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The derivative of p-adic I-functions
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LaowreNoE C. WAsHINGTON (College Park, Md.)

The derivatives of a p-adic analogue of logI'(z) are related to the
values of the Kubota-Leopoldt p-adic L-functions at positive integers [5],
jnst as in the case of the classical I-functions. It is natural to ask whether
or not there is a similar relation between the antiderivatives of log I'(w)
and the values of the I-functions at negative integers. In thiz paper,
we investigate this question and show that the antiderivatives of logI’
vield the values of the first derivatives of the. L-functions at negative
integers in both the clagsical and p-adic cases.

1. The p-adic log gamma funetions. Define the Bernoulli numbers by
16t - 1
T 2;371 g

50 By =1, B, =%, B, =3, By =0, etc. (note that .we have chogen
B; = -} ag in [3]). The Bernoulli polynomials are defined by

k]

B,(X) = (%) xmr.

. F=0 !
Let
' w’? B,
G, (X) = (X —Plog,X—X -+ > 2 __xt-7

for | X1, > 1. Here log,X is the p-adic logarithm, which may be defined
for all p-adie X (se¢ [3]). One readily recognizes ¢,(X) a8 coming from
Stirling’s asymptotic series for log(I'(w)/¥2x), and hence we may regard
it as a p-adic log gamma function. Tty derivatives were used in [B] to
give the wvalues of p-adic L-functions at positive integers (see below).
Subsequently it wag defined and studied extensively by Jack Diamond [1]-
e showed that it may be continued to £, —Z, (where £, = completion
of the algebraic closure of Q,) and that it satisfies identities analogous
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to those for the classical log gamma funetion. In particular, ¢, (X +1)
— @,(X)+log,X. Also there is the identity G,(X)+6,(1—X) = 0.

Mﬂrlta [4] has also defined a p-adic gamma function as follows.
If » is a positive integer, let

Iytm) H—U"Hﬂ_ |
E

Then. extend I, to all of Z, by continuity. It furns out that I, iy an ana-

lytie function on Z,.
The following lemma :ahows the rela;tlon b(stween G and logl,.

Lawnea, ([2]). Baiond @, 10 il of 2, by satting 6(X) =0 if X 7,
Then ‘ ‘
log, Iy (X ZG‘ (X l—w) for X eZ

i
Proof. Both sides sa.tisfy the functional equation
S XA f(X )+ 6(X)log, X

where §(X) =0 if p|X and §(X) =1 otherwise. Therefore they differ
by a constant., But @,(¥)-+G,{(1— y) =0, so both sides are equal for
X = 0, hence equal f01 all X. . .

2. p-adic I-functions. Let y be a Dirichlet character of conductor f
and let L(s, ) be the associated Dirichlet I-function. Then (see [3])
) ) B ! L » " . .
Lid=my ) = —=% a=l e
where B, , is a generalized Bernoulli number.
The p-adic L-function L,(s, x) satisfice a similar property, hanoly

Lyl =y ) = —(L—go™"(p)p"™) }iv—;;m- el
Here o is the Teiehmiiller character defined as follows: if & e Zj, then
o = wa) a) with (&) =1lmodp (mod 4 if p = 2; references to similar
modlfwzmtmns for p.o==2 Wlll heneefmth he. mmtted) and with w{a). &
(p —1)st root of unity. :
In [5] we provod Lhe followmg Let F be ;my multiple of p and f.
Then

o Ll(sy‘x ——————Zx(w <w>‘”"2(1"~°)(—f)31- |

o=l . j-uo
pta
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When s i$ a positive integer with ¢ > 2, this becomes -

—ymt
(1) L, (3 +n, gy = ( 1F)n+1 me“(a)gtm 13( )

e
#e

where @+0 denotes the (n41)st derivative. This is the analogue of the
claﬁsma;l formula

( ____1)n +1 n v

n |1;m Y Z x(a an 1 (IOg(F(X ]/‘J“: ’Xum’ﬂ

{of eourﬁe, the V2n here is extraneons; but it will be’ nwdec‘i later when
negative n are congidered).

