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An additive problem in the theory of numbers
' by

Axre Funr (Tokyo)

1. Yowodaction. Vinogradev {(of, 57) proved that every sufficiently
Inrgoe odd integer N can be writben as

N iz p(u ..]..p(z) + p(-"]),

where 9% are odd primes, Here we shall prove
frosoreM. Let k be an integer > 2. Let &;, 8, «.., 8, be positive numbers
satisfying 8, + 8-+ ... 48 == 1. Then every sufficiently lorge odd integer N
cam be writlen as Co
N oo g 4@ )

where w“) w plipl || pf® ewith some odd primes p{’s satisfying pP < N
for §=1,2, ..,k and for i =1,2,3.
In L-mt, we shall pro‘ve using Hardy-Littlewood’s circle method

3
S ([ ]t
Noanll) 4D gn® =1 =l
1
((Ir. -1 ')9

S w!ml( g _]_",1) )H(l.” Tﬁ"%—"i")?)’

X At W \E-L FAt
Py N) == Z (log 7 ) (log wﬁw) (log -7;—) ,
Ny thyth v ‘

S(N) rk(_N -+~O(N2(10gl\T )4,

whore

P runs over primos, k'8 are positive integers fmd Ais s suf.ﬂomntly large
constant. We rawark that there are sma:],ler N's which oaxmot be written

a8 in our theorem.
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It might be interesting to ask whether every sufficiently large even
integer N can be written as ¥ = a0 4-#®, where n'V and #® are of the
same form ag in our theorem.

2. Let N be a sufficiently large odd integer. Suppose that §, - 8,4 .
o & =1and &> 0forj=1,2, ..., k. Weput M;= N¥forj=1,2,
. . We put
Sy(a) = D logp, ... logme(p; .- 1,9),
mpaMy
where e(x) = exp(2niz) and p,’s run over primes.
We shall estimabe the integral

'r(N fS}(a yo{ —Na)da
‘We remark first that

ryy = ) H (logp{Plogp{ ... logpd),

{1‘)=:Mj tml

3 k
where p's satisfy 3'( [] pf) = ¥
dam]  feml

We remark second that for any ae(0,1), there exist integers g
and ¢ such thai

a 1

o —

q| Q'

where we put @ = N(log Ny~B with a sufficiently large constant B. We
denote the interval {a: |a—a/g| < 1/@} by J,, and the interval {a: |a—a/g|
< 1/¢@} by J,,. We put

2 Ju=7: and [—'—1— 1——1—-)-J1=“--J2.

¢’'" @
1sge(log MyB
L, {nty q)-:l

1<g<Q, (8,9)=1 and l1<a<yq,

Then
Jg = U U Jf:ﬂ'

tlog P <gq (D=1
We put

P ) = fsf' (a)e( —-Na)da for w1, 2.

Then r (N ) = r () —i—rz(N ). We shall estimate r, (I .) in § 3 and § 4. We shall
estimate r,{¥) in §5 and §6.
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3. Let o« =afg--8, (6,q) =1 and [f] < 1/Q. We remark that
Sy (‘“ “}‘ﬂ) \ logpy ... logpye (1’1 v Py 'Z’) (P ... Pyf)

;ngll_[

= A - A(h—1)e(nf)

k¥

w Z A (B {e(hp) —e((h+1)8))+ A(N) o(NB),
N1
where we put

. T
Alh) == Z logp, ... logpy,e (pl ...p,cﬁ).

< q
e
q
1 [ ba 1
== : I L) - . —'A
A ,,24 o( S | ok - oG O Qo )]
(Byq)ewl jiakvb(modq)
pyaMy )
1 ( “y ( bm) )
222 b lo e lo .. -
o) % (32'/ 7 7(b) 2 2P SPr XDy Pp) A
@yl ﬂl'--pkﬁ-{h
1&hay oMy

-0 (N (log ¥)~4)
1
s T 20 D@0, B, 2)-+O( (log ¥)~4),

whore x runs over all Dirichlet characters mod ¢, +(z) is the Gaussian
gum, .4 is o sotficiently large constant and we put

b, Ny q) = > logp ... logpuz(py ... i)

e Jik&ﬁ
By

In the following we shall always denote sufficiently large constants by A.

