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Dedekind-Rademacher sams and
lattice points in triangles and tetrahedra

by

Kuwrwrre M. Rosex® (Boulder, Colo.)

1. Introduetion. Tn this paper it will be shown how one may express

- the number of lattice points in certain triangles and tetrahedra in terms

of Dedekind~-Rademacher sums. One of the principal benefits of doing
8o iz that the reciprocity law for Dedekind-Rademacher sumsg may be
used in conjunction with the Buelidean algorithm to rapidly compute
the exact number of lattice points in these triangles and tetrahedra.
Formulae of n somewhat different nature for the number of lattice points
in triangles and tetrahedra have been discovered by Bhrhart (41, 58],
{61, [71, [8]). '

The results that appear below generalize the following beautiful
result of Mordell ([14]; [18], pp. 59-44), which expresses the number
of lattico points in certain tetrahedra in terrms of classical Dedekind sums.

Tugormm 1.1. Let p, g and ¢ be thres pairwise coprime integers, and
let N(p,q,r) denote the number of lattice points in the tetrahedron

. & 2
Oso<p, 0<y<yq, Oge<r, 0<-1~9—+%+—;<1.
Then

o1 1 1 '
Np, ¢, ) = Rt e g )+t gbr) +

1_ o 4
Ao (A A —2—(a(gr, p)+s(pr, @) +5(pg, 7).
12\ p g ¥
It should be remarked that Hirzebruch [12] has used the cm‘ioqs
connection between Dodekind sums and the topology of cerbain mai-
folds to provide another proot of Theorem 1.1. Also note that Carlitz [8]
hag generalized Theorem 1.1 to obbain three-term relations for gener-

alized Dedekind-Rademacher sums. '
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In the last section of this paper it will be shown that a conjecture
of Raflemacher concerning the parity of the number of lattice points
in certain higher dimensional tetrahedra is false.

2. Dedekind-Rademacher sums. Let & and % be relatively prime
integers with % positive, and let # and y e real numbers. The Dedekind—
Rademacher sumn iy defined to be

-1
)

3 b

e (rmod &)

(2.1) sthybym,9) =

where as usual

e—[u}—% i axélZ,
((w))—lo it xek.

It i easy to see that s(h, k; @, y) is periodie with, period one in hoth
o and y. When # and y are both integers, the Dedekind-Itademacher
gam s(h, k; z, ¥) reduces to the classical Dedekind sum

2 (NG

u(mod k)

An ‘explicit formula proved in [17] may Dbe
Rademacher sums when & =1 and 2 = 0.

Luvma 2.3. Tet & be o posttive integer and y o veal nuwmber. Then

(2.2) g(h, k) =

gven for Dedekind—

T
12 5 6k 4
41, k; 0,9) = T 1
5 ‘F}G-Ba(y) if yéZ
where By(y) = (4~ [y1)2~ (4T3 J])~ , the second periodic Bernowlli fune-

tion evaluated at . _
Apostol [1] has given the following ensily derived explieit formula
for (2, k).
Lumma 2.4, If & is odd,
o =Lk —5)
§(2, k) = -
@, k) o4k
The fundanental fact about Dedckind-Bademacher sums s that
they satisty the following reciprocity law, proved by Rademacher [17].
Tumorey 2.6. When o and y are not both integers

$(hy T 2, 4) -+ 8 (k, Wiy, )
= ((@)) (1)) -

L&‘i—-

' 1o ‘
l =B ”/ ‘1“ <~ By (i) - W By (hy "'l"f"’v!’)}~
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However, when x and y are both integers the reciprocity low for classical
Dedckind sums remains in ¢ffect:

s{hy ks, w)-Fs(k, by, w) = s(h, ByLo(k, h .
3 Vr 3 Wy ( H )T‘ ( ) ) 4 19\ % + A ] Wk
The reciprocity law, together with the following lernma, also proved

in [L7], may be ased to compute Dec].chd—Radenmchm sums, using the
Euelidean algorithm,

LosmnA 2.6, Lot m be an dnteger. Then

1 17 k 1
eafided

$(hy Ry w, 9) = s(h—mk, b; o-+my, y).

