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1. Introduction. Let K be an algebraic number field of degree n, y
an abelian character of I and L(s, y) the associated I-series. There has
been much written about the values of L(s, y) for integral values of the
argument . In particular, one has the following result:

TanornM A (Klingen [57]). Let Q(x) denote the cyclotomic field generated
by the values of the character y andletk = 1,2, 3, ... Then L(1—TF, ) s @ ().

Lot b be a ray class modnlo f, where f is the conductor of ¥, and let
11
Lo by f) = D= (Bes>1),
A

where the summation is over all integral ideals in the ray clags b. Then
one clearly has

L(s, 2) = Y 2(6)¢(s, B,1),

whers the summation iz over all ray classes bmodf and y is regarded as
a ray clags character modf. In particular, Klingen’s theorem is implied by

TrrorEM B (Siegel [117). {(1—%,0,f) Q.

An algorithm for ealeulating ¢ (1 —k, b, f) has been given by Siegel [11],
and in the speeial cases of the trivial character [13] and K areal quadratic
tield [12], Siegel actually gives a formula for £(1—F%, b, ). Recently,
Shintani [10] Las specified a general procedure for obtaining formulas
in general.

Our main focus in this paper is Siegel’s formula [12] for the ocase
K = g real quadratic ficld. Siegel’s approach to the formula rests on
an ad hoo limiting argament which derives from the ‘Riemannsche Gren-
ziibergang . In this paper, we rederive the formula in 2 somewhat more
conceptual way, by relating the value of {(1-—%,5,f) to an integral
which is, essentially, an Bichler integral. The key to computing £ (1 —%, b, f)

* Research supported by NSA Grant GP-MPS 74-01307 A02.



230 L. J. Goldstein

is determining the period polynomial of the Bichler integral with regpect
to 2 unimodular substitution which is derived from the action of the unit
group of K on a bagis of b. And in Section 4, we compute the period poly-
nomial by nging the methods we have developed in [3] and [4].

The method developed here iz susceptible to a nummber of general-
izations, but we will reserve discussion of these for future papers. We
algo should remark that a general theory relating the values of zeta funec-
tions associated to cusp forms (for Iy(HV)) at certain integral arguments
and Bichler cohomology has recently been worked out by Razar [7] and
his work is closely relatedl to the present paper. Moreover, the compu-
tation of Section 4 has been carried out independently (by a somewhat
different .method) by Razar [8]

In Section 4, we exhibit an intriging relationship between the values
of zeta functions at even and odd integers. This relationship arises quite
naturally out of onr method, although we do not fully expound on it here.

The author wishes to thank the referee for a number of very valuable
suggestions.

2, Amnalytic formula for £(1 —%, b, f). Our first task iz to derive an
integral repregentation for {(1—%, b, f). The required formula iz to be
found, essentially, in Siegel’s work [127, p. 12. However, since the formula,
one finds in Siegel is not stated in precisely the form required, we havoe
provided. a sketch of the derivation here.

To begin with, let K be any algebraic number field of degree n,
¥ = the number of real, infinite primes of K. Let { be any integral K-ideal, b
an integral K-ideal such that (b,7) = 1. Let » be a signature character
of K, that is

pr K> {413,

LISy Y
()zn(m) =00l

where a — o) (1 < j < 7) denote the real embeddings of K. Set

M = A+ g- ... + 0,
Further, let b = the different of I, o = b/of, and
Pls,v) = Y olw) | N

p=1(mod f)
psh—1

{Res = 1);

where the prime on the summation. means that g runs over a set of rop-
resentatives non-associated with respeet to the group I} of totally positive
K-units which are = 1(modf). Then {[11], p. 19) #(s, ») can be analyti-
cally continued as & meromorphic function to the entire s-plane, having
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at most a simple pole at ¢ = 1, with the pols occurring precisely when »
ig trivial. Morcover, (s, v) satisfies the following functional equation:
Set

Afs) = (2(* — )2 _,,,2)311(3‘!2‘1) _['(_2_)* F(s){n—r)lz_

Then, for Ros < 0, we have

@1)  eaPR N (§6Y) A (s) F(s) = A(1—3) 3" o(1) ™D |N (2,
ali

where a = b/bf.
The funetion F(s, v) is rolated to {(s, b,{) via the formula

Z(s,b,f) = "2—'21?(3 )

whero the sum on right runs over all signature characters of K. From the
(unctional equation {2.1), one can deduce that ¥(s,v) =0 for s =1—k
rk =1,2,...) if either K i not totally real or v is not of the form ()
= (N (,u,) ). Therefom, by (2.1) and (2 2), we deduce that for K totally

(2.2)

feal, & =1,2,..., we have
(2.3) L(L—F, b, §) = J N (@) D ™ N ()
alk
where
Ty, = (2mi) (k)" ¥,
f = N, 4 = the diseriminant of K, and where, in case kE = 1, the sum’

on the right side of (2.3) is understood to be defined as the Hmit .
11m y 2 Te{A) v ( Z-

s+ OU-

N ()

Henceforth assume that K is a real quadratic field. Let & denote
the non-trivial sutomorphism of K. Consider the fo]lowing integral formula:

1

f a1

0
Seb % = » = k. Change variables in the integral by setting

VA
W = ——
A1z’

_ ﬂu)]’(fv)

—gy ! = SIS >0, v>0.
x) " dee I‘(u—l—fu)’ " ,

where 1 is any element of K*. This yields

oo k=1

Nyl

0
(2.4) I'(2k) _Of (Aw+z')2f°‘m’
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where the -+ sign prevails if /4’ > 0 and the — sign if A/’ < 0. This
formula is the key to what follows. Applying Cauchy’s theorern vields

K 1

Ik

e T e
¥® I'(2k) _Uf (Aw - 2')H

dw,

where the integral is along the imaginary axig. Therefore, by (2.3}, we have

I’(k)s 621:@7'1‘]:(/1)

1=k, B, )= T 5@k [ 0w > e
11(276) é'( ? f) I (a) Gf w QZMJ N(Aw_j_ll)ﬂk dw'

(2.5)

':Ehis formula is valid for k = 2, 3, ... However, it i also valid for &b =1
if we understand the (conditionally convergent) sum on the right to mean (1)

2reiTr(d)

lim 2’ ¢
0 o N (dw+ 4PN (w42

. By the Dirichlet unit theorem, I} is an infinite cyclic group. Let &
be ifs (unique) generator which is > 1. The K-ideal a as a Z-module is
of rank 2. Choose o, and w, such that '

a=2Zw,+Zw,.