4. We suppose first that (logN)¥ < ¢< @ and 8| < 1/(¢Q). We shall
edtimate 4 (k) for b < N, Sy(e) for a &, and r,(¥}). Now

1
- h, N,
o x gla)e ()b, N\ x)

b

1 ‘ o a4
__wwzm)fm,ﬁ% [ Hos 0 Fulo ) s

b

- 1
colvap( 38 3 lum

! PR P

scrnin (1| log (B /(s .- 2)}}s 1))) = SI+O(S,),
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say, where we put

1 x(p)logp
b o= 1o — T =N -and fi(s, 2) = e
log ¥’ m%{j P
for §=1,2,..,k
u.'emz'
1 1 h
8y = ~—— > xlo)t{F) f fk :x ““‘ds +
vle) ; i

~ bk
11 , -
i O(%l_ f ”( > _"},%f_’-) nw) v Sk O(8,), sy .

2 J=1 CpsMp
8, € N(loghN) ™4

" fZ[]‘ff (B4, 2) 1m

k—1

Eﬁm (+it, 1)l < (Zinfjcwu,x 1)1’“(2 Felh ety D)

F=1 % jmi

Now by Lemma 2 of Gallagher [3],

Zlﬁfi(ﬂiﬂmlzwz Z X(%H(f)"
% Frml

2

o ()P
-1 |a(n
< Mte D
N NIy,
where. we pub
Cam) = > logp®.. 1ogp("“
nmpld,,, plk—1)
JJ@)GMJ'
Bince _ : :
' ' K1
la(n)® O (logp)ty AP~ 1)
- oL log N
37 M T 320 g,
AN M;, Jl PGMj )
we gelb
k—1

(S s+ af )"” (VETH, V) (log V)~

Hence we gel

8, <;%V%<VN/M,; V@) (V H 4V (og NY** < ¥ (log Ny,

where We put B' = B2 —k—2.

icm
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Finally,
- Vah logp, ... logp,
8, < Va(log Ny -+ % 801 108Pe o v (1og W)

T)JQM_.; pl e
R op - B

1Dy

Thus we get for b < W,

A(h) € N(loghN)y™F

Henco for a = afg-+-fed,, we gotb

Syla) € N(ogNy ¥ |BIN + N (log N)"F < N{logN)~F.

Honeo wo gob

1

7o(N) € mux|Sy(a)l [ |8y (a)i*de

«&Jy 0
Nilog Ny ¥ ) s {1 Mo m @ {3
< N{logXV) logp;” ... logpylogpi” ... logp;;
o <ty
2. P rmp® 2

< Nt (logN)-((Hfz)—zk—z) .

5. Hereafter we suppose that 1 < ¢ < (logN)¥ and 18] < 1/@. By § 3,
we have

A .. 1)

\ 1
o Z logp, »..logp,-+

B1er .:pk‘:h
Dy

1 !
— S(h, N, 4) + 0 (N (log Ny
W(q); x(a)f(?) (b, I, )+ 0 (¥ (log 'y~

o B 8- O (N (log Ny},

where the dash indicates that we sum over all non- prmmpa,] chaara,etera
mod g. As in §4,

(1)1

1 1 . . he
s a—::w(m,}J 1@t [ B file s

)i :
+0 (;N(lpg.N)“") .

We remark that for ¢ = -4 and for non prineipal yx,

Fi(8, %) < MiP(logN )™,
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Hence we get
S < WML, ... MY (log )™ 4 N (log V)4
< N(log Ny~ 4+B8) < N (log Ny 4.

Next, we shall prove by induction on % that

—1

v 1 Ny
logp, ... logp, ==k 2 i (log w};-) 1 0N Jog Ny,

2y PSR pm()
BpsMy

where b < N = M, ... M.

When & = 1, the above formula is a consequence of the prime number
theorem. Suppose that the conclusion is correet for k. We shall prove
the above formula for k--1. We may suppose that Az M,,; and

N
b ———N°;, where ¢ is a sufficiently small positive number.

My
D logpi...logplogpia = D logp > logp,...logy,
Proea g 1R My, Dy PpShin
My py=My
= 3 logp 3 logp,...logp,+
.’DG(M;,.;.]_TJ)IN pﬁiMj
+ Y logp > logpy...logpy, = 8, +8,, say.
(Mk*i-lmlN{p%Mk-{-l P Dphip
Pj%Mj
8, = ml (1 -}-O((logN)“‘i)) M — (140 ((log 3)~4))
Mk-f-]
= I+ O (N (log N)~).
B—1
' ) vl N
8, = 2-, logp (—’-- Z"T(Iﬂ 57 pi ) 40 (wﬁw«m(logN)"))
(M, 41 WIN<BEM gy PR k1t forkl
k-1
L ‘ logp N'p u . N
= I v e . 3 el
: (locr W 1}3) O (N (log ¥)~4)

vl
Po (Mk,_‘_lh)[N‘(ﬁ!{;Ml +1

Ny YV
=t M1 log M ) _
= Ji Z—QM Mk Z ]og‘p) +.O (¥ (log N)~)

»! y
Vel (M R (Mg, L DIV <psy
- N ¥l
k1 log _.._) o
1 ( W :
o e Y . Ny A
b E o ] + O{N (log N)=4).

