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take g = h = f. Assume dnf(n) = 1. Take g and h such that x € &/ (g), y € & (h).
Let g(m) = 0, hence x¢ 4, and for every k (x,y>¢ A, xA4,. We infer that
F(Jn, k) = 0. Let g(m) =1, hence xed,. On the other hand we have
{x, 7> € Agemy X Ary» hence y € Ay, and we get {x, > €A, X Arm, 50

FUm, L) =1.

For h we argue similarly and thus one inclusion is proved. Now take fe # n G
and appropriate functions g, s eRg(py). We claim that if xeof(g), ye o (O]
then (x,y) € #*(f) and hence fe Rg(¢y). Indeed for every mew we have:

{x, pd e Al = x, P> € Agmy X Aremy = X € Agimy &Y € Apmy
=g(Km) =1&h({Lm) =1
= Ak f(J(K(m), k) = 1&31f(J{, L(m) =1
=f(J(Km),Lim) =1=f(@m) = 1.
This proves that Rg(p.«) = # n G and finishes the proof of our theorem. B

Tt would be interesting to find a necessary and sufficient condition for the
existence of a preserving injection for a sequence in terms of its components. We
would like to state this problem as a natural remainder of Ulam’s question.
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Monotone decompositions of
hereditarily smoeth continua

by

'Z. M. Rakowski (Wroclaw)

Abstract. It is proved that if a Hausdorff compact continuum X is hereditarily smooth at
a certain point (see below), then there is an upper semi-continuous decomposition D of X into
continua such that the quotient space X/D is arcwise connected and hereditarily smooth and D is
minimal with respect to these properties. This result generalizes theorems obtained by Gordh [3]
and by Maékowiak [6].

1. Introduction. A continuum is a compact connected Hausdorff space. A con-
tinuum I is irreducible between its points a and b if no proper subcontinuum of I con-
tains them. The symbol I(e, b) always denotes a continuum irreducible between a
and b. We use the following notation: cl4 (int A) denotes the closure (the interior)
of A. A continuum X is smooth at a point p [4], [7] provided that for each subcon-
tinuum K of X such that p e K and for each open set ¥ which includes X, there is
an open connected set U such that KcUc V. The following is well known [7].

PRrROPOSITION 1. Let p be a point of a continuum X. Then the following conditions
are equivalent:

(i) X is smooth at p, .

(ii) for each convergent net x,& X with limx, = x and for each continuum
I(p, x) irreducible between p and x there are continua I(p, x,) each one irreducible
between p ‘and x, such that LimI(p, x,) = I(p, x),

(iii) for each subcontinuum K of X containing p and for each convergent net
{x,, ne D} with limx, = x € K there is a net {K;, i E} of subcontinua of X such
that each K, contains a certain x, and p and LimK; = K (if K is irreducible, then it
is possible to have each K, irreducible also).

A continuum X is hereditarily unicoherent at a point p [3] if the intersection of
any two subcontinua of X, each of which contains p,’is connected. Any Hausdorff
compactification «J of the set J consisting of the interval [0, 1) of reals and of
a circle S such that [0, 1) 0 S = {0} is a continuum which is smooth at each point
of J but not hereditarily unicoherent at any point of «J\J. A continuum X is heredi-
tarily smooth at a point p if each subcontinuum of X containing p is smooth at p.
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If X is either hereditarily unicoherent at p or irreducible, then X is hereditarily
smooth at p [3], p. 55, but the notion of smoothness is not hereditary in general,
even for a metrizable X (cf. [4], p. 94).

THaeOREM 1. Let a continuum X be hereditarily smooth at p and let Q be g sub-
contimuum of X. If there is a continuum N in X irreducible between p and q and
Nn Q = {q}, then Q is hereditarily smooth at q.