Furthermore, since w;0 € a (i = 1, 2), there exists o e 81.(2, Z) that

lee) = [z

=0 .

ET Wy 422}

- NBince ¢ el;, we immediately deduce that o eI'(f) = the principal

congurence subgroup of SL(2, Z) of level f.
‘Let 2 be the interval on the imaginary axis defined by

7 ; Ef i l
D =qw| w="_|—+], 0g8<1;.
Ef J
Then a standard computation, starting from (2.4), shows that

F( ;’0)2 -y PR Tr{2)
C(1—%, b = J, N{a)* ol R
I'(270) ( Gy By f) k {a) JW Z (lw T A’)ﬂk dw.

Aen

(2.6)

Introduee the new variable
we, 4w,

Wy 4w,

(*) The existence of the Hmit may be proved in the usual way, by applying

the Pomsnn.summa.tmn formula and then wusing clementary estimater concerning
Bessel functions. '
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Index w, and w®, 80 that Tme>> 0. (Thiz is possible since. sgn(Imz)
= 5gD (w0, wp — wy;).) To express the integrand in terms of z, " define
u, v eQby B '
' # = Tr{w), v = Tr(w,).

Furthermore; let

o

Byfelu,v) = )

", R=— 0o

gmilmu+ )

(mz + )

where for & = 1, the sum is defined as

B2n:i(m.u+ nv)

. =i "
B, (z|uw, v) am Z (1 +n2)? im +nz*

m,n=—00

Finally, set
Q(2) = (032 — w1)(wa2— ).

Then @Q(z) € @[z]. Using these notations and equa,tion' (2.6), we readily
deduce the desired integral formula, namely
TarOREM 2.1. Let 2, be any poind in the upper half-plane. Then
a(zg} '
L=k, 5,F) =L, [ Bpleiu, 0)Q(a) " de,
£
where

L, = —(2r)" [ (2k) N (b)?

and where the integral is taken along any path in the upper half-plane connec-
timg 2, and o(2). ' o

Proof. Let A of (2.6) be set equa.llto M,y + nwy. Then ag m, 7 run
independently over Z, 1 runs over a. This substitution yields the theorem

- for 2z, = (@14 w;)/(wg+ ay). For arbitrary z,, merely observe that the
* integrand in the statement of the theorem ig invariant under the trans-

formation
(2.7 z > o).

Therefore, if we connect 2, to 2 by any path L in the upper half-plane,
Cauchy’s theorem and the invariance of the integral under (2.7}, we have

do) o) o(2)
P -f-L-p-71
% z o L) I k4

3. Generalized Eichler integrals. In the preceding section, we ex-
pressed £(1—%, b, f) in terms of an integral. In this section, we build up
a general theory of such integrals and show that they are closely related
to the so-called Eichler integrals. Tn particular, onr main result will allow
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ug to evaluate {(1—%, b, f) in terms of the period polynomial of & certain
Hichler integral. .

" Let I" be a Fuchsian group of the first kind acting on the complex
upper half-plane H. Assuine that I has a cusp at {oo. Let k(z) be an anto-
morphic form of even integral weight -2 (n = 0) for I An Hichler
integral H(z) of h(z)is an (n-+1)-fold iterated integral of h(z). There are
many choices for such an integral, corresponding to the possible choices
for the constants of integration. For example, repcated integration by
parts shows that one choice for H (=) is :

(3.1)

where 2, is any point in H. Another possible Hichler inbegral can be ob-
tained as follows: Suppoese that the Fourier expangion of k(z) about the
cusp o0 is given by

hiz) = Zame“""m”.

=0

Then an Eichler integral associated to h(2) is given by(2)

[=4]
N Py

GEm'mzH.
21 gl *
m=1

(3.2) Hz)

j, =1
21':'5)

— 1. -1 I
7“"_"“(n+1)1 Qg™ (
Eichler integrals were first introduced in {1]for the purpose of construc-
ting what has since become known as the Eichler—Shimura cohomology.
- More recently, Razar [7] has exhibited & fundamental connection between
Bichler integrals and the values of zeta functions attached to cusp forms
at integral arguments ingide the “critical strip”. In this paper, we continue
the work of Razar and exhibit the coxinection between Hichler integraly
attached to Bisenstein series and the values of ray class zeta functions
ab integral arguments, '
. Let us begin by describing the main results of this section. For basic
notation and facts about Bichler cohomology, see [9]. Lot p(2) & €[],
deg(p) = n. Further, define the action of I" on polynomials via

_(3-3) p°(z) = ploz}i(o,2)*,  oel,

where

L, ., _ o=
o, 8)=oe--4 it o—(c d)'

(*} Of ceurse, the two Eichler integrals (3.1) and (3.2) differ by an Eiehler co-
boundary, Tt will be important; in wha follows, to wake use of hoth Richler inte-
grals and to explicitly compute the co-boundary in the case of interost.

|
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We will study integrals of the following form:

(3.4) @(2) = [h(z)p(r)dr.

The principal question we seek to answer in this section is: How does G, (%)
transform under the action of I'? It turns out that this question has a very
simple answer, which can be moit olegantly stated in the language of
Bymmetric tensor representations, which coneept we now review.

.
Let u,v e R. For n > 0 denote by (::) the column veetor
. Y

un

Then

where M,(o) e SL{n+1, R). The mapping
SL(2, R) - SL(n+1, R),
o> M, (o)
is a representation called the n-th symmetric tensor representation of SL (2, R).

Note that if ¢ e 8L(2, Z), then M, (o) € SL(n+1, Z).
Deofine the matrix

B 0 2
-Pn = o
pn-{-llo
where
Py = (_1)1~1(jf1),. 1<j< ntl.

Then we baye the.identity :
‘ ] n n '
(u) P,,(:;) = (uzg—ow)".

