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i.e.
b= —DJ*h

for all such % € H. Taking into account (11) we see that 4 is an extension
of —D* TFinally observe that in this case

1 [
Eh = J% =tffa Fo(z) dzds — ffq h(z)drds.
0 00

0

")

BExamperE 3. Take X = C%[0,1]), ¥ = X', H = O([0, 1 ]
B: H-V defined by T 7 ([0, 13, ama

12
Bh(t) = p(h)+ [ h(s)ds,

where ¢ € H' is an arbitrary, fixed functional.

It we put a(w,f) = f(x) for any v e X, fe X' = ¥, then o (f, 2)
= z(f) fozi any f e X' = ¥ and 2z ¢ X", and both forms ¢ and &’ are bounded
and coercive; hence Theorems 1 and 2 apply.

Observe that DE = I, where D: V — H is the bounded derivative
operator; hence R(E') = H', and Theorem 4 applies as well. This means
that 4 is the extension of B~ over U < X''.

“We have ™' = D|R(E).
Ii? is easy to see that R(E) < V is the set of all v € V such that the
following boundary condition is satisfied:

(18) 2(0) = g(Dv).

X 1
Indeed, if veR(E), then o(t) =q@(h)+[h(s)ds and »(0) = @(h), and
since D% = h, (18) holds. ’

. If, on the other hand, (18) holds for some v e V, then & = Dv, ve V
an

i 1
o(t) = 0(0)+ [ h(s)ds = p(h)+ [ h(s)ds = Th.
[ 0

We can consider T~ as the operator D over R(HF) = V with the boundary
condition (18). o
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Maximal operators defined by Fourier multipliers
P

by

CARLOY 1, KENTG
and
PETER A TOMAS* (Chicago, 11L)

Absteact. The authors develop a linearizution for maximal operators defined
through Fourier mulliplives, and ostablish for wuch operators transplantation and
yostriction thoorems. Applications are discussod.

. Introduction. Let A be am L®(R" function; define for each real
' A~ u .
number R > 0 an operator Ty, on IA(BY) by Lyf(€) = A(§/R) f(&) and T
S N
on 2™ by Tpf(n) = A(n/R)f(n). ‘V}(fe Ky A iy ﬁwrmmmal on R" (or
weal p-mamimael on R™) if the operator 1™ defined by I%f(2) = sup |Lpf(2)]
’ R0

is bounded (or weakly hounded) on L7 (R%); similarly for 2 on IP(T™).
The purpose of this note iy to extablish for p-maximal operators results
on transplantation between I™ on R™ and 7 on ™, and vestriction of 1™
and T* to subspaces. These results are similar to those of de Leeuw [3]
for Fourier multipliers. The study of such transplantations was initiated
by A. P. Calderdn [1] and by Coifman and Weiss [2].

The authors wish to express their gratitude to ‘Antonio Cordoba, whose
work has ingpired us. Wo also thank R. Latter for his helpful comments.

1. A linearization.
TaMMA. Fiw p, 1 = p < oo The function 2 s p-mazimal if and only if

| Seadilly< o] 2 15l

uniformly in all soquences of positive reals {By}).

Proof. Define the Bunach gpace LG, o)) for @ = R"or @& = T,
ag the collection of all suquences of I¥ (@) functions {f;} such that the norm
lIswp 1511l is finite, Tt is cloar that Ais p-maximal if and only if the linear

I

I
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operator I': L”(G)— Li’(G 1°(Z")), defined for each sequence {&:} by
I'(f) {TRI.: f}; are operators uniformly bounded for all sequences {R,}.
The operator I' is bounded if <md only it I'™: LV (G, U'(Z*)) - L¥ (@)
defined by I™({f}) = 3 Ty fr(®) is bounded, that is,

k

|3 Taptifl, <o 3 1,

Remark. Similar results hold for % and also for A weal p-maximal,
and also in the case that T is bounded from H' (&) to Llog* L. In the
latter cases, the linearization takes the form

| > Zr,fi 2l
H ZTka’f”BMo< 0” oxp (Z W)”I'

2. Transplantation. A function 1 is regulated if overy point of R™
is & Lebesgue point of 4 [3]. For regulated 2, the multiplier propertios of
may be deduced from the multiplier propérties of continmous approxi-
mations to 2. It is clear that the techniques of [8] for treating regulatod
multipliers extend to p-maximal or weak p-maximal 2; in the proofs which
follow, we may therefore assume 1 is continuous if it is regulated.

TarorEM 1. Let 4 be a regulated L™ (R™) function. Fin p with 1 < p < oo,
Then 4 is p-mazimal or weak p-mawimal on B if and only if A is p-mawimal
or weak p-maximal on T".

