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XXXIX (1981)

On the theorem of Jarnik and Besicovitch
by
R. Kavemaw (Urbana, Ill.)

1. Let ¢ > 0 be fized in all that follows and F{a) be the set of real
numbers 2 such that the inequality |zl <#™'~* has arbitrarily large
integer solutions #. {As usual || is the distance from ! to the nearest
integer.) We recall the clagsieal theorem of Jarnfk [3] and Besicoviteh [1].

I. E(«) has Hausdorff dimension 2(2-+a)"'.

We ghall obtain for E{a) a sironger property:

II. There exists a positive measure p whose support is a compact
subset of I(a), whose Fourier-Stieltjes transform obeys the relation

aluy = o(loglu|) [+, ju| - +oo.

By a theorem of Beurling [3, III], the closed support of wx (or a.ny
Borel set of positive y-measure) must have dimension at least 2(2 4+ a)” s
however the property of E(a) is not shared by certain sets of positive
Lebesgue measure, so that II could not be dednced from I (see [4], D. 351).

2, In this paragraph we define some auxiliary functions, and obtain
an inequality on Fourier coefficients, more or less equivalent to the main
regult II. Rirst of all we construct the function Fp(z), 0 < K<< 1/4,

35(82) KT (B ",  IwI< R,

T@=Y,  m<uwl<ip.

to & periodic funchion and expand it in a Fourier

w) - Zaﬁﬂaﬂrﬁmm’

e < 1 |ai® < mTA R

Then we oxtend Fj
gorics

af® =1,
In the construction below M iz a large positive integer and
R= (4M)™1"%; we write ¢,(2)} = E*FR px), where Z means that the

gum is extended over primes p 1n the interval M <P = 2M We also
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write (', for the number of these primes, €y = a(2.8) —n( M —1) o2 M [log M.
Then we have the expansion

ki .
Tar(0) = O = D) D" afeimin=,
m P

From this formula we can derive upper bounds for the Fourier coef-
ficients §,,. Because [af| <1, gy (k) does not exceed the number of
golutions of the equation b == mp. Hence

Qar(B) =0, 1< Ihl< M,
{{nr (k)| < 2loglk| flog M,

The last bound can be improved when (%] > 2ME™. In this cage all the
solutions mp =k satisfy [m| > |k|/|p] > [k]/2M, 80 [o| << m i R?
< 47 M2R™2 and then . '

G (R)| < 4B 2 MR og|k| flog M .

Let us now seb gy (2) = 03¢, (@). From the previous inéqua.lities
we find

alwoys.

Gac () < Alog MM, 1<k <2MEBY,

(@)
193¢ (B} < A~ ME*log k],

Recalling that B = (4M)™"% we geb
(b) ' 1920 (B)] < AT+ Log] %,

In (a) and (b), 4 depends only on a.
Let now p be a funetion of class C* and compact support. The next

lemma expresges in compact form the basic step in the construction
of u. -

Lmpoea. For the Fourier transform of (v, we have the imequalities
I(%gac) ™ () = (u)] < Blog (2 -+ jul) (fu] Ly,
(420" (w) — 9 ()| < Blog MM,
where B depends only on a and .
Proof. The difference in question is o sum %"j’v};(u — )G (%) ; beeatse p

(k] > 2MB™,

k| > 2MR™*,

is 0%, we can majorize this by
A3 (LAl —T) ™ e (B)].
P

Olearty this sum is inost Amax |fs (k)| (maximum for % s 0) and +this,
b_y (a) and (b) gives the second inequulity. The gecond is stronger than
the first when |u|<<4HMR™', 8o we can agsume |u|> 4 MR~ In the sum to
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be estimated, we handle the rvange |u —%| > |4[/2 and its complement.
The first sum is easily O(%|™)), and the second sum is at most
Amax|f, (k)= k| > ju|/2. Using (b), and the inequality 24a>1, we
find the second inequaliby of the lemma.

3. Before pagsing to the proof of I, we write a more refined estimate
than given in the lemma. We fix v ag above and ¢ > 0, and atbempt to
find & function & (like g,,) so that

(@) () — ()] < elog(2 +Ju|) (1 +|u]y7HF,

For this function @ we cannot choose g,, (unless our method of estimation
is improved) but we can chooge N (gay, + -+ ), With N large and
M, ...< My an appropriate sequence. To see this we have only to
observe that cach g, w is (% so its Fourier transform is O(w™*).

Tinally, we remark that if ¢{z) > 0 then {jpz| < p~'"¢ for a certain
prime p in the inferval [, 41 ,].

4. Let w0, [y, =1, u, of clags ¢ and compact support. By the
method just described we choose Gy, ..., G4, ... and H, =Gq...
.G (H, = 1), so that

I‘POHI:: _"PuHr;+1i % 2_k“110g(2 A ) (L + W|)—m+a-

Then the w* = limit of the measures vy, (x)H,(z}dz, a positive measure y,
certainly fulfills the relation z(w) = o(loglu)lu|~'*" as lu] — oco.
For each %, the closed support of u is contained in the closure Fy of the
seb {1, ()G (%) > 0}. OleaxlyF.= F(a) and our main theorem is proved.
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