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An exponential pelynomial formed with the Legendre symbaol
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Dedicated to the memory of Paul Turdn

We investigate the behavior of the sum
p—1

7
@ 8(0) = 8500 = ) (%) ena)
which is 2 particular example of an exponential polynomial of the sorh
N
@) S(a,5) = 3 e,(na)

=1
with ¢, — 41. Among such polynomials, 8(a) has the unusual property
that
(3) Slap)l =Vp (I<a<p—1),
and 8(0) = 0. It is difficnit to exhibit a choice of & for which |8{a, &)]

< CVN for all a. The example known was found by H. 8. Shapire [B]
and W. RBudin [4]; a nice account of this and related problems was given
by Littlewood {3], pp. 25-32. In view of (3), we ask whether the sum §(a)

also satisties the bound S{a) < 1/15 Indeed, from Bernstein’s inequality
ittollows that if X > — I then

N\t
max |8{a, &)| < (1 ——«) max|8(a/K, &)|;
a ZK [+

thug the points a/p are nearly dense enough for us to deduce from (3)
that 8(a) < p’”. Henece it is surprising that this estimate is false for all
large primes p.

TazorEM. For p > 2, 8(a) < p**logp, and for all large p,

4) max |8 (a)} > —g-p”?loglogp .
T

o
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Later we discuss the distribution of values of §(a), and we conjecture
that there is a constant ¢ so that

(8) max |8 (a)] < Op*loglogp;

thus our lower bound (4) is expected to be sharp.
The proof of our theorem is based on the following two lemmas,

Levma 1. Lel x be a primitive character (modgq), g > 1. Then

g-1

(6) 2 xrm)e(no) = v(x) g e(dga) (sinrga) T (a, 7),

o=

where v(y} 48 the Gauss sum

() T(x) = D g(me(nfy),
and "
4
(8) Tlay z) = D yla)eotm(a—ajg).

Prooi. Bince y is primitive, we have

]
(9) x(m) ==z M(a)e(anfg)
for all n. Thus the left hand side of (6) is
q [
=@ D) 1(6) Y e(n(a—alq))

q

= t() " (1 —e(ga)} D' 7(a) (1 —o(a+afg) ™

a=1

We write —a for @, and recall that 7(x)e(F) = x(—1)¢ for primitive y;
thus the above is

q
= 7()¢" {L~e{ga)) Zf (i—e(a—a/p)™
— ()¢ ol smqaZ (@)e(—}{a—afg)) (sinm{a—a/g) ™"

we now write e{ —}(a—a/g)) = cosn{a-a/g)-isinn({a—a/q), and recall

that > 7(a) =0 to see that the sum above is — T(a,¥); this gives (6).

a==1
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On letting o tend to afp, we see that (6) includes the familiar relation

q—1
2 rimyelan]a) = <(1)5(a).
=0

In fact this is (9) with ¥ replaced by . Since [z(y)| = ¢** for primitive x

n
we obtain (3) by taking x(n) — (5). By the partial fraction formula
for cotnz we see thab

gz
ga—5%’

Z" a)cobr(a—ajg) =

K
where the sum over k is to be interpreted as lim ». Thus (6) canbe congi-
Koo ~K
dered to be a special case of the functional equation for a generalized zeta.
funetion.

Levwia 2. For k= 1 let ay, ..., & be integers, distinct (modp), end put

= [[{x—a,). Then
e

=1

N

< (h—1)p™.

This is a consequence of Weil’s Riemann Hypothesis for the zeta
function of & curve over a finite field; see Weil [8], [7]. The derivation
of the particular bonnd above is given by Burgess ([1]; § 2).

To obtain the theorem, we put y(n) = (i) in Lemma 1. Since
r

then r(g)| = p*? the first assertion is immediate on noting that

p—1 p—-1
1
ez, @ < 3 leotr(a—afp)l < ;2 la—afpl™ < p(lpai~+logp).

Again from (6), the second assertion is a consequence of the inequality

9 2
{10) |~T ( o l)‘ > —ploglogp,
_’p T

where T'(a) =T((—;~),a). It (i) =1 for h =n,n—1,...,n—H, and
P

B
{?) =1 for 2 =n+1,n42,...,n+H, then we may expect that
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2n+1
T( 7;;_ ) is approximafely
n+H
W 2n—2h+1
cotm (—u—LN ~-—p10gH
#—H

‘With this in mind we put

o o [T 552)

h=1 h=0

and compute the size of the weighted sum

12) ZT(Q"H) ().