(3.5) N

3 — Agta Arlihmetica XXXVI, 3



icm

236 .. J. Goldstein

Moreover, if L4 denotes the transpose of the matrix 4, then we have
3.8) ‘M, (0)PM,(0) =P, (0eBL(2,R)),

(3.7) P, =(—1)"P
The Eichler integral H (2) satisfies the following transformation law
| H{o)j(o, o) = H(3)+8ule) (s €T,

where 8,(#) iz a polynomial of degree < .
Throughout, we. write §,(z) and p(#) in matrix form ag follows:

14 " ¢ 3
.9) 5.0 = (3] 80, 26 = ()7,

for (n+1)-ro§ved column matrices S(¢), P. Then our main regults con-
cerning &, (#) are:
TaeoreM 3.1. Lel H (2) be the Bichler integral of h(z) defined by

1 L4 ' -

H(z) =~?;L-!—fh(u)‘(z\—u)”du.

Then _ .
G, (02) == (z)+%|*PM (o) P;18(a)

TumoREM 3.2. Assume that p =9 and let H (2) be.am,y Fichler integral
of h(z). Then

G'p(az) = G, (2)+-nl'PP;* 8(0).

As preliminaries to the proof, we require four lemmas.
Leywva 3.3. Leto € SL(2, R). Then

| ("f’“))n' = j{o, "M, (o) (i) X

. Proof, ITmmediate.

Levma 3.4. Suppose that p°(z) = (i) P Then
P* =Y ()P

Proof..
Po(e) = jlo, ' p(55) = (o, )" (“‘z)) P = ( )H‘Mn(a)P (Lerama 3.3).
Levwa 8.5. If p° = p, then M, ()P =P and "M, (0" )P == P.

Proof. The first assertion follows from the preceding lemina. The
second follows since p” = p implies that p* ~ = p.
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LuvuMA 3.6, Assume that P’ =p. The qua;ttity ' PP 8 (o) is inde-
pendent of the choice of the Kichler iniegral H (z).

Remark. Lemma 3.6 asserts that the quantity o' PP 8(c) depends
only in the Richler cohomology eclass of H(z). That is, the quantity i

unchanged if H(z) is altered by addition of a co-boundary (a polynomla,l
of the form B7(z)— R(2)). ‘

Proof. Let H(2) and H,(z) be any two Eiehler integrals for %(z).
Further, Iet ‘

Hile, o = BE+5.0, 8,6 = (3] 500,

Hy(o#)j{o0)" = Hy(2)+84(e),  8h(e) = t(i)nsl(a).
Sinee I and H, are both Eichler mtegrdlé for h, we have
8, (2) — 85 (2) = k°(2) — (2)
where k() € C[]. Thus, if &(2) _! i)ﬂz, then

S8(6)—8,(0) =K —K ='M,(c) K~ K
Therefore,
nl PP 8{a)

(Lemma, 3.4).

—nPP18 (a)
= n!'PP;[8(0)— 8,(0)]
= n¥PP M, () K — K]
= nPPUH, (0) K —n VPP K
= nl'PM, (a) P, K —nlPP'K
— wiPP K VPP K
= (.

Proof of Theorems 8.1 and 3.2. Consider the following vector
integral: «

((3.6))
{Lemma 3.6)

fh(r

Uunder the action of I, F(2) sa.t1sf1es the transformation law (see [9], D. 298)
§(or) = M, (0)F () + B{0), |
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where the column vector R(c) does not depend on 2 Furthermore, G (z)
and §(2) are related by the equation

G,(z) ='PF(2).
Therefore

(3.9)  @yle)—G,(e) = PFlar) =TT
' = PLM,(0)F (e} -+ R(0)] = PM,(o)F (2}
= ‘PR(0).
On the other hand, if H(2) denotes the particular Bichler integral

then (3.3) implies that
i n
CHe) =-1—(z) P (6).

n!

Therefore, Teplacing 2 by o(2) in the last equation, multiplying by j(e, 2)"
and subtracting the original equation, we obtain -

8,(2) = H{o2)j (o, 9" — H(2)

i n
eito o (77 Bt -

1
nt

i

YT 1 fz\®
= (1) M, (o) P § o2y —— (1) P,(z) (Lemma 3.3)
ENOY i 1 Yz\"
Tt (1) M (M (F(2) + B(A)] = — ( 1) P, ()

z)n‘Mn(cr)PnR(a) (eq. (3.6)).

Therefore,
R(o) =n1P M, (0" 8(0),
go that by cquations (3.9) and (3.6), '
Gp(02) — @ ,(2) = n PP M, (07Y) §(0) = nlP M, (o) P 8 (o),

which completes the proof of Theorem 3.1.

Theorem 3.2 now follows immediately from Theorem 3.1, Lemma 3.6
and the fact that if ° = p, then

_ V' PM, (o) P 8(0) = n!'PP; 8 {0)
by Lemma 3.5. '
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COROLLARY 3.7. Let all nolations be as above and assume that p° = p
and H (z) 18 any Bichler integral associated to h(z). Then

a(z)
f h(w)p(w)du = nV'PP; S(0).

We close this section by applying Corollary 3.7 to the integral

a(zu)
[ Buzlu, v)Q eV dz

L]

of Theorem. 2.1. It is trivial to check that for & > 2, the function By (2], v)
ig an automorphic form of weight n+2 = 2% for the group I' = I'(f).
The case & = 1 is more delicate. If % and v are not both integers, then
E.(z|u,v) is an antomorphic form of weight n+2 =2 for the group
I' = I'(f). However, if both « and v are integers, then . (z|u,?) is not
even. holomorphie, let alone an automorphic form. The proofs of the state-
ments for % =1 can be patterned after the argument given in [14],
pp. 63-68. The case u,v both integers corresponds to f = (1), 80 that
£(s,B,T) is just the zeta function of the principal ideal class of K. And
the functional equation for this zeta function ([6], p. 67) implies that

£{0, (1, (1)) = 0.

Therefore, let us henceforth assume that either (a) k> 1 or by k=1 and
f s (1), Modulo this assumption; Hy(z{%,?) is an automorphic form of
weight n +2 = 2k,
TmMMA 3.8. The polynomial p(z) = Q=)' has degree n = 2k—2.
Iet ¢ e SL(2, Z) be defined by
o (m") .
W

&My _
EfCDg -
Proof. Liet v = (Cb b)‘ Then -
¢ d ) _

EFIWI) __.( d —“'b (wl)

& wy “l—e  af\w)’

Moroeover,

p°(2) = {[wa(az+b) — o, (o8- d)] [0 (02 +b) — oy (02 + 1t

= (6 Y (a2 — @) (03— @)

=p(z) (since N(g) = +1).

