (3.1) becomes

n—1

(3.2) I‘[ (14 ag?®1) (1 +a~ a1 = Zn‘ [nz-ﬂk], akwkz’

k=1 h=—n
‘where

[ 2n ], _ (1 —a) (1 — 2t~ .., (1 — g?nt2k+2) '
n—k| — (1—m2) (1.__,'34) . (1_w2n—2k)

For n— o0, (3.2) yields the Jacobi theta formula ([17, p. 282)

(1*03%) 1+ am”‘"l)(1+a"1w2""»1) — Z akmkﬁ- :

k=—o00

—

By
]
I
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