=1

On mutliplying out the product (11), we see that

piness 5[5,

‘where f runs through 2°7!'—.1 polynomials of the sort considered in
Lemma 2. Hence by this lemma,

(13) ZW(n = p -+ O(H2EP),

n=1

Bimilarly,

—-a) — o(a)p+O(H 9. 92

“where o{a) = 1 if 0 Hc(a)WOﬁH<a<p Handc(a ~1
Hp-H<a<p Hence the expression (12) is

4p = i
=—n—§ a1 HOW/E)+0(E )

(logH+G)+O(p/H)+O(F/p)

where € = 21log? ¥ ==1.9635.., Taking H = tlogp, we find that -

Zn4+1 2
Z Win)I ( ) P*(loglogp +y) +O(p2flogp).

o ™
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But W(n) is non-negative, so

exn (2] Sror(5 S o

-
7 2

2

1
—p(loglogp +y) (1 +0 (_))
n logp

2
> ~ploglogp
T

for large p.
By the Pélya—Vinogradov inequalibty we see that if p =3 (mod 4)

then
1 2 #
— = — T —_ .
olip) = -zl () <o
Joshi [2] has shown that there are infinitely many primes p =38 (mod 4)
for which L(l, (%)) > (¢ —z)loglogp. Thus for infinitely many p,

2
max |8 (a)| = (—-— e — s) poglogp.
ki3

@

It seems likely that for IV > (logp)?,

meN
; 9 WLz 2
Ry
r=m+1 ngg

this would give T(a) < p(lpal™"-+loglogp), and consequently (5).
‘We have seen that the behavior of 8(e) is atypical when compared
with that of S(e, &) for most &. However, it can bhe shown that the distri-

bution of the values of S{a)/r ((%)) is approaching a limiting distribution

which is the same as the limit of the distribution of the values of §* {a; &)
for almost all ¢, where

»
§*(a, &) = p“le(ﬁpa)sinnpaz‘eacotn(a—a,’p).
a=1
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06 HHTerpadax, CONEPRAMAX OCTATOYHEIH wieH
opoGJieMBl TeNHTeIeH

A. @, Jasezr, M. Y. Wcpaunos, . Hnroros (Tamxenr)
ITasamu II, Typane noceswaemces

IIycre 7,(n) ofosHavyaerT UYHCHO PelleHHll YPABHEHHA T = My ... MWy

B HUENHX TOJOHATEIBHBIX HACHAX Myg ee.y My Tlonommm
{1 D) w(n) = aPy(loga)+ 4,(a),
ns

roe &Py (log &) —TRaBHEH 9IIeH PoCcTa CYMME! (BEYeT B TouKe § = 1 $yHRIMKA
*(s)2*s, L —naeTa-dyarnmsa Pumana).
B pabore [1] Gimm Brmmcans Koa(@uiumentsr off) momuunoMa:

{2) Py(loge) = af?log* o+ ... +aPloga+af?,

KOTODEIE BRIDAMGIOTCA YEPES ¥g, P1, -+ .y ¥y OLPEIEIACMEE COOTHOMIEHMEN !
—1)® log™m  logt'M

) p, = [ gEm o8 ]
7l Mo m n+1

LB Catii g
Qnmpasck Ha HTOT PE3VIBTAT 371eCh B OTHONIEHHW OCTATOYHOTO WICHA
Ay (%) moOKABHBAETEA CIENYIOMAN
Troeema. [aa webozo yeaczo wucaa k= 1 useem

o —1

{4) f—d—’;g;)— du = afF+h — Zm!ymaiff}.
1 m=f
Bumon TeopeMil 0CHOBEIBRETCS HA JBYX JCMMAX.
Hoea 1. Jag woboeo yeaoze =0 u wmobozo eewjecmechHozo @ 21
ameism Mecmo caedgouiue paseHomsa

o't n+l log®
5) Sw loghm _ log" T —|—(—1)"ﬂ!y,,+0( ogﬁ)’
od m w1 @
l<msr
loghzjm)  log™'wm - - log™o
(6) = + ) ROk log™Ep 40 .
I@ZQ m w41 ;; x