Then p° == p.
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- Thus, finally deduce,
TemoREM 3.9. dssume thal either )‘c >1 or Tc ws L oand f =1, Lef o

eSL(2, Z) be such that
@1 :& 0,
f Oy (2213 !

and let 8,(2) be the a-period of any Hickler integral associated to By (2], v).
Further, let p(2) = Q (),

[ n { n
| v = (32 50 = (3] 500
Then )
E(L—T, b,§) = I,'PP;8(0),

where

N (0} (2R

— — 2k

B 92k (2]" )

4. Computation of the period polynomial. Throughout this section,
E; (2|4, ¢) will be congidered only in case either k> 1 or k =1 and %, v
-are not both integers. This restriction guarantees that ¥, (z|w,v) is an
automorphic form for a certain subgroup of finite index in SL.(2, Z).
By using the Poisson summation formula (plug a limiting grgument if
k = 1), we obtain the following Fourier expansion around the cusp ab foc:

= (2mi)2E . - . )
By (2|, v) = A{u)+ T giriny 2 i+ 1423 gt )e
o= — 0 P )
n#EH wi(m-pu)>0
where
s e'.mimu
Aw) = 2 —_—
) ]szk

A3h 70— X3
ki

Thus, by (3.2), wo find that an Hichler integral of By (z|u, v) is given by

(41)  Hy(2) = Hyle|u, 0)

e S D% girins ST gimin{m+-1ue
I (2k). I'(2k) & [T
nEd

me=—00
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The main result of this section is to calenlate the period polynomial 8,(#)
for thiy Fichler integral with respect to any o c.I'(f). There are many
methods available for accomplishing this. The one used here is a quite
general method based on the following general principle: Any funetional
equation involving automorphic forms (or Eichler integrals) should be
a refleetion of the functional equation of an appropriate zeta function.
The method used here iy an adaptation of the methods used in [3] and [4]
and iz capable of muech greater generality than exhibited here. The zeta
functions appropriate to this eomputation arve the partial zeta functions
which have recently figurved in the work of Coates and Simnnot [2] on
p-adic L-functions of real quadratic fields.

Our plan, in outline, is as follows: We express the non-constant part
of the, Eisenstein series (H;(z)) in terms. of a sum of functions (& .{®))
whose Mellin transforms are reagonably elementary zeta functions. We
1uge the Mellin inversion theorem to express H,.(z) in terms of these zeta
functions. By shifting the line of integration in the resulting formula and
at the same time applying the funetional equation of the zeta functions,
we arrive at the transformation formula for H,(2). The period polynomial
is computed from the residues of the poles passed over in shifing the
line of integration. Unfortunately the details of the calculation are some-
what tedious to carry out.

Let ¢ = (: g) If ¢ = 0, then a = d = -1 and we immediately
gee that ' '
A(w) ' |
e . p—1 _ geh-ly
8,(0) = s flaat 7 =)

Thusg, it suffices to agsume that ¢ 0, which we do throughout the re-
mainder of this section. In fact, by repla,omg ¢ by -0, we may asgume
that ¢ > 0.

Het
ce+d
g0 that
d it
BT, T e ow
- Further, let
B g
U = — v ==
f’ !



icm

242 L. J. Goldstein

Then, in terms of these notations, we have

o e DO

wep (mod.of) m mq (mo(]. ef)

, ) Ay 0y i j j iy 1 Sredm (pi 1a)(___d_+1"_’)
B)——— & = n e
T (2k) T(2h) 4= et [T
. nd B0
S S et St
mi”“
. fr=—00 1==-DG
nAD Bl-ku)>0
] i o amy 4w
__%EE'_ 2 minglf 2 1 _ 6"1"""‘("‘]""")
(270) !ﬂlzfn--—l
h=—00 W= 00 .
nyd me=f{mody)
. mn>0 !
= _.__..2“%. 2rign/f 7 -~ 2TEigpiicf G
- I(2k) € € w0y
plmadef) q(mod.cf)
. g=ah{mod.f)
where
i — _., nnw/cf
Gp.a(w) - Z 2 I%IQT.:— i

where the prite on the summation means that. the summand 0 ig omitted.
Let 6, (¢ =0, 1) denote the two gignature characters of the real field,
that is :

i, R* — {:]:1},
B, (2) = sgn(x)*.
Then
, A(w) ) 1 ~ g REand
(4.2 H, (2)— 21 = e ) of
(62) Byo)= o™ =g S ‘ G ()
se=ly 11 (Modef) o {melof)
qrah (mod £)
where _
Gp'q,!(w) = Zf >MY 0 (IZT:IM- ) g el
nep (moor; &f) maa (mnd ef)
Let &

22,5 {8) denote the Mellin transform of &, , ,(w):

oo

= f Gr,q,e(w)ws--?dw

0

Dy,g,0(8) (Re s> 0).

Zeta functions and Biohler integrals 243

Then a simple ealeulation shows that

2 -8
(43) . Dyple) = (735?) T(s)(s+2k~1,p, of) Euls, 4, of),
whero
Lulsyp, 1) = S’ b () (Re s > 1),
|m|*

e
mep (moi p)

The fonction £,(s, p, r) wag studied in [3] Here is o summary of
its propertics: {,(¢, p, r) can be analytically continued to s meromorphic
fanetion in the entire s-planc with a single possible pole at s = 1. The
pole occury if and only if ¢ == 0 and has residue 2/r. Furthermore, we
have the functional equation

. — 82
(4.4) (—’;) I’(f—ti) L8, 9, 1)

2
~{1-8)2 '
of T Afl—8-¢ 1 4
= (—1)" "‘“”( ) F( = ~-) N, s, A, ).
_ i * et

Fuortherrmore, the funetion on the left side of the functional equation is
analytic except for poles at s = 1 (¢ =0, all p) and s =0 (¢ =0,
p = 0(modr)). )

LmmA 4.1, The fumction @, . (s} is meromorphic in the clmtz'ra s-plane
and satisfies the fvmaiw%ql equation :

Tome 1
(bﬁ.q.a(s) = "('“ 672

g HF 1

e Y @ﬁ“(uswzk—I—Z)

ay f{mnd o)

