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# a primitive Mth root of unity,

& a evelie group of order M (Wutt(,n multiplicatively),
s a generator of G; thus @ = {L,s, ¢, ...,s¥7,

R = Z{G] the group ring of & over Z; thus

R _{\"1 a8 o EJ}

wy = 3 r_;8,
7

= {a eR: o eN, gw, = qu},
" =f{oeR: (L+sM)a =0},
F o= IR

3. The expressing of 1 as a determinant. From [2] we obtain the
following formula.:
1

(1) hy = ooy

P
20) (6"

F(0)F (6 ..

For and odd k we get
N1

PO*) = 2 7 61;)'.: - 2 (75T res) 0(.’5,
X =0
therefore
N-1 .
I(0") = E (Fess —Favaasg) O
i=0 :
for each 0 < j K N —1.

Put ‘
C = (%) ronery A = (Pygiss — Tianocijan—11

D 04 = (du)os;hf(N —1*

(Poas = Fxiids )Qtﬂiﬂ)(ui)@ (g L g ’HF(B””)

[detD| == lF(@)F (6% ..

It follows from (1)

B (61 jdeb €] = (detO]- |deb 4.
N 1
() by T et (Pwgsas — Terslost,igN—11e

For # =0 this formula is gwen in the exercise 3, §5, Chapter V
of [1]
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Let us put as for » = 0 in [£]

boo = 7—2,
boj ml“"‘rj, lgj\'(\N—“l!
by =1—r;,, 1IN,

by = 'E (st —*r1g)s

B = (bij)os_'i.iﬁgl\'—l

By the same way as for n =0 in (4] (4 = (@— 2 y)eciien—11
gubtraction of the row 0 of A from every other row, removing of the
factor 2 from the last N —1 rows, subtraction of #; times the column 0
from the column j (1 < j< N—1) and removing of the factor ¢ from the
lagt ¥ —1 eolumns) we obtain from (2)

(3} h; = |detB|.
4. The basis {a;: ic0} of I~ I ¢ = 2 a;8' € 3, then there exists
o ——Em,s e R (4, 2; € Z) such that g wy, = ¢-o. Hence ga = 3r_ & Jas
& !

= Zs’zt'm,'r_j_.r, and it follows a; = ?Zw‘r"f‘“ for each 0¢<j< M—1.
4 t

Let conversely 7,6 Z (0 <t < M~1), Sayr; =0 (mod g) and
e

= Zm,a_j_]_, (0<j<M-1). Then a;¢Z and a = ?“‘aj.?j eR. Put

xzm,.s’ Then ' '

geR and

N — g ‘1.: — _
gy = Zw,s Zv'_ks s E 352 B = Qo
7 % 3 7

Therefore we have

(4)

3 = {amZajs’ a,——Za", ity T EZ, Zo:,r‘-o mndq)}

It is easy to see that it holds

m— ={a 22 a:jSi: a;j EZ, aj'+af+N O D <J N"‘“l}
@ ,. .

3 {a—-ZasJ & .=ﬂ—2 BT juts mtez
. < |
Zwﬂ: =0 (mod g),Zm, - 0}.

i i
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Put @ =ficZ: 0<i<< M, w odd} and for 0 <j=x M~1, i €0 pub
7'__" ‘7"1 - ‘7'__:“..,‘ 1 —_ ?'1;
(6) wy =

a’l)j = 27‘—_’] — .

i %0,

Turther put for ¢ e.0

(7) w; == Z CGUSJ:
i

Suppose that 10, ¢ #% 0. If we put

(L-r)j2  for =0,
-1 - for  t =14,
T =2 for t=N
0 for Ot M1, t£0,4, N,

we get Mo, =0, Moy =0(modg) and Sar ;. = qay for cach
i : : .‘

0<j< M1 Hence a;€ I,

If we put
q for t=10,
@ =1—g  for t=0N,
0 for Ot M-—-L,t=#£0,N,

we get > =0, ar = 0(mod ¢) and 2 ®T_ g == gay; Tor ench
i Z : D
0<j=x M—1. Hence a,e 37,
Then we have
(8) 2 & S_

Let § = 3'b;s' € 3. According to (B) there exists sy e Z (0 <15 M —1)
i

for each i 0.