Soveral properties of the funetion ((2)) will be nceded later. Tt ig
cawy to see that ((w-+1)) == ((#)) and that ((—z)) = —((#)). The following
propertios of (@) arve often useful.

Lmvma 2.7, Let & be a positive mtegev and let w be a real number,

Then
5[] o

#(od k)

LpMsa 2.8, Let n be a positive integer and x be o real number. Then

> ((wT-f;)) ~ ((na)).

F(meod n)

A proo of Lenuns 2.7 may be found in [19]. Lemma 2.8 follows from
Lemma 2.7 by taking & =x and w = na.

In cortain gpecial cases, Dedekind-Rademacher sums may he ex-
Presged in terms of elags eal Dedekind sums. The following result of this
kind will De ugeful later.

LoMyA 2.9 Let & ond & be positive integers.. Then
, , a(h, Iy i
§(h, I3 Bj2, 0) = . B) _ /
8(2h, By—slh, &) if

Proot. IF & is even, s{k, k; h{2, 0) = s(k, k) since k(2 is an integer.
Whow &ois odd, s(h, By h/2,0) =8(h, k; 1/2, 0). Now

i e 3 () -(23)
3 () v

& (k)

h g8 cven,
hois edd.

where the second oguality is a consequence of Lemma 2.8,
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2. Formulae for the nwmber of lattice points in triangles. In this
section a gemeral formula involving Dedekind-Rademacher sums will be
found for the number of lattice points inside certain trinngles. Lt ¢
be & real number with 0 ¢ < 1 lxnd Iet p and ¢ be relatively prime
positive integers. Let # = (p, 0), 2 = (0, q), Py = (p(L~{), 0}, Zy ==
(0, g(1-—-0)}, and @ = (0, 0). The 1s)mtic.e pm‘nts (i, o) in the interior of
the triangle 052, and on its boundary, (*-xelmlim pnin{,s on Lhe ﬂ(‘f”l‘n(‘nt
Poly, are uisolx those pairs of integers (z,
0<y<q and 0= a/pyly<l—0 Lt N(p, g /5 C*) b(‘ Lhu Immbm of
these lattice pmnts, a formula will now be found for N(p, q; ¢).

Let P = ajpylg-+C. The points (2, %) o be counted are those
for which € < F < 1. Note thati for 0« e p, 05y < ¢, one has £ <]
< 8, ginee 0 < 1. To find & formula for N(p, ¢; O) une starty with an ident-
ity similar to one used by Mordell tu connt fattice points in tetrabedrw.

(31) 2N (p, ¢; C) = ;(m H([2]--2)

where the summation is over the range of 0 Lo <o, 0Ly < ¢

Equality holds in (3.1) Dbecause the points belng envmoerated are
those for which [#] == 0, while other points in the range give [F] =1
or [F] == 2 and hence contribute zero to the sum. Sinee

gy = [F- -t i Fez,
T — () i FeZ
one has
(32) D {[F1-1){[F]—2)

Y

() =3 (= (29) =3~ 10— § s -+,

2

- Z (1 —
where ¢; is the number ol holutmns of B == § e Z. Note that §, == 61 = &y =0

if Opg is not an mtegel
From (3.1) and (3.:

2N(p, g; 0)“}“:{'60“‘—%61—"463
=B -HF—H—2 }) (F=2)(()+ 2y

. sl ) uw
el SJ"""‘2HB”+'S&.
Each of the sums 81y 8y, and 85 will now bo evaluated. Firxt consider 8.

e [

&3 .
- 2 (—~- ) Zf}’m +2(0—2) Z(;’: - Z) + DO= 0=
i . aJ.,U €Ly

2} one has

!\-l.zl
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_ p—-H@p—1) | plg—1)(2g—1} . {(p—1)(¢—1)
Gp Gg 2
+{C—2){(p—L)g-+ (¢ ~1)p)+pe(C

11 q p 1
o 2_ 00 - ) . — . —_ = 4
M(G - 12) Fp-+a)(1—C)- 6P+6g+2-

+
—H(C-
Dedekind-Rademnacher gumg arige in the evaluation of 8§,.

Bo = > (F—2)((2)

X
= N(E L Yy _ L — Yy
“ﬁ};(r 9)(( )+ \(g )((r)) (© 1)%((1?)).