Proof. Teplace » by of in (4.4). Then multiply the resulting equations
corvogponding to the avguments (s, p,of) and (s+2k—1, g, ¢f), to get

oedeblfs 1. / o
(4.5) (;) 1*(-‘-“-7*1%7_“2 L ”)1*(8“;8);,(s--zk-—l,p,cf)c,(s,q,cf)

(1)t (e (2~s—2?cnj~e)r(1—8+s)x
u,}fw(uéf) r(*=5 :

aptlg
N T (28 —2k, a, o)L,

X

(1—8, 8, f}.

o f{mod ey
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Now sinee ‘
s+2k—14¢ 8+276—3-|~b: §+2k—b-+e f‘_jl“E“EJ, §-+14-¢
p( : ): s —2Ee LIS o),
w6 have
-2k 1 8
(4.6) 1"(8_! “2 +f)1’( ';8)

g4-1- -
::.2“’“”“(s+~2k~3+a)(s+2i‘a—5+e)...(s+l+e)]‘(H F"")r( he )

2 2
= 1/71:2

wheseeig L Ok —3 &) (s-F2k—5+g) .. I8 --8)
= VR e L 9] 3 ) (52— g) ...

(s--14e)
(s+1-+8)s"1"(s).

By replacing ¢ with —s —2k-+ 2 in the last formula, we obtain

2—s—2Lt¢ 1—s4e¢
(4.7} P( 5 )r( 5 ) |
= Va(— 1) (g1 Le) (s B 4¢) ...

o (84-2%—8 - e) 8 I —9 — 2%+ 2).

Tnserting (4.6) and (4.7) into (4.5) and dividing both sices by
(s-+L-fLa)(s-+3-1&) ... (s4+2k—3 4 ¢)8",

we get the desired functional equation.

. Note that the function on the left side of (4.5) iy regular except for
possible poles at ¢ = 1, 0 and s = ~2%4-2 and these poles occur precisely
in case ¢ = 0 and s = 0 under the further condition that p == 0(moddf).
Bince, to get D, ,,(s), we divided by

(8-+14e)(s-+3+2) ... (3-2%—848)s",

we gee that

Lipmma 4.2, @M (%) i3 analytic except for possible poles at
. 0,1, -1, -3,..., —2k-3, —2k+1, ~2k4-2 (e = 0),
0, —2, —4, ..., —2k42 ' (g = 1),

Let us now make use of the functional equation of Lemma 4.1. By
the Mellin inversion theorem,

3/%4-i00
1 !

Gn,a,é(w.) e f Dy,0,q(8) 0

2
3/2—1io0

s,

icm
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Apply Cauchy’s theorem to shift the line of integration to the line Re s
= —2k-+%. To do so, we must take into account the regidues of the poles

of the integrand in the strip —2k+-4 < Res < . By Lemma 4. 2, these
poles belong to the set

{=1, =3, .00y —2%--1}U{0,1, —2k+2} # & =0,
{0, =2, —4, ..., —2k-+2} it s=1,

Therefore, we obiain

S{g) ==

=R 13 dos
e (W) == e P, ga wtds + 21 Res By, g, )~
oo B 1f8-m 00 =T
1 FIPER T
= Dy g0( =8 =2k 4-2) w205 4 ' Resd,
8/2—doc ge8(z)
Applying Lemma 4.1, we obtain
(4‘8) G s a(’w) R
n . a 3/24-{ee
( 1) rw“f“’"ﬂ “ anl Data 1
T e w-;jf e é ef ET @ﬂ a, a( )’w ds+
a, fi{mad ¢f) . = 3/3m fo0
+ D Res g ()0
‘ ge8(e)
. ( 1)7;'-»-1,wﬂc g Y ami 2% l-gft _ -
= D) T ) Y Resd (s
ﬂ,ﬂ(mudc)’) 8e8(s)
Thus, combining (4.2) and (4.8), we find that
. A(u) :
(4.9)  H,(2)— o
—1 k—lw%w =
(= o)fF(Zi AN i G o™ +
f) g, 1 mgmodef) o ﬁ(mndlc)‘)'_ )
1 . gpe—qnd
x’ﬁ B 627:: o (S)w_g .
1.,(27“ Dp,g.e
s, ] Be5(8) 4 mo(lrj}
¢wmh{modf

Wo now study the two torms on the 11gh1: hand side of (4. 9) Ajs to the
Tirst ono,

_m{ ppe-gpd-tpa-gf

ul
é o

Gﬁ,u,s(’wﬁl)

nya{modef) ¢, A{modaf)

@b (mod f) .
== 2 Gﬂ, o, 8 (w- 1)

o, (modef

$) pmilota)plet
p(mbd.ef)

Eril-paiaiel

d
q-gl.(:ﬂomggf)
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It is easy to see that the innermost sum is 0 if ot f—pd and equals

e Gﬂnih(.ﬂw—pdl) fef

otherwise. However, the condition ¢t §— pd is equivalent to

p = fa(mode)
gince ad-—be = 1. Therefore,

amg 2RO qmd.-l-pa-f_aﬂ
é cf

0,0 (mod of) a, 5il
QE}S(I&’M a, B (mod ef}

Gﬂ,a,e (w— 1)

=0 Z G‘ﬁ,%s(’w'l) ! gamillae-t alp-b- R(p—pe)]ief

a, {rnod ¢f) - p(dotlef)
pe=ba (mod 6)
=@ 2 Gﬁ,a,a('w_l) ez-n'mﬂ,lr:f Z GEni(gc-I-tz—-ﬂh)ja!ci
a, B (mod ef} p}lmo ef)
P fige (.0cl )
=of Gy o o (Y iRRIET g (0o com AR Baef

a, i (mod of
©oge a-—-éhﬁb (m)od. )

= Of
a, 8 (mad cf)
a=A({modof)

= Gf
a, 8 (mod of
w=d (mod of )

E,!ﬂ, a s(,w-—l) g2mi(hd-h gfcw: apu—dhfa)fel
Gﬁ weltt™) girilafe-tadt)ief
(since ad = 1(moddf), a = 1(modf)).

‘Therefore, by (4.2) and the formulae relating « with 2 and o(z), we sce
that' (4.9) implies that '

Ay
4.10 H SN kel
(4.10) k(z). Tn)
. - 4 (u) - YRS
= i{g, 221 T oy T
ita, o {my (o) -k ol 3T S,
: #mil,1 JaS(s)
where
i Ny
Rj,,-——fw—k)—Resa,J( 2 é o cﬁﬂ'w(s)w‘”).
. 2,0(modef)
geh(modyf)

‘To complete our derivation of the trangformation law for H,(s),
let us now compute the residues R;,. We do this in the following three
lemmag. : '
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Lumma 4.3,
A(w)
R, , = i{a, 2)" e ¢,
1,0 j( !’ ) F(Q’k)

Proof. Thepoleats = 1 arises because of the simple pole of (s, g, of)
there. Therefore, ' : :

gpe-—~gpd

9 (om\~!
7 CD(Zk,p,cf)a_,—(——E}) wt

) s
e = T

1,0 (modsf)

'l:w'“l N1 2rvignlf N - Sred el
\ 2 migpdic .
7 8 € Gl krp:cf) 2 &

2
p{moder) ggiﬁtxjgocc{)f )

iw e .

62::i(apc+hpd]fcf Cu (276 . Py Gf)

plmpdef)
p=0(modece)

iw—lcw2k+1
=TTk,

Wl emi(gc-ﬁ-hd)r!fgﬂ (2k, ar, Gf)
¥ (mod f)
TR RURES. 7 SR §
o amikirlf
[T o P o2k, r
g of2E, 7, f)
rimodf)

(sincee = 0 (mod f), 4 = 1{mod f))

) : o mium
Q‘w-—lc—2k+1 &

- ZW:-J'(a,zr

e — DA

1 A ('M) 0—2.’c+1
T'(2k) '

Tet us introduce the quantity

0 if uéZork=1,
¢ (’M ’U) == - °3~’, 62ntm1: . )
o I(2%k) 2/ [m\zk‘fu"m #f weZand k> 1.
17 o m O

Then, we have : .
TeMmA 4.4, By, = Cylu,0)if &> 1, =04 k=1.
Proof. If k> 1, then {o(s+2k—1,,df) and o5, ¢, ¢f) are both
regular for ¢ == 0. The regidue is then contributed by the simple pole of

I(s) at s = 0. Thercfore,

; geile—adoiel £ 0% 1, p, of ).

By ==
0T Tk L
. do
ey

£4(0,5 ¢, of)

plmodef)
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However, £,{0, g, ¢f) = 0 if ¢f{'q. From this it follows that

0 it fth,

By, = T -7 .
" Nray D CUGE@R-1eg) i S

p(modcf)

= Ok(%? ).

Asgsume now that & = 1. Then

nt -y 29 \F
Ryy = = Res,.. (——-—) L'(8)Eo(s, g, ¢f) x
"0 = T g(m%ﬂ A o( of (8)Lo(s, 4, of)
g=h(mod}

% 2 gzni[ac—qd)ﬂ/cftn(g_}.l,_fp, cf))

p(modcf)

Note that the function Z,(s--1,p, ¢f) has a simple pole at s — 0 with
residue 2/of. Therefore, if gd = go(modcf), the inner sum is regular at
s = 0. But this last condition is equivalent to ¢ == ge(modef). On the
other hand, if ¢ = ge(modcf), then the inner sum equals £(s-1), which
has & simple pole at s = 0 with residue 1. Ostensibly, in this latter cireum-
stance, there is a double pole since I'(s) also has a pole at s = 0. However,
note that the double pole never oceurs since if ¢ = ge(modef) and
¢ = h(modf), then h == g¢ = 0(mod f). Furthermore {,(0,q, of) = 0 if
¢ft¢. Thus, a double pole could exist only if ¢ = 0(modef). But this would
imply that ge = 0(modef) and g = 0(modf). Therefore, both u, » aze in Z,
contrary to our assumption. Therefore, we may compute Ry, a8 follows:

T .. et
By = Ten 2 $0(0, ¢, f ) -lim, 2 gimHae-aBipiely (¢ 11, p.of) +
o {mod &f) a0  (mod of)
qwh{modf)
g ge (modes) .
i AR
+ T Z lim (mc“f—) T'(8)8o(e, a4 of).
. a (]moc‘!‘ of} . k
gl (mod 7)

aeege (mod of)

Tet 8(h) =1 if b = O(modf)_, = 0 otherwizse. Then

X ' 62ni1um‘:f

et

||

' {2
B = g W0, 0,0 3

b e [ 2770
+ Pg]g) 6(7”)?_13 (“g;:‘) P(s)¢ole, goy cf).
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By the functional equation for {,(s, ge, 'cf ), we readily deduce that

x 8 1 oy gl
im, | —-] I'(s 8,96, ¢f) = — 2
tm (5] e =5 X
Thus, since £,(0, 0, ¢f) = {(0) = —4%, we have B, = 0.
Ligmua, 4.5, R—zm-z,d = —C{u, v)j{o, 22 (k> 1).
Proof. By Lemma 4.1,
i ( — 1)k_l | ! 2t {gpe— qpd+ ap--fa)lef
B_gpign,0™= —— Res,.._speo ¢ X
OfP(ZTG) . . »,4,0,f(modcf)
g=h{modf)
X @B,G,D(—'s—-—2k+2)w—s)‘
. % .
_ n%(“““l) w2 lim ez;n:ﬁqfcfcn(_s_l_l’ ﬁ, af) %
of I'(2k) a2t N et ) _
g=himod f)
% i(e— o
X o —a— 242, aycf) Y emieatrontd)

p {modef)

But the innermost sum is 0 unless

ge—qd+a = 0(moddf) < a = gd—go(modef).

Therefore, _
— I Bl - E
R_‘ﬂ a9 = ——MM( —:—L—)— w®? lim G'nwgid{o(3+11 18,! Gf) x
e+ reky A I e Y : :
q%?t(moﬂf) -
K Eg(—8—2k+2, gd —ge, cf))iu
However, ' ‘

0 it° eftr,
Lo(0, 7,y of) =l1 i oflr
(uge the funciional equation). However, |
gd — ge == 0 (modef) < ¢ = gea(modef) « g = ge(modef).
Therefore, since fle,
0 it fth,

! k
ngkuw,o — T( 1) ,wm—z lim.