. 1
such that >y, =0 (nod q), Yo, = 0 and by == Q*E By (0L jai M—
[ 14 3

—1).
Pub y, = @, —x, fortel, where 0 <t < M—1, ¥ = 4N (mod M).
Further put ¢ = ¥y, Since r, =1(mod 2) (¢e0) and Moy =0 wo
ted [

have ¢ =0 (mod 2). Bince 7, = —r. y(modg) for each feZ and

;‘w,-r, = 0 (mod ¢) it holds ¢ = 0 (mod g). Therefore there existy deZ

such that o = 2¢d. By computation we obtain

b= = M ya;+d@r g (0<j< M-1).
e . .
90
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It follows that .
g = Zyt“i+dao’

ied.
14D

thercfore .
(9) {e3: © €0} is a system of generators of the additive group 3.

The additive group R~ has a basis &(L-—s), 0<j< N. The de-
terminant A of the transition matrix from this basis to the system of
generators {e;: 4 € 0} is equal to det(;)ies ocian—10

If we subtract the colummn 0 from every other colmmn, we obtain
'2mg . 2(r_;—1)

q—.—2 1—:1'_3-

.

i"" ¥i == = 1_?',,: . 'l‘"__f')'.g""‘?'__j+£

4 = AL

Qince r_; = ry_; we have

Q_'—2 1"‘"3'+N v

YrenTs— Foiien

AR
|

i ?' ted, 170
! : : 1<jaV

If we add the column 0 to every other column, we obtain, according
to Tj+3‘1 == q—Tj

g—2 I—ry

1] :i 1—7; Pi¥y Vg
L LM

i q icd,is0

. | . : [t

Tf we add the row 0 to the ¢th row for each 7 > N, we geb, according
to r,+7_y =q and (3), ,
(10) by = 14|.

From the results we obtain the following theorem.

TusoreM. The system {a;: ¢ €0} is o basis of the additive group I~
and for the determinamt A of the transition matriz from the basis §(1—s"),
0<j< N of the additive group R~ to the basis {a;: © e} of the additive
group 3~ there holds :

By = 14|,
Therefore b, = [R™:37].
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The primality of certain integers of the form 24:"—1
by

H. ¢, Worians (Winnipeg)

1. Introduction. Tn [6] Imeas presented conditions which are suf-
ficient for integers of the form Br"—1 (B <1") r = 2, 8, 3, to be prime.
Lehmer [4], Riesel [7] and Stechkin [8] have given criteria which are
both necessary and sufficient for the primality of 42" —1 (4 < 2"} and
Williams [10], [12] has given necessary and sufficient conditions for
the primality of 243"—1 {4 < 3" and 42"3"—1 (4 <2°773™). All of
thege tests make use of Lueas fanetions or funetions similar to the Lucas
functions. In this paper we present, using the YLucas funetions together
with the generalized Lehmer functions of [11], & necessary and sufficient
eriterion for the primality of certain mmmbers of the form N = 2A4s" -1
{A < ™) when r and s are odd primes, r = 2s-1, and 24 -1 is & pri-
mitive root of s.

‘We define the Lueas functions

VP, Q) =+ 5" U,P, Q) = (a"—f) {a—4f),
where a, # are the roots of the auxiliary quadratic
o —Po4Q = 0

and P, Q are coprime integers. (While it is usual to insist that (P, Q) = 1,
it is sufficient in dealing with the functions modulo ¥ to have (¥, @) = 1.)
The usual test for the primality of N = Br*—1 (B < ) (see, for example,
Brillhart, Irehmer, Selfridge [1]) involves attempting te find P, @ such
that (@, N) =1 and :

(1.1) N\ Uy (P, @),
(1'2) (N7 U(N+1)jr(P1 Q)) =1.

1f guch a pair P, ¢ can be found, N is a prime. The determination of this
pair iy done by trial, subject to the constraint that the Jacobi symbol
(P?—4Q|N) = —1. Under this comstraint, if {1.1) is not satisfied, N
is compourite, _ .