Proof. Take a subcontinuum M of Q containing ¢ and a net {x,, ne D}
of points of M converging to x. Take a subcontinuum of M containing ¢ and x,
say K. Since X is hereditarily smooth at p, the continuum N U M is smooth at p.
Therefore there is a net {R;, i€ E} of subcontinua of N U M such that each R,
contains p and a certain x, and LimR, = N U K. Put X; = M n R,. Obviously
the net {K;, i e E} satisfies the required conditions and hence M is smooth at g.

Remark. If a continuum X is arcwise connected and hereditarily smooth at
a certain point, then each subcontinuum of X is hereditarily smooth, and there-
fore X is hereditarily decomposable (because each subcontinuum of X is locally
connected at a certain point).

An arc is a continuum (not necessarily metrizable) ordered by a linear order <.
Symbol apa, always denotes the arc with endpoints aq and a; with a,<a;. We
use also the notation [a,, ;] or agbeay or [aq, b, ¢, ay] for aya, provided b, ¢ e aya,
and a,<b<ce<ay. Also [a,, a5) = aga\{a}, (@, a;) = aga\{ay, a;}.

A subcontinuum K of a continuum X is said to be a continuum of convergence
in X if K is a limit of a net K, of mutually disjoint subcontinua of X such that
K,nK+#O.

2. Irreducible subcontinua of hereditarily smooth continua. The main purpose
of this section is Theorem 2. The very technical proof is, perhaps, necessary.

An arbitrary irreducible continuum I(x, y) which is smooth at a certain point
admits a monotone mapping f onto an arc gya; each point-inverse of which is
a layer of I(x, y) (cf. [2], Theorem 2.7, p. 650 and [3], Corollary 3.3, p. 55). A layer
F7He) is said to be of left (right) cohesion if either ¢ = a, or f™*(t)=cl f~([ay, 1))
(either ¢ = a, or £~ (t)=clf~Y((t, a;])) (f (x) = @, is assumed). If I(x, y)is smooth
at a point p, then each layer f~*(¢) satisfying a,<t<f(p) is of right cohesion, each
layer f7'(2) satisfying f (p)<t<ay is of left cohesion and f~*(f(p)) = {p} (the
proof is obtained by generalizing the argument of [1]).

Lemma 1. A continuum I(x,y) is supposed to be smooth at a point b. Take
I{a,b)=I(x, y). Then either each layer of I(a,b) is a layer of I(x,y), or I(a, b) is
contained in a layer of I(x,y).

Proof. Let {f™(#): teaya,} be the decomposition of I(x,y) into layers.
1t follows by [3], Corollary 3.2, p. 55 that I(x, y) is hereditarily unicoherent at b.
Suppose that f(a)<f(6). Thus Iz, b)=f"*([f(@),f(®)]). It is clear that
7 (la0, f@)) U X(a, b) 0 f~H[f (B), ay]) = I(x, ). Therefore f~((f(a),f(®))
<Ia,b), and hence fTY[f(@,f®])=clf H[f(@).fB)])<I(a,b) because
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S7UF®) ={b} and fY(f(@) is of right cohesion. Consequently, I(a, b)
= f"[f (@), (®)]) which implies that each layer of I(a, b) is a layer of I(x, y).
If f(a),= f(b), then I{a,b) is contained in a layer of I(x, y).

LEMMA 2. A4 continuum I(x,y) is supposed to be smooth at x. Let

{f71(): teapa}
be the decomposition of I(x, y) into layers. Take I(a, b)<I(x, ) such that f (@) <f (b).
Then f~Y(b) is a layer of I(a, b).

Proof. It is clear that f™Y[a,,/(@]) v I(a,b) L f~ HIf®), a,]) = I(x, y).
Thus f~*(f (@), f (b))=I(a, b) and hence f~*(f(B))=I(a,b) and f~*(f(b)).is no-
where dense in I(a, b) because f~*(f (b)) is of left cohesion in I(x, y). Since each
ST/ (®) with f(a)<t<f(b) separates I(a,b) (cf. [2], Theorem 2.3, p. 649) we
infer that f~Y(f () = {b' € I{a, b): I(a, b) = I(a, