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1. Let p(n) denote the number of unrestricted partitions of » and
define P(n)by

P24n-—-1) = p(n)
Pin) =0 if 735t —1(mod24).
Let; : .
y =3(y) =y H ")
Then it is well known that '

2 P(n)y

(X amy). = 3ty
" (5)=—

Whele( 5) ig the Legendre symbol. Kolberg [3] proved that

We define

(U (p™).
1

TS
Trom this he could prove [4] that
(2) (v~ = (¥*)_ (mod5).

Corobining this with the three term recurrence relation for the coef-
ficients of ¢ found by Newman [6] we get the following congruence which
was given by Atkin [1]. For ¢ a prime > 5 and for » such that (n/8) = ~1
we have

(3) @ P{g®n) — (q(—:;ﬁ) —I-k) P{n)+Pg*n) E_O(modS).

— g PP Bp(0) e () + 09 ) p (5 10y ()}
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Ti we put 4 = ¢™%, 9" and y*® are modular forms on the full modular
‘group with the same multiplier system, y* has dimension 1/2 and ¢** is
a euspform. with dimension —23/2. The main result of this paper is that
tor each == 0, there exists a cuspform f; on the full modular group, with
the same multiplicr system as ' and with dimension —(24-5°—1)/2,
such that (p~)_ = (f,)_ (mod5’). A Dasis for the vector space £, of
such euspforms is

fpsf=timy = 0,1, ..., 87 —1}
where

j= vt 3oy

n=1

8 Imown as Klein’s modular invariant, see e.g. [2]. In this paper we alsoi
study (y - 15m) .

2. We shall use the following n_otad;ions:

m =9y T o= vy’ U=viv™, Vo= i’
Further, if
p= D Ay,
. =1
then let ‘
G = D Amy,
n=={ (mod5)
_ 8, = 616,746,677,
Kolberg [3] proved that

GIG~1G0_2 = —1,
V= —6G,6;'—G_ G —
Ss = —T—ll.

Combining these we get
Lemma 1. (i) V = —8,—1,

Ve = §,+28,—1,
Ve = —8,—38,+5,
V4 = 8, 48, 28, — 85, — 3,
(i) T' =V +3V*4+15V3 425V 425V,

We note that Lemma 1(ii) is the modular equation for 5,
Let 7(n) denote the exact power of 5 dividing .
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LevuMA 2. For k = 0 we have

4
—76_ m
;E alk, 1, m)T 'V

where a(k, 1, m) are integers such that
(i) a(k, 1, m) =0 fo? Bl—m < k,
(i) a(b5l—m, I, m) =1,

(i) m{ak, 1, f}n)j > [i_m—;ﬂﬂ]

Proof by induction on k. It is clearly true for k& = 0, with a(0, 0, 0)
= 1. By Lemma 1(ii) we get

(4) Vol owm T-YTALBVEL1BV2 4 25V - 25)

which proves the lemma for % = 1. Suppose it iz true for some k = 1.

Then

Vol 22 a(k, 1, m)T V1 Sak, 1, 0) T Za(l, 1, m) V™.
20 mos1 i=0 ne=0

Hence

a(k+1,1,4) = a(k,1-1,0),
a(k-+1,1,m) = a{k,l,m+1)+a(k, I —1,0Va(1,1,m)
for O0<m < 3.

From this (i) and (ii) follows edsﬂy. Finallj

w(e(b+1,1,4) = m(alh,1—1,0)) > [51_5“0—k+1]

2

[51—4—(k+1)+1]
2
and '

m (a(k+1, 7, m)) > min {[51_’”“21“"4*%]’ [5l~52—k+1]+[5;m]}

[51—m-—(k—1—1)+1]
=1 . 2 . .

w24-55—1 T+ — YR I V-1 mod BF+Y).

Lemma 3. For =0 we have
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Proof. Kolberg {[5], Lemma 5) notes that

o2 = 7 o,
Henee
y)gﬂ = y;ﬁﬁ+ ! (mod 57+1)
and so
1)2’1'5'6_1 Ut = p U7 = gt I V"1 mod 57+1).

