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The sets of fixed points of families of
affine continuous mappings

by

Norimichi Hirano and Wataru Takahashi (Tokyo)

Abstract. In this paper, fixed point theorems are proved for families of continuous mappings
on compact spaces. First, we prove that under some conditions the set of common fixed points
of a finite family of mappings on a compact set coinsides with the set of fixed points of 2 mapping
on the set. Furthermore, we obtain a generalization of the Day fixed point theorem on a compact
groupoid. ’

1. Intreduction. In 1961, Day [2] obtained the following fixed point theorem:
Let X be a compact convex subset of a locally convex topological vector space
and X be a left amenable semigroup of continuous affine mappings on X, then there
exists an element x in X such that Tx = x for all T € X. This is an extension of the
Markov—-Kakutani fixed point theorem for the case of which X is commutative.
Recently, Anzai-Ishikawa [1] gave another extension of the Markov-Kakutani
fixed point theorem; see Theorem 1 in this paper. On the other hand, Roberts [6]
considered a compact groupoid (X, +), i.e., Xis compact Hausdorff and -: X'x X — X
is continuous. It is obvious that if X is a compact convex subset of a locally convex
topological vector space with - as the midpoint function, then (X, ) is a compact
groupoid.

In this paper, we first give a simple proof of Anzai-~Ishikawa’s theorem by using
the Krein-Milman theorem. Furthermore, we obtain an extension of their result.
Finally, we prove a fixed point theorem for a family of continuous mappings on
a compact groupoid. This is an extension of the Day fixed point theorem.

2. Sets of fixed points. Let 7 be a mapping of a set X into itself. Then we denote
by F(T) the set of fixed points of T. Let .D be a subset of a topological vector space.
We denote by coD the convex hull of D, coD the closure of coD, and exD the
set of extreme points of D. Recently, Anzai-Ishikawa proved the following theorem
in [1]. We simplify the argument here.

TuEoREM 1. Let X*be a compact convex subset of a locally convex topological
vector space and {T;}=1 be a finite commutative family of contineous affine mappings
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of X into itself. Then we have

F (i;aiTi) = iQIF(Ti)

- : n n
for any positive numbers a, with Y a; =1 and hence N F(T)) is nonempty.
=1 i=1

Proof. Let P = T, +1T,, then it is sufficient to show that F(P) = F(Ty) n
N F(T,). Let x eexF(P). Then, since Tyx =T Px = PTyx, we have T\ x e F(P).
Similarly, T,xeF(P). So, Xx€exF(P) and x = Px = 3T x+4Tox imply Ty x
= T,x = x. By the Krein~-Milman theorem, we have

F(P) = Soex F(P)=F(T})  F(T,) .

Since the inverse inclusion is trivial, we have F(P) = F(Ty) n F(T,). Since F(P)
is nonempty by the Tychonoff fixed point theorem, () F(T) is nonempty.
: =1

By Theorem 1, we can prove the Markov-Kakutani fixed point theorem:
A commutative family of continuous affine mappings of X into itself has a common
fixed point in X. We obtain the following theorem for the case of which {T}=y
in Theorem 1 -is' noncommutative.

THEOREM 2. Let X be a compact convex subset of a locally convex topological
vector space E and {T}]_  be a finite family of affine mappings of X into itself. Suppose
n

that the semigroup ¥ generated by {Ti}i=y is equicontinuous and NFT)NnD#Q
i=1
Jor each {T;}i— -invariant compact convex subset D of X. Then, we have that
n

F(3,&.T) =T

i=

n
Jor any positive numbers a; with Ya, =1
i=1

Proof. Let P = Ty/2+T,f2, then it is sufficient to show that F(P)<F(T)) n

n F(T,). Since
n=1
1 I ' '
;Z < Xx X = X‘)
k=0

xeX

. . a1 n=1
and II(X,, Is compact, there exists a subnet {(1/n,) ¥ PMyeq of {(1/n) Y P*} which
xe =0 o

converges to an element Q in [] X,. Then, by equicontinuity of X, Q is affine and

xeX
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continuous. Furthermore for each x € X, we have

ne—1 g1

Qx—PQOx = lim (i ZP"x—P (l ZP"X))
a na nﬂ

=0 =

1
= [im— (x—P™x) = 0,
and hence @ mapps X onto F(P). Now, assume that ye exF(P). Let
O(y) = co{Ty: TeZ} and