Proof. We establish the result only for the weak p-maximal case,
as the proof in the p-maximal case is similar. From the linearization of
Section 1, it suffices to show that the inequality

(0'22") \ O
or

@) ” 2 T fr “(.ﬂp') “y ful (v',1)
. uniformly in all sequences {&,} is equivalent to
@) 1.3 Zatell < ¢ 3 106l [0

uniformly in all {E;}. Assume (2) is valid for all {g,} in L0 RIANAVAE
To prove (1) it suffices to consider finite sequences {f,}, where onch f,

is in OF (R"). Let fi.(#) =& "fi(¢7'0) and fi (@) = S'f, ,(0-1-m), where
the sum extends over the lattice Z” For each  in R,

lim ™ ZTR//sfk o(82) = Z Ty S ()

>0

(see [7], p. 266). Choose h in OF° (R™) with Pllp,my = 1; define b (%) = h(s~n)

and construct #°. Then
fé)n Z TRk/x.fk,z
rM ]

(ew)h(z)dw = I(Z TRk,sfk,a)(m)ﬁ‘(w) dw, -

ok

icm
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and employing (2),
|3 Tl it [ 3 o
< lllillglfllmﬂll'p 1”2 Wil |y 15lpzy = H Z | f,clﬂm -
> ()™

We now agsume (1) holds for all {f} in Z®>D(R", l’(l*‘)). To establish
(2), it suffices to consider finite sequences {g,} where each g, is a trigon-
ometrie polyuomlal In the one-dimensional case, we proceed as follows.
Lot w,(y) == =™ for 6= 0 and y in B T @ is a trigonometric poly-
nomial wnd a == 1[p', B = 1/p, then

3) 1me [ 3 T(geou) 0R(@) 0@} == [ 31 L1 01(@)2

>0 R T

x)de,

a8 in Stein and Weiss [7], p. 261, Tquation (1) shows that (3) is majorized
by
al (

As ¢ tends to zero, the first factor tends to ”2 192)||p,en- To complete
the proof it suffices to show that the second factor is majorized by ¢ IIQII(M)

This follows by reducing the problem to the case where ¢ is the chara.cter-
istic function of a finite union of intervals. Then the non-increaging re-
arrangement of (s W,p)Q may be computed explicitly. In higher dimensions
these computations are cumbersome, and we employ the results of Coifman
and Weiss [2]. They establigh the result in the case that each [A(&/R,)] -
has compact support. To reduce the problem to this case, choose a sequence
of functions ¢, as in Lemma 3.4 of [2], so that ¢, > 0, [lp.], = 1 and define

N "
operators 8y, by 8,.f(£) = g, (A(y/BD)(E)f(£). The S, are then given
by convolution with compactly supported kernels, and it is elementary
to establish the following

Lvwa, Let A be a regulated L™ (R™) function. A is weak p-mawimal &f

and only if
H 2_7 Sk,nflc i(‘})’,w’) g0 HZI‘/]A‘IH(W'I)’
where ¢ is independent of .

The result now follows from the work of Coifman and Weiss [2].

Remark. These methods also show that  [|7*fllpieers < ollfllnr
on T™ implies the corresponding inequality on R™.

TrmoreM 2. Let 2 be a regulaied funciion tn L°(R™; fim 1 < p < oo.
For each y in R™, define Ayt L (RY™) by A, () = A, y). If A is p-mawi-
mal or weak p-mawimal on R", then for each y in R™. 1, is p-mawimal or
weak p-mawximal on R™™,

. _
6 000) 27195 |0y (7 02) @l
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Proof. By Theorem 1, it suffices to show 1, iy p-maximal or weak
p-maximal for T"~™. We linearize the problem as above; for the p-maximal
case the technigues of de Leeuw [3] apply to the linearized problem.
In the weak case, it suffices to show that a function ¢(0) on T™~™, exten-
ded to ¢(0, ¢) on T™ by §(0, ¢} = g(0), enjoys the property IF(0, )ly,q
= ||g(0) g, Which is a triviality as T iy compaet. We remark that the
proof establishes an analogue of Theorem 2 for 1™

3. Applications.

(1) On 7™, the finiteness almost everywhere of T for all f in L?

< p < 2 implies that A is weak p-maximal; see Stein [6]. If wolot A(e) = I
when |#] < 1 and zero otherwise, the poimrwiso summability of Fourier
series on L?(T™) by spherical means is equivalent to the weak p-maxi-
mality of A on T™, which by Theorem 1 is equivalent to the weak p-maxi-
mality of A on R™ If n = 1, that 1 is p-maximal on T is a deep result of
Oarleson and Hunt [5]; it is folk result that their methods apply to RY,
while the results of this paper show the transplantation is trivial. Bub
in higher dimensions, no methods have been devaloped even to compute i

on T™, whereas on R" it iy relatively simple to show i(w) = Ju(2m|wl)/ |ao|™2, -

Thus the almost everywhere summability of spherical means for IF(1™)
ig equivalent to the weak 2-maximality of 1 on R™.

(2) Results similar to the above may be established for suprema of

~ N
operators T, defined by T,f(£) = A(£/2%)f(£). If 4 is a8 in the preceeding
remark, the inequality

Ll iSHP TS (@) lzogtr < 0l llar

is valid for T (see [8]). The methods of this paper allow the transplan-

tation of this inequality to R. In higher dimengions, thege methods show 4
is weak p-maximal on T™ if and only if p = 2, ag C. Fefferman [4] has
shown. 1 is not p-maximal on R".
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