#=
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L »
8+ 8, = hZ(I—c’g(f‘!JM +O( (log N)4).

Yem i}

This proves our formmla described above. Hence we get for h< N,

k=1 5
Ay =205 STIRIEM o teg 4.
(h) m)az o 0[N (log H)™4|
6. Now for 1< ¢< (log¥N)® and |8| < 1/Q, we have

@ \ |
Sy (q + ﬂ) = M%I.A(h) (6(hB) —&((h+1)B)) -4 (N)6(NB)

0 3 (;,,"j%(log ) ewn —ofa-+n8)+

q,(Q) A N—1 yeu{

+ ;j—% Ne(N) + 0 (N*(log N {8)) + O (N (log ¥)~)

-t 2(”%::'( i -

1<haV v )

k=1

-1 1
imd Y
wisf)

1 N\F-?
m;‘%m Py T) e(hf) + 0[N (log )™,
. RN

~ (k1) - (log _h_li_l_)") e(hf)+0 (N(logﬂ').““)

Now we can estimate » (N):

. ~ 4 aN
() o L (__ o )
15 aToR N8 (ag)=) 4

DAL, 3(__?%*1) «

N(g 6] e(~N )25

=-1/Q

1-’»:«{;‘(‘13:1\7 s P*(4) {a,@)==1 1
1/Q - 3
y ( Z (1og ! ) (hﬂ)) o(—NF) 2+
—1/Q =N : '

+ 0N (log N)™4).
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We remark that

. N k—1 N e—1
2 (log 7&-) e(hf) < (—lgg—ﬁi)—“r
i A1
where

181 == min |8 —n,

ned
hecause

Yemp) <181

hsw

(c¢f. Lemma 6.7 of [4]).
Henee the lagt integral is

3

- IT@%]'_—)T)_S (hg; (Iog M_Z;_)"_le(hﬁ)) e( ~Np)dp+ 0(Q*(log ¥y*-3).
Hence we get

() =
1<g<i(log

SO (T Ly
s @) &0\ T = T

[GRE N

40 (Nz (lﬂg.N)"(ﬂ“B"”"{‘s)),

where 7,(N) is defined in the introduetion.
By Lemma 5.3 of [4], we get

1 . |
AN = W S (N7, (W) + O (N* (log N)™4),
where . | |
1 1
B() = (1+ ——~——-—-) (um_.._)
g By g (p—1)*

and we have taken a snfticiently large constant B. Since 7 (N) » N?
and S(N) > 6/x% we get our theoremn,
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Restricted sums of reciprocal values of additive functions
by
R, SITARAMACHANDRARAO and P. V, KRISHNATAH (Waltair, India)

1. Introduction. Let # denote the set of all multiplieative arithmetical
functions f satisfying

(1.1) H (1—p ™ty < flm)n~" < H a—p=f

aln pin

for all positive integral » and for some positive reals a, # and ». We write
Dy ={n} f{n) 1} and @, = {n| f(m)>1 for all m > a}.

Recently de Koninck and Galambos [6] obtained an asymptotic formula

for }' {logo,(n))™" (see Remark 3 below) where o,{n) — > @. Evelyn
2N dln

Seriba [1], generalizing this, established an asymptotic formula for

2 (logf(n))™" where f is any member of & subject to the apparently
ﬂqﬂﬁ;nﬁﬂf

additional conditions » > ¢ and g1 (seé Remark 1 below).
In this paper we establish an agymptotic formula for

(logf(m))™!

R, ue.DfnS

where f is any member of # and § is a set of positive integers subject to
gomo restrictiony (statement in §2 and proof in § 3). In § 4 we exhibit
& snccesgion of particular cases of our theorem (Corollaries 1 through 4)
in which Corollary 3, besides covering Scriba’s result, affords & refinement
of it in certain cages (see Remark 2). § 5 contains a rich class of illustrations
which result from an application of our theorem to the set of M-void
integers introduced by Rieger ([1171).

2, Notation and statement. A set A of positive integery is said to be
multiplicative provided, for (a,b) =1, onehas abecd iff ac d and be d
or equivalently when the characteristio function %, of 4 is multiplicative.
‘We write & to denote the class of all multiplicative sets § for each of
which there exight numbers 8 == 8g<1, b ==by>1 and an arithmetical