LEvMA 4. For y = 0 there exist integers b{y, n) such that
. Bn 41
@) oy, ) > |25,

#1 = 3 by, n) U+ (mod 57,

ezal)

Proof. Aag [7] gives the Ifollowing identity:
F=U""46-5"+63-3°U+52-5°TU>+63-5YU*+6-5" U+ 5V U°

[
= U™ Y B(n)U™.
=l
‘From this we get ‘
(5) i = U~ (mod ™).,
Further ‘
(6) l= UZ b(L, n) U {mod 5*+1)
where

B(l,m) =0 for m<0, b(1,0) =1,

6
(7) DY Bm)b(,n—m) = 0.
=40 ) .
‘We now prove by induection that
-1
(8) 7 (b(1, n) ;[‘m; ]

. B4
Tt is true for n < 1. 8ince (B (m)) = [_mz_-l-l], wegelt by (1),

, Sm -1 5n-5m+1]] [5%—!~].]
b{l = m o : E- .
~{ptt, m) 1@;;26{[ 2 ]N{[ 2 J 2
Next, we show by induction that
(9) 77 = T Y b(y, n) U (mod 57+)
n=0
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where ' _
: 5n -1
(10) b (v, n)) > [ p ]

‘We have proved it for ¢ = 1. Further

PRl s Zb 1w T 3 by, m) U (mods™"),

n=l

Hence
bly+1,m) = 3 b1, mb(y,n—m)
M=
and so
wlbly+1, n)) rain {{Smgl] +[5n—52m+1]}>[5n;1]‘
l=Zm<n

Combining (5) and (9) we get Lemma 4 (ii) and (10) gives Lemma, 4(1)-
The reason why we take congruences in (6) and (9) is that, by (8) and (10),
all but finitely many of the terms are congruent 0 modulo 5+ 50 we do
riot have to think abount convergence.
LevMA B. For y = 0 there ewist integers c(y, A, m) such that
() e{y, 4, m) =0 if A<y +m,
(i) e(BA—m—1,21,m) =1,

(i) :rﬂ'(c(y,i,m)) > [5’}:;—”@], and

() PP Y Z oly, 4y m)T"*V”*(modsﬁ“)

AzD m=

Proof. Oombining Lemmata 2, 3, and 4 we get

oo

W = by, U = g2 Y by, mypan e
n={ =) .
e 4
=5 D bly, m) I 3 N a(6y-+6u+1, 1, m) T T,
el 1=l m=0

Putting 1 =1—p—n we get

ey, om) = ) bly, 1—A~9)a(6l—6141,1, m).

IA-by
From Lemmata 2 and 4 we see that we get contribution to the sum only if
(115 1> Aty '
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and
Bl—m=6l—61+1,
i.e.

(12) 1< 6Ai—m—1.

Hence i 6A—m—~1<i+y—1, then ¢(y, 4, m) = 0. This proves (i).

Further

e(BA—m—1, 2, m) =b(BA—m—1,0)a(30i—6m—5,6i—m—1, m) = 1.

Finally

Bl—Bl—-bBy+1 pl—m—6l+61~1-1
m(olys 2, m)) > “ 7 ]F[ ) ' ]}
I;aH-?

_ [51—7}—4’)@,]
= 2 .

LeymA 6. Let
4
W=D d, 7"

m=0

Then
(1) W.. = (dy—4d) (V). +(d, — 104,)(V?)_,
({) (f&° )W) =f@"YW_ for any f.
Proof. From the definition of 8, it is clear that

. d
(S'r)- = lST " (_ET) = b
' 0 otherwise. ‘

Hence (i) follows from Lemma 1(i). Further, (i) is well known and we skip
the easy proof.