T(2k) s aiti2

63’“”’7@,'0(——8#]-»1,5,@) if f]h-_
Blmod. ¢f)

= —Clu, 0)j (o, )T
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The poles of ®,, . (s)w™® other than those considered in Lemmas
4.3-4.5 above, are all of the form

s =—m, Ogm<2k—1, m-+eodd

Lrevma 4.6, dssuwme that 0 < m < 2k —1, m+¢& odd. Then
R--m,a"”‘: j(.0'7 z)m X

(_1)k22k—1 TEE)L' 2 q,(,+¢ " FN
A raE ) ) Panl™ - (v-—-_?ud)

rimode)

where P,(v) = B.(x—[]) is the r-th Bernowlli polynomial(®) modl.
"Proof. Bince, for m = 0, we have
(—1y"
m!

Res,. . I'(8) =

]
we deduce that
o (—1)" (27: )"‘wm

R_ L S P — f
m,e F(Zk) m* Gf Ca( m’ g’ Qf) X
q{mpd of)
g=h{taod 7)
X D) @ k1, p, )
w{maod of)
m (=1 2m\™ q oy gimilee-udtiof
T TR m! (—&f) wh D Ll g, of) T
) Q(modnf) o=t
g=/i {xnod f)

It is well known ([11}, p. 17) that for positive integral », we have

1o > gzm'fa:
o) =~ 2 - (r>1).
b=
Therefore,
R~m g = 'wm T:’l: L:}ﬁii ( 27:)"” (27:7.)2":“1”‘“
T ek m! dof 2o — l)
d
x 2 Col—my gy o) Py s (""“”‘q’“)'
q([mndq{) Gf
a=h (mod ¥) i

(%) Note that we normahzc By, the firgi Bomoulh number to he -«‘5 a0 thatb
By (w) =} ’ 4

Zola funciions and Bichler intograls 251
However, by the functional equation for ,(s, g, of ), we have

L{—m,y q, of)

(1+m+ e)
U
- (~—7:)67c—1/2—m(0f)m o szilq]cfé-s(l "I‘m, 115 Uf)
[=5) i
I A (mod.of)
r 1+"2n‘["_-‘-’_) iidp gimiaies
o aNE i m m
= (i et Y
F [P (==
(=5
2
. = m+1 (Gf)mP?m[-l (%)

Therefore, we seo that

,z"‘.lic Lk 221.:-—1 mz)’r. ~ gd
Rmmlﬁ = ™ MW ( ’1'1) ) m-! 1( )P2Tc—m— (’Um“;:-f—

af modtf
th(mudf)

-

Now, if we set ¢ = b 7], where # runs modulo ¢, and replace w by i~'j (a, 2),
the desired formula for R(—m, &) follows.
“Let us now adopt the followmg notations:

r
S (U W, v \‘j 1n(ﬂ_i+ld) 2h—m (“'Lf"";l’__):
) r(modo) ¢
B ( __l)k—lgﬂfr—lnzk
My = kD(2k)E !
2k=—1
R(E) = A{u) 2l _M(zu _gi) + (1, 0).

T(2%) (o)

A gimple calculation shows that

'A' . 2 fawm Aol A > -1 18k o | 20—
R(E) = (o, 4 o (o, 2) 167 Gty o) 5172

4 — Acla Arithmeticg AXXVI, 3



252

L. J. Goldstein

Therefore, (4.10) and Tommas 4.5-4.5 imply that

(11)  Hy(o)j (o, = o)+ My Y 500, 8,24y )Sasmoslol, o)+

2h—1
\ 2k

=i

—R(2)]—

=1
-+ [R(2) MA(%) (z-— ﬁ) .

T2k 0

To bring this formula into final form, wo note that for m = 2k —1,

(12) M

W Wofer
mzil) Bt (0 %y 0) == By So(0ln, )= M sz(
r{mod ¢)
(27)! ! N amim{udrie
= Y 2w D, ¢
Hi o (3 p{modc)
(2h)! - AU e
o o 12.’cA _____...,.molﬂ"'.
(amipr 70 = T

Thug, combining equations (4.11) and {4.12), we have

TunoREM 4.6. Leét ¢ = (g 3) eI”(f)., 6 >0. Let Hy(e) = By(2|u, v)—

— A(uY. Then

. . Cqm
Hy(a2)j(o, 2)"" " = Hyle)+ Mi’nz o (mzﬁl)szrcmmml("]“: ) (z_,_;) -

where

2k—1 f

TRl

. a k=1
=Myl 01 [s= )R~ R

. ' Q. w7 wA ¢
Salolu,0) = > Pm(fvm : d)l—“’mum(_._é__)’

¥ (mode)

P, {x) = the m-th Bernoulli polynomial modulo 1, and

E(2)

( . 1)&—1 22!-:~<1_n:2]r:

| M = ~—%Fm
A(u) R L O . 2=
T (2k) T'(2%) ( _—e') "
6 Y wé¢Zorlh=1

2T

+i w = .
T@n) 2 ot

oM —0

weld and K> 1.

icm
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Remark 4.7. By Theorem 4.6, the period polynomial §,(2) is given by
’ 21

d kg
er(z) = MJ.: 2 ¢« (m2~’:-l) Szk—-m—l(“l“” IU) (z‘i‘ "a‘) —

m=0

21
WSyl ) (om0 4 R )= R0

Sk—~a
—m| 2% a\"
= MI::Z o (m-}-]) Szio—m—l(d!u: 'U) (z+“é“) -
M=l

2k—1 2k—1
+ M, 8, (0], v) ! I-(z—{- —g«) — (zw —Zw) ]+ [R°(2) — R(?)].

It is clear from the second representation that deg 8,(2) < 2k —2.

Remark 4.8. The term B7(2)—E(2) is an Richler co-boundary.
And therefore by Lemroa 3.6, this term may be ignored in computing the
value of {(1~%, b, ). However, this term iz potentially very interesting
since it contains information about the values of zeta functions at the
“wrong parity”. For example, if v = =0, f =1,%> 1, then

_2L(28) [ yyes a |1 2td
R(z) = Fioh) [z” —(z——?) ]—E— P(%-}-C(ch—l).

We shall explore the connection hetween the co-boundary R“(z);R(z)
and the values of zeta funetions at odd integers in a future paper.