When p does not divide the conductor of ye®, call it g, we may use
the lemma to rewrite (1,) as ‘

(o) D(l+m,7) =

’ , ' ( —1) nt1 P
A N Z 26(®) = 108 T (0 e

3. The derivative in the p-adic case, We - differentiate the above

formula for I o (By %)

d ‘

E(&)“‘ - ‘-—<a;>1""lo_gpa,. S
If 1—-3¢{1,...,j—1} then .

a 1_, Ve 1 1 1
L R e R R e e
: : §—3--2
I$1-5= n<3-—1' then
1(17.) _ ) (=2 el | (=P 1
ds ' J' ' ‘3 ; .7 1 :
: _ .

Putting everything together we obtain

It —n,7) ~~—~Z (a) ]*@HEW(J.)( GF)B1+
'P’fa
+ L oo D ()=

)

+ <a>"2 () +1- + . T»F)jB"__"_,

1 % . B —Fy
P T(l)(—‘)}

v

2
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This may be rewritten as:. .

' | . :,' F Lo
(2;) o Dp(l—n, ) %gxm‘-"(a}f{f{.(%),
where ' |
—1 n_z,’-m~
mm = ‘—~«~3;b—-- [tog, 220 5,-2) -
i . - 1 Fyn—i B
“‘“B ~X) -E-Z()( .;;:3"‘_]:'{)(“1) By~
B, 1. B
—_ A Xn—f]
J=n+1 J (J;l)

Since By{X) ='nB,.,(X), we find that

w0 = LT[ B () <log, P B, o~ )4 By (—X)—

S0 - meonsns
B L e
| - 2y

Since

P ) e ) - <),
n b ? ‘fn-—-] " -1

it follows that

EZY = (=) FEE () (=B [—-———B( ~X) -

- T{ Byl "“X ) + :m-,Bn_q( —X ). +
ne1 1 Lo B
: it T SRl [F GO, JTAE Lt - ST B
+ 20 )6 -5 x|

PO =] -5 ) =~ 20

Now

The derivalive of p-adic. L-functions 113
Therefore the expression in brackets becomes (let ( ) = 0)
n-1 . v ’
;(_ww{% () -5 07) -5 63 =070
MZ‘( _x j-—-l(BJ f 1 ('n 1)} ;';»%TB“”( —Xj.
We now have

(3,) EUX) = (n—l)FH”_ch)+-‘—-~«F~§;Bﬂ-lt—X> "1,

Algo, from the definition of H”( b
(45) H(X) = =@, (X +(X i)logp
Therefore

5,)  Ld—n,x)

F
= (n —1)1F*1 wa"”(a.)[‘f

Gm1 (n-—l)
Joli] :

If p does not divide ¢ = conduetor o:E xm"‘ then wé may use the lemmsa
to rewrite (5,) as ‘

(8)  Lp(l—n, %) o
’ q. : . . o . i .
=~ Y xw‘”(a)[ | [ log, I';(X) -+ pseudo-polynomial”

a=l (1)

f 4, (X) +polynom1a.1 of degree fn.]x alF

“of degree 'ﬂ] -

X=algh

by “pseudo-polynomial”’ we mean s funection of the form

S (5

Jowe )
XAkt 0(p)

where P is a polynomial of degree #.
When # = 1, this formula is due to’ Rerrero. (see [2])

4. The derivative in the complex case. We now ghow that the results
of the previous section are analogues of the situation for the classical

L-functions. Let oL
H(X) == —FTC(E,I) g

a7
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where !

"51
&s, ) = Z(xm’ Ro(s) > 1

is the Hurwitz zeta function (Whlch miy be continued meromorphiecally
to the whole plane). Then -

(.) B, ) s—-gx(a)ﬂﬂ(-%)-
Also | |
TR
— (n—1)FH, (X)—F"'¢(2 —n, X).
Since o

D e = e

tE—n, X) = (—p et

(see [6], p. 267; the formula thers may be modified to obtain the present
formula), we obtain ‘

(6o), Ho(X) = (n—1)FH, () + 2B, (~X), n3>2.
In addition ([6], p- 271) |
(4,.) Hy(X) = log{D(X)V2r)+ (X —PlogF. -

Therefore S,

(o)  L'(l-m,7)

= (01 ‘F’””“Zz [f

el ' (n— l)

flog (I’(fx: ,’Vzn IE; polynmnml

o

of degree A n] X

In fact, formulas (3,) and (3,) show that we may choose the antideri-
vatives so that the pclynammuls of degree ", m:'e 1d(‘nti(‘5&1 (except that
log,F is replaced by leg#). - :
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