Oo(J’) = {y}’ 01(}’) = CO{TIJ’? sz}s 02()’) = CO{T%}’, T1T2y3 Tley, T%y}y seey
then O(y) = {J Oy(¥). Since for each k>0, y = P*y = G T, +3T5)"y, it is easily
k=0

seen that for x € O(y) (x # 3), there exists z € Oy(y) such that y = Ax+(1—2A)z
for some A (0<A<1). Let xe ) Oy) (x # ), then there exists an integer k>0
k=0

such that x € O)(y). By the above, we have ze€ Oy(y) and A (0<l<1) such that

¥ = Ax+(1—2)z Then Qy = AQx+(1—2) Qz. Since y eexF(P) and Qx, Qz e F(P),

it follows that y = Qy = Qx = Qz. Consequently O( () O(»)) = {y}. By con-
k=20

tinuity of @, Q(O(y)) = {y}. On the other hand, by hypothesis, there exists .
%€ 0(y) 0 F(T,) n F(T,). Since x, = QOx, =y, we have yeF(T,) n F(T,).
Therefore ex F(P)cF(T,) n F(T).

Remark. In Theorem 2, we do not know whether “equicontinuous” can be
replaced by “continuous”.

3. Day fixed point theorem. Let X be a compact Hausdorff space. Then we denote
by C(X) the continuous real valued functions on X and by M(X) all probability
measures on X. Since to each norm one linear functional / on C(X) such that I(1) = 1,
there corresponds a unique probability measure x e M(X) such that I(f) = [fan
for each fe C(X), M(X) is weak* compact. Roberts [6] considered a compact
groupoid (X, +), i.e., X is compact Hausdorff and a continuous mapping * of Xx X
into X'is defined. On this compact groupoid (X, -) we define a real valued function f'to
be convex if for every x, ye X,

FENSED)+3r ().

Let C be the family of all continuous convex functions on X and core(X) be the set
of all elements of X such that x-x = x. If g, ve M(X), then

I(f) = [f(xp)du@)xv(p)

defines a norm one linear functional 7 on C(X) such that I(1) = 1. Hence

A(f) = [ fay for some € M(X). We shall denote the measure i by u % v. Define

a map S: M(X)— M(X) by Su= u*pu for every pe M(X), then S is weak*
continuous. Let £ € M (X). Then the Bair sets in X x X are u x y-measurable and the
ar
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continuous functions on X x X are Bair measurable. Thus there exists a measure v in
M(XxX) such that for every fe C(XxX),

) [fdv=[fduxp
and
(suppv) > (supp ) X (SUPPH) -

TuroreM 3. Let (X, ) be a compact groupoid whose C separates points in X.
Let T be a family of continuous mappings on X satisfying the following conditions:

(1) There exists a Z-invariant probability measure on X;

@) T(x-y) = Tx-Ty or T(x-y) =Tx-y for x,yeX and Te X.

Then, we have an element x € core(X) such that Tx = x for every TeX.

Proof. For Te X, we define a Markov operator T on C(X) by Tf (x) = f(T).
If Mo(X) = {ne M(X): T*u = p, TeZ}, then M, is weak* compact and convex.
Since for pe M, and T€Z, )

THSu(f) = [ (TCe9))du(x) x u(y)
= [ (Tx-Ty)dp(x) x u(3)
= [/ G-Pdu@)xpn(y) = Sp(f),
S'is a weak™® continuous mapping of M, into itself. Using the Tychonoff fixed point

theorem [7], we obtain an element y € M, such that Su = p. Suppose a, b € (supp )
and a # b, then there exists fe C such that f(a-b)<}f(@-+%f(b). But then

p(f) = Su(f) = § £y dux)x u(y)
< [ GSE+3, ) du) x pn(¥)
= (fdu = u(f).

This is a contradiction. Therefore (supp ) must consist of a single point x. Since y is
the point measure §,, we obtain ’

Oy =86, =0,%6, = b,

and hence x e core(X). Similarly, we can also prove the theorem for the case of
which T(x:y) = Tx-y for every x,ye X and TeX.

CoroLLARY (Day). Let X be a compact convex subset of a locally convex topolo-
gical vector space and X be a left amenable semigroup of continuous affine mappings
of X into itself, then there exists an element x € X such that Tx = x for all T € X.

Proof. Putting x-y = :x+4y for every x,ye X, it follows that T(x-y)
= Tx-Ty for all Te X. Furthermore, since X is amenable, there exists a Z-invariant
probability measure on X without using the Day fixed point theorem. In fact, define
a functional g on C(X) by u(f) = my(f (Tx)), where m is a left invariant mean
on X and x € X. Then p is a Z-invariant probability measure on X. By Theorem 3,
the family £ has a common fixed point in X = core(X).

- ©
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