5. Final formula for {(1—%, b, {). Let Hj(z) = H,(z)— R(z). Then Hj

~ i an Eichler integral of Fy (#{u, v) with period polynomial

87 (2) = 8,(2) — [R°(2) — B (2)].
Set : :

§*(2) = (f)ns*(g) (n = 2k—2),

Fuarther, suppose that

a, \ ﬁn.
S*(O’) — a:i:—l ) P = ﬁn‘—l
& ‘ Bo

Then by Lemms 3.6 and Theorem 3.9, we have

(51) £~k 5, )= LPPIS () =L, D~ ab,(r) -

=0
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Next, we compute a,, the coefficients of the polynomial Sh(2). By
Theorem 4.6,

Je—1
g 2 ol 2k g
o() = MMZ ¢ (m—[«l)szr.:_.mm1(fﬂ”«fv?’) 34”“‘) -
’ sl o ]
b1 )
—~ M8 (e|u, fv)a‘-""‘“‘(z—-%)
i1 k1
3 d oy ™ 2]ﬁ
e LS.J 4 'M}’c 2 i ('E‘) (y) (m ,H)Sﬂ.’wm =l.(a|“$ v} -}
F=0 fron)
2k
‘ Bloew Lo
M. 8 w1 N L Y 21 ﬁ
+;¢(c[u@;)e z}“z(l)(r - ,
fax{)
Therefore, for 0 <r < 2k—2,
2l p —
- &l
Gy = Mkz 6 (_c“) ( ) (m _1_1) Sy in1 (0] 2y 0) -
o)

B Len
+JVI7:SD(GI“, 'u)c”"‘l(ml)" (Ei'cml) (na“,”) g r.
0/

¥

Therefore, by equation (5.1), we have

2e—1% Bfe--
ML=, ) = Y 2( 1)’“&*( )m'm’(*’“)( 2 )(27”“2)“1><
rAm-l r :
r-nl) W)
. X Pyt e B (01005 ) —

. 2’{_12 @ 2h-1p
_ e 2k —1\ [ 2% ~ 2\ ~1

4_; ¢ (0) ( r )( 7 ) Bate—a-wSela |, v).

Fo=

Replace » by 2k —2-—7, m by 25— 1 —m and reverse the order of summa~

Bion in the firgt term on the right to obtain

(52)  MPIFI(—kb,f)
2k~1 :
- 2k
=) (=1ngh-t-ng ( (2# Qe =1 =t (Bl g\ =1 f d\TME
5o 3 S 4
k-2 g\ . . .
— &, (aln (e L 21 o= 1Y (2F — 2Y
of !"' V)¢ ;(G) 61‘(,, ) )( " )
2%(2k 1)3‘1( ol 1-m
me=0 ) m!(zk_M) x

icm
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2k-2 ) a F—mt 1
m(@ 1 ¢ 2 (r—m+1 ( "E) P
22
- r+1 ﬁ
—(2r—1\8 . 2hk—1 _ a
L e e
Thusg, let us set
aRe-2 2h—2 41
=1 NV _ B ,6, a\
Tue) = M[Q @ 2_: T+L Zﬂ P '

Then, from equation (5.2), we readily deduce
THROREM 5.1, Let b be an integral ideal prime to §,

a =0/ =, Z+ w2, Q(2) = (szmwl)(wéz—“wi)r

TN oy L
(Efwz)_d(&)g)’ g”—(c d)ESL(Z,Z).

Furthermore, tet w = Tr{w,), v = Tr(w,),

£
Z -Pm(”— ’% T d)Pﬂk—m (”j‘?’)’

I'= <5f>?

Snlo ;) = t
i r{mode)

)= [ Qe de,

aie

where P, (2} 18 the m~th Bernoulli polynomial modulo 1. Then we have

Rlc (z

k-1

(L —k bf)“(— 1N (o “2(“ 'f(zkmm)x

2i—1—m

=0

X B (=) 8o, 9,

Gornorawy B5.2..(1—%,6,7)c 0.

Theorem 5.1 was Livst cnunciated by Biegel [12], and has proved
to bo of use in congtructing the p-adic L-functions of real quadratic fields.
(See Uoates and Sinnot [2].) Siegel derived his formula in & rather ad hoo
way, using o limiting argument resembling Riemann’s “Grenzitbergang”.
Tn cage kb =1, it was necessary for Siegel to resort to using Kronecker’s
limit formulas. Our argument is, of course, guite different and points
toward a connection hetween values of zete functions and automorphic
integrals which iz not obvious from Siegel’s work. Moreover, the present
method admits of & number of extensiong, which will be diseussed in sub-

gequent papers.
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ACTA ARITHMETICA.
XXXVI (1950)

Uber die Entwicklung multiplikativer Funkiionen
nach Ramanujan-Summen

voR

FrimpmmANs Turrag (Clausthal-Zellerfeld)

1. Einleitung, Die Ramanujan-Summen Cyn) sind definiert durch

dy(n) = ‘/Z exp (2@2{}%) =d(g2:)du (—g—) {g,neN),

l=Camslg
(a,q)=1

Sie wnrden erstmalig von Ramanujan [9] in die Zahlentheorie eingefithrt,
der sie zur Entwicklung zahlentheorstischer Funkticnen f: N-» €. in
der Gestalt :

(1) Fln) = D] a,0,(n)
g=1 .
verwendete. Ahnliche Entwicklungen finden sich bei Hardy [7]. Die ersten
allgemeinen Augsagen tber die Ramanujan-Entwicklung (1) zahlenthe-
oretischer Funlktionen stammen von Wintner [14] und Delsarte [5].
Es gei f' = f+u die Faltung(*) von f mit der Mobiusfunktion w, und

es gelte (v(n) = Y1)

djn .
o '
@ BRI
n= .
Dann oxistieron die Entwicklungskoeffizienten (?)
. |
(3) a, =——lm= ¥ f(n)0,(n),

@D 2o @ by

und die zugehirige Iveihe (1) konvergiert absolut gegen f(xn) Liir jedes n e N,

(4 Tiir jo zwel zahlentheorotiseche Funktionen fi,fa wird die Taltung fixf,

dureh (fyfa) () = Sy (d)fz‘(%) (n e N) erklirt.
dln

(®) Winreichend fur die Txistonz der Entwicklungskoeffizienten (3) ist die

Konvergenz der Reiho Zi%ll— (vgl. [8], [L4]).
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