Leyia 7. Let
F=v' DI {ro (V) +r (V2
1=8
where 1< 8 < 8*Y, and r,(l) are integers such that

af{r, (D) = [51:1] 4+

Jor some fized 3. Then theve exist integers 8y #3 (1), not depending on f, such that
.58~ 56— A
F—(ps 1 {3095 384 +8y ‘?5 56-;.3})_

'-‘1”25 Z T~ I{”"u

i=0+1

U }(m0d5”“)
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and

Bd- —
w00 > |25 i st = [2E2] 4

Proof. Since

8Pt e5P 5 -~ -
(") g (V) o(88 4, 8, TO(F_+ 3. )
i =4
an .
(wﬂﬂ.'.':ﬂ—-ljsﬁ—-sﬁ-{-S)_ = w;'il {T—d(va)_+ Z -“}
>
by Leminaba b and 6, the stated result follows with
8y = ry(8),

8y = 11(6)—8,-0(56—14, 8,2),
() = ry(l) —sofc (B8 —4,1, 3) —de(58—4, 1, 4)}—
—5,{0(36—3,1,3)—4¢(36—3, 1, 4)},
) =7, (1) — 38, {e (86 —4,1,2) —100(38 —4, T, 4)} —
| —s,{o(B6—3, 1, 2)—100(56—3, 1, )}

Here
7 (8q) =W(7'D(5)) P [552+t:|$
é bd—
n(81)2mm{[5 2~+~t] _’_1,[5(52-44] +[ 55—i—4 P } [56+t] +1,

, ([ B¢t [ 8641 51— 58417 [56+1
s e [ (2] 2 )
31—B487 [56-t Bl—B87 [B6+17 | Bl—56—1
"’7[ 5 ][ 2 ]“*[ 3 ][ 3 ]+1+[ 2 ]}
>[ﬂﬂ:_z«.]_
2
Bl4t—1

(v, () = [—2—-——

Now we can prove our main theorem.
TanorwM 1. There ewist integers §,(8), 5,(8), not depending on 8, such

Similarly
] +1.

that

(i) (s, (8)) =28 —2+1,
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() (g7 = ([ 3 {5(8)5°7 94 8, (8)779F0Y)_ (mod5™Y) for
. [ =31
B=0. .
Proof. By (4)
Pl = gV = Y VA BTV 18 V2 - 28T 4-25).
Henece, by Lemma 6,
(™) = p TV +5(77L).
Applying Lemms 7 repeatedly, first with d =1 and { = —4¢, next with
6 =2 and # == —5 and so on we get Theorem 1. o
Bl LY

Similarly, if we start with the expression for 9™ —%j given in
Lemma 5 and apply Lemina 7 repeatedly we get the next theorem.

TEROREM 2. For y > 0,y = 3, 4, 5(modb) there ewist integers t(y, 0)
and (v, 8), not depending on B, such thai

{i) W(t«;(% 5)) 2= 2(0~ )+ ep-t-1,
() (750 = (1972 Slioly, o)ty o))
0

(mod 57+
: . —y—38
or 30, whore 3, = 8o(y) = = | L] ana
| 0 if y=5{mod5),
&y = BD(‘}/) = y _
1 4f vy = 3,4(modb).

. CororLARY., The wector space
' Q7 = {()_(mod3P)| fe Q)

24501 -sﬁ—y)

8 spanned by (v J
{y|0<y<b &y=1,2(mods)}u
Uyl 0 <y < B & 2(8% 11— 85 (»)) - o () < B).

Tho integers 8,(d) may be computed from the formulae given in the
proofs of lemmata and Theorem 1. The fivst few values are

5 (1) =1,

8(1) = 1495,

80(2) == —12, 288, 268, 243, 031 - 52,

8:(2) = —9, 705, 602, 584, 447, 470-5°,

The values are increasing very rapidly as one would expect because
of the large power of 5 in b(y, n).

_ where v runs through the set

3. Using Hecke theory one can prove that the eoefficients of fe
satisfy recwrrence relations with < 2dim&Q;+1 =2-5°~1 terms, for
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dotails see [2]. Since the operator ( )_ commutes with the Hecke oper-
ators, wo can show similarly that the coefficients of {f)_ satisfy recurrence
relations with < 2dim Q7 -1 terms modulo 5%'. Hence the corollary
gives an upper bound on the number of terms in such congraenees. Atkin 17
has found such three term. congruences modulo 5%, in fact {3) is true
module 5%,
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