From Loemng 2.7 one hag

S35 +149) S oo

ﬂ‘ b @,y f==0

Using Lemma 2.8 wnd recalling definition (2.1),

S S35l

Y
m‘?((ﬁ'i) ((ﬁ .c))_ 0q)) = s(g, p; Cg, ) — 3 ((CQ)).-
2 ?) - +0g)) = #(00) = 919, 25 08, 0~ 3(0D)
Likewise .
Z(—-—?—) — £(p, ; Op, 0) — 2((0p)).
Henee

8, = s(g, p; 04, 0)+8(p, 43 Op, 0) —1((0p)) — 3((C0) + (€ —1) (Cp)).

Finally to find 8, write

=Sl 3 - Dl

i\ py
g 1 1 )
___ — t COpgeZ
|12 " tpg 4 ! PeE L
T e g0 it Opgé 2
TRETE +(0pg) 1. pq¢ s

using Lewmma 2.3,
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Consequently, by ingerting the values of 8, §;, and 8 into (3.3)
ono ebtaing

THEOREM 3.4. Let p and g be velatively prime positive infegers and let
0L C <. Then ‘

2N(p, q; G)'}'%dn+§.‘61_§62

: LA 2
= A=Orpet(1—0p+0)+ 50 45
—2(s(p, g; Op, 0) -+ s(¢, 25 O, 0)}+((0p)) --((C'0) -2 (L ) ((Cpg))
1 1
S if Z
oy S
-
- By (O it Opg¢Z.
v 2(0pg) b ¢

In the special ease ¢ = 0 one has d; =1 and 6, = §, = 0. So

2NV (p, g; 0)+]

p 1

1
=Da+ D0ty —~2(s(p, 9)+sla, ) — 7

4
=pg+p+g-ti
The lagt equality is o consequence of the reciproecity law for Dedekind
sums. Hence
(p+1)(g-+1)
N(p, 4;0) = S0 1,
This is the expected value rinee N (p, ¢; 0) equals the number of lattice
points inside or on the rectangle with vertices 0, 2, 2, and (p, ¢), and
below the diagenal #2. By the correspondence @' == p—w, y' = q—y, it
is casy to seo that the number of Inttice points above the diagonal cquals
the number below the diagonal. Since (p, g) = 1, there are cxactly 2
Iattice points, namely & and 2, on the diagonal. Since there are (p -1-1) (q-1-1)
total lattice points inside or on the rectangle, one coneludes

(p--1)(g+1)

[y

N(p,¢;0) = ~1.

The formmula for ¥(p, ¢; ) when ¢ =} simplifies considerubly and
will be needed later. In this case, there is another geometiie interpretation
of N{p, ¢; €); it equals the number of lattice points with oven coordinutes
inside the triangle 0222 or on its boundary excluding the segment #2, i.e,,
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N(p, ¢; 3} i the number of solutions of 0 < [P-rylg <l with 0o <p
and 0 <y < ¢, with both # and ¥ even. The values of N(p,q; %) are
related to quadratic reciprocity and arise in topological investigabions,
See the work of Hirzebrueh and Mayer [13] for a discussion of these
topics.

A consequence of Theorem 3.4 15

COROLLARY 3.5. If p is odd and ¢ i even and if {p,g) =1, then

Pq L PFT

Ny g p = 22

If p and g are both odd and if (p,q) =1, then

—s(2p, ¢} +28(p, ¢).

1 ) ‘
e -—8(2}9, {[)"“3(2(15?)‘

Py Pg p
T R b A A
wdpd

8 4 bp ' b

Proof. When p is 0dd and g is even, 8§, = dy == 0, but d, = 1, and
ipvq € Z. Henco from Theorem 3.4,

(3.6) N, q; %) = i

P
—~2(s (P: 45 0) -H(q,p; —gn 0))

But irom Lemma 2.9 and from Dedekind swn reciprocity

(8.7 #lp, 52/2,0) L 8(g, p;4/2,0) = s(2p, )—s(p, ¢)--8{q, p)

: 1 1(p q 1
= (2, q) — 28 e A )
$(2p, @) —28(p, @) -+ ;( F M)
The desived formuls is obtained by substitnting (3.7) into (3.6) and then
dividing by 2. ‘
When both p and g are odd, 8, = 8, = d, = 0 and }pg ¢ 4. Note

Botdpq) == By(d) = —~-1-. Hence Theorem 3.4 implies

, ‘ g  ptq q p.1 1
¢ o A} mee SR e Sl e e e e T —
(3.8) Nip, q; 1) ) 1 5 | ip f 6 i 5 Topg

' {
-"-3(9 (,'p, g; -“g-: 0) -+-s(q,19; ;, 0))-

From Lemma 2.9 and using the reciprocity law Lor Dedekind sums one has

D

(3.9) # (ﬁ, 45 ‘l, 0) ~-l~3(q,1vs -g-, 0) = 8(2p, ¢) —s(p, @) +5(2¢, pY—s(g, )

: . 1 1w q 1
= §(Zp, fl)‘f_‘-?mg.’:?)'}‘;" ""1:5(-& +5 ‘!‘“““‘)-

3 — Acta Arithmetlea XXXIX 2. 1
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Mhe desired formnula is obtained by substitution of (3.9) into (3.8), and
upon divigion by 2. m
In speeial cases, the Dedekind sums occurring in the formula for
N{p,q; %) may be cexplicitly evaluated. For example one hasg
(oROLLARY 3.310. If p =1 (mod ) and p 48 odd, then

( + 4)(g--2) —1 if g 1% even,
: AP -r-a)lg- . ]
Nip, ¢; %) = ——F—>{p--1 1 .

8 FSQ s if q s odd.

Proof. If q ix even, Corcllary 3.6 implies

. pe , pre ,
(3.11) Nip,q; &) = R —8(2p, @) -+2¢(p, @)
Tsing Lemma 2.3 one hag

_ ‘ — (g —4
(3.12) $(2p, ¢) = 5(2, q) = s(i., g) -4z 2)1(;’-_ 4
and,
~1)(g—2

(3.13) S0, @) = (1, g = LTI

12¢

Substitating (3.12) and (8.18) into (3 11) yields the desived forwula for
aven ¢. :
For ¢ odd, Corollury 3.5 gives

(3.14) N(p,g; 3
== '? (J" p A N, ...1_“ ), 4]
=3 + e 4 +f h;n - (;q - Sipa S(H.P;Q)'—S‘(%EZ:P)-
Lemma 2.4 shows that
; {g~1){g—n
(5.15) (20, 9) = a(2,0) = TN
From Dedekind sum reciprocity and from Lenma 2.5, ginee p == 1. (mod 2¢),
] 11 {p 2 ' |
3.6 D0, MY e o o e [ o S —
810) 0020, = = & [+ L ) ot 2
1 1 {9 2q 1
BT b s [ e it it et e | — 2
4 +].2(2g l ') " 2pg) 8_(1’ a0 ‘
Solil(ee, L) Geneey
4 T 12\2¢ " p | 2pg 124 '
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Substituting the values found for $(2p, ¢) and 2(2¢, p) into (3.14) gives
the result for odd g

4. Formulae for the number of lattice points in tetrahedra. In this
section formulae for the nmumber of lattive points in certain tetrahedra
will be found. Let p, g, and » be pairwise coprime positive integers dnd

: . . 1 1 1
let ¢ be o non-negative real number with ¢ < E + q +—. Let

-
N{p, q,7; 0) denote the nmmber of lattice poinds inside or on the tetra-
hedron hounded by the three coordinate plancs and by the plane

A AR R
Ikt

= 1~0, Mence N(p, ¢, r; C) equals the number of solutions in integers
@, 4, and z of the systein of inequalities 0w < p, Oy < g, 0L <y

and 0

excloding points on the face where —Z—’;—-{-—y-‘ +f~

<2 ¥ 2 ettt 2 =2+ X 12 L0 Then
rp ¢ T P g

(4.1) 2N(p, q,730) = Y ((F1-L)([F]-2)

&Y.z

‘where the swumation is over the set of (w, ¥, 2) with 0
1 1 1
and 0 < 2 < #. Bince 0:20<-1; +-{—l— —f—?, one has 0 < I < 3, and 50 the

Se<p 0y <y,

only points which, give a nonzero contribution to the sum are those points
for which 0« B <1, and each of these confribute 2 to the sum.
To evaluate this sum, note that

(42)  D([E1-1)([E]-2)

2y a8

= 3 B-(B) - (B (B~ —Tbu— 1o+ 10

T

where ¢; equals the number of solutions of E = j. Note that &, =~ d,
s §y e 0 if Opgr is not an integer.
To compute N(p, q,r; C) it is necessary to eva.luate

(43) &= Y- (o) -3
e

= D E-HE—H-2 3 @-2(E)+ D (B

e 1% UK

= 81“2)5’2—}".8‘3-

()~ (B
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i Next note that applying Lemma 2.8 s tha
The three sums 8y, Sy, and §; will now be congidered. PRIYIngG ghows that

‘ & l) e\ e v 2 Yy e
, - , . s o= = S ENE +L+2 o))~ ([&+2 +9)
5= Nw-pm-5 =35+ LoZro- )T+ Do) 2 (-3 2 GG 5+ 20+

o e \ P q ¥ 2 1 7 2 . ]
w - S 2 <o)+
w;y s % .G ) 2 g‘w(-ﬂ ,|__‘I_fi ___C"f_{)_{_ ¥ e

L - (e -rem

.j“ (20 ey 'J:) E (-;E _|“. ?./_‘_ _i,_ _i) _E_ E (Co___z) ((j""g)

g v (gr, p; Ogr, 0)— $((Cqr)).
Y 1 , o o Aar T - - - 3 P Il ¢ A 1 i
g {p—1)(2p —1) pr(g—1){2¢—1) N M(T:,ﬂ)_(?lfj) N The ’C)th(?l two terms are computed in a similar manner. One finds that
" T g b7 Sy = 8@, p; Oary 0)+s(pr, a5 Opr, 0)-1-s(pg, 5 Opg, 0) —
L Dtp—1 — $((Cpg)) — ((Opr)) — 5 ((Car)) — $ ({Cpgr).
+ _(?_Zj;)ég:}lf + p *1)5 —1)4 - (2= )‘(f —hr - ‘ Finally, to evaluate S, one uwses Lemma 2.3,
- 80— 8= DB +—+3+0 2
(0= 2){(p —1) g+ (g 1) pr -~ (r —1) pa) +pgr (0 — 3HC —3) s P < \\p .
-l .
( e e )P{Z? I-( -~ --O) (pg - qr - pr) - - Y“((grm 4 pry -+ pge _{_G))z _ 12 ((EF;QPQ{))
| = par “= par
1 lipr p9 & ' - pgr 1 1 Y
"I*(l’"!‘fli"n')[ '(({ } N | 27) o ——]—F)———l--w»-—z- it COpgreZ,
o = $(1, par; 0, Opgr) =
The sum &, is the term where Dedekind-Rademacher suing ariso. 3;52 - HI - B(Opgr) it Cpgré¢Z.
_ - , 1{z 1 y 1 . T ‘ ' . . .
§, == =201 = (_ ——-—)((E))--jw T(—-« ————-)((Ir)H- Subgtituting the values found for 8y, 8, and 85 into (4.3) and using
" ;—%ﬁ( N ;%:i P 2 f;,',‘,' q _ (4.1} and (4.2) yields
~(z 1 1 < ‘ TrpormM 4.4. If p, q, and v are pairwise coprime positive indegers
= N2 22y -2 Y . o111
. Ay 2 2 and ?f0a¢;0<:~~+~—+——, then
4,8 £1.8 »
First from Lemma 2. 6 : ON(p, g, 73 OV k58050, ~10,
‘ » »oPg
- = (2Ot 19 G =) (pg -+ g+ ) HE g 1) --|-1(—_~- + 54
S = (&L +2 o)) : Ve T
. / P ) .
s B ' + %)-43(8(@9': p; Ogr, 0)-+stpr, g; Opr, 0)+s(pg, v; Cpg, 0)) +
- ([ Zeremtre ) r 1 ,k
- Bgr . pgr 1 if CpgréZ,
Pl . 3
o + ((Opa) + ((Opr)) -+ ((Car) + (Op@) +1 A
= () = worm. | - g Bl e 2
1]
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“When ¢ = 0, Theorem 4.4 becomes
2N (p, ;73 0)+] = dpar +i(pg+gr-+pr) Hi(R +a )+

1 {pr qr
(L 2PN ofeigr, p) by, @)+ 8(0g M)+

q r Vg
This agrees with Mordell’s result, Theorem 1.1, gince the origin is included

in N(p, q;7; O) ‘but not in Mmﬂ.ell’s (-nunmmtion N (p,q,*r)

equals the m.unbc-z 0{ thtlce points (x, ¥, @ ) w1‘r}1 ali three oi m, y, and z
even inside or on the tetrahedron deseribed by tho inoqualities 0 =5 @ < p,

Le oy & i e .
0y <q 0L <<rand 055 — - -|- -« 1, excluding poinds on the face
‘-, Q!, 2 p g H

: 1 1
z —|— o +— =1, When ¢ = }, the restriction ¢ < }; -~ —q— -l—

P q
lifted. Consuler the sum

(4.5) § = PNBI-1)([B]-2)
Tyt
@ oy & 1
where B o= — - == oo ofee,
p g r 2

The ¥ = N(p,q,7; %) points with $ <F <1 and the N’ points
with 3 < I < { cach contribute 2 to §, whereas points with 1« &7 .
contribute zevro to & there are never any points with & = 2 or Jf
Hence '

(4.6) & = 2N - 2N,
Let N DLe the number uf Ll.ﬂﬁ{‘(, poinm with O0<a<p, 0=y <y,

1
02 <y satisfying 0 < ;’ + . +n§ << w11:11 ayz == 0. Then excluding

these N’ points thoere is & one-te-one cor rgspondeuua between the remaining
N —N" points with } < F < 1 and the N’ points with 3 < B < §, given
by &' =p—mr, ¥ =g—y, & == r—2 IHence
(4.7) ' N' on N D",

Gleaxly N(p, q; $}--N(p,7; $)-+¥ (g, r; 4) equals the number of
attice points with § <l B < 1 and with exactly one coordinste zero, plusg

twice the mumber of lattice points with 4 B <L and with exactly two
coordinates zevo, plus 8 since the origin is counted thrice. Therefore

A8) N = Nip,q; ) -0, 75 §) +N(g,r; §)—

~ [P;E] ;[.2%1-] [’;‘L] .

muy ho-
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Consequently from (4.5), (4.8), (4.7), and (4.8), it follows that

19) 8= AN(p, q,7; 320"

= AN (p, 4,73 H—2N (p, ¢ D~ 2N (@, 73 ) =2V (g, 73 H+

1 1 —1
o2 ]+°[“‘> [ 52]

Asg before one finds from (4.3) and the previous evaluations of 8y, 8,
and 8, that

(4.10)  S+30; = pgr+i(p g+ 3 +palr +erfp) -
—~2(s{gr, p; gr/2, 0)4-s(pr, ¢; pr[2, 0) ~r6(m, s g2, 0))+
1 1.
Gpgr T i
1

" 12pgr

pgr 1§ even

i por is odd.

The fact that By(pgr/2) = By{}) == —3 i pgr is odd has been used.

The case where pgr is even will be (mlsldel od fivst. Since p, g, and r
are coprime, vk mogt one of p, ¢, and ¢ Is even. Assmne p ig even and ¢
and r are odd, Then &; =1, Lemma 2.9 implics

(4.11)  s(gr, p; qri2, 0)-+s(pr, ¢; pr/2, 0) - s(pg, v; pq/2, 0)
= 5(2¢r, p)—s{qr, p)-+-s{pr, O)-+8(pg, 7).
One algo finds from Gornllary 3.5 that
! F
N{p, q; ¥ =—— + 224 — (2, p)+28(g, P),
r S
(4.12) Nip,m b = %—ni P —8(2r, p)-+28(r, p),
P -1 Y 1
Nig, 75 4) ,_=_5_7-,_,+E____w+_ﬂ_ e Sig

~5{2¢,r)—8(2r, ¢).

When p, ¢, and r are all odd ohe hag &, = 0. From Lemma 2.9 it

follows th.n:
(413} s(gr, 23 /2, 0)--s(pr, g; pr/2, 0)-+3(pq, 75 pq/2, 0)

= 5(2qr, p)—8(gr, p)+s2pr, @) — (D7, @)+ (24, r) —5(pg, 7).
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From Corollazy 3.5 one hus
(4.14)

pg g [P 4
N R R U SN T N SO TS
A (1"7 g3 %) 1 i 6g i Op

5 S 1 ~8(2p, ) —8(2¢, p),

gy

N pro PP * 1 ) (e
NX(p, 5 &) = 'y - 4 -f- m -1 (5[; - —242?_7 — & (B, 1} s (B, ),
qr g--r q ¥ 1

Ny i) =L 20

8 e Ty Ty

i}dm —8(2q, )-8 (2r, ¢).

Henee o (4.9)—(4.14) one coneludes

Tunkorss 408, Let p, g, r be padrvise eoprishe positioe dnfegers. Then

if p is even wnd ¢ and v are odd

- 1 1 1
(#.18) Nip, 758 = Ts‘pqq‘u, (pg+gr +p7) -+ Iy (pA-g-e) |-
al \ 'y p PYRIETE ; i- T -
L L
Thipe T4 T (s(2gr, p)—algr, 9+

& (prs @) - s(pg, )-8 (2q, p)—28(q, p)-I-
8 (2, p)— 2807, B) (20, 1)+ 8 (20, ).
If py g, and r are all odd, then '

(4.17) N(p, q,7r; %) = g s e I_Qi o)ty {p-tg-l#)-|

o Ly
T+ 1) IoES (.f%_ T

)

[

1 (g;q | pr

24 v r q P -\ P 7
| "D | *)) | 1 ( L1 1
G ' P P A8\ py ‘ e Eff#:
1 o

ik 4T ; {8 (2, p)-| s (2pry g1
A8 (20, )-8 (gr, p) s (pry g)—s(pg, v}l
8P, Q)4 #(2q, p) 12 (@p, #) L (2r, )l
-8 (2g, )-8 (27, ).

-

icm

Dedekind-Rademacher suwms 73

In special eases, one can find a formula for N(p, ¢, #; ) not involving
Dedekind sums, For instance, when p is even, ¢ = p~1, and r = p-+1,
one can find a formula for N(p, ¢, #; §), depending on the residue of p
modulo 4, which iz a rational function of p. Indeed, this formula arises
by explicitly evaluating the Dedekind sums that oceur in (4.16), by means
of Lemmata 2.3 and 2.4, and by using the reeiprocity law for Dedekind
sums to find a formulw for s(4, &), which depends on the residue of %
modulo 4.

5. A conjecture of Rademacher. At the 1963 Number Theory Con-
ference in Boulder, Rademacher [15] made the following conjecture.

Let {ay, § =1,2, ..., n, be patrwise coprime positive integors and let
Nulay) be the number of solutions of

m
0< Zﬂ <1,
= Y
in non-negavive integors x;. Then
_] . _WL ) .
(5.1) Hley) = gz [ [ (4 +1) (moa 2.
J=1

This conjecture is true for m = 1, 2, and 3. The case of m =3 has
been proved by Rademacher-[16], who started with Mordell’s Theorerm 1.1
and uged congruences for Dedckind sums and by Aprioxos [2], whose
proof ig elementary and geometric. The anthor [21] also has used con-
gruence (6.1) for m =3 to give an clementary solufion of a problem
posed by Tasse [9], [10] concerning the parity of the nmmber of latbics
points in certain totrahedra. This problem was solved by non-elemen-
tary methods by Ilirzebrueh [11]. Hasse needed this result in his
investigations of clusg nurubers of abelian number tfields. '

For m ;= 4, however, Rademacher’s econjecture is false. Indeed, for
m o= A, ot oag =8, gy =4, 4y =0, and ¢, = 7. Then

() = T £ 1(405-6-8) == 0 (mod.2).

A sonuberexoample tov m = 4 s provided by a, = 3, 6y = 4, a5 = B, a, = T,
and a; =1 for j =4, Then

. 1 .
Nm(aj) w2 T8 g Y (‘l 5e6-g-2M L) = 0 (IIIQ(:]. 2).
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Exuetly how the parity of N, () depends on the g is still undeter-
mined. The author will examine the pavity of the nuinber of lattice points
in four dimensiomsal tetrahedra further in another paper [11].

Acknowledgement. The author wishes to thank the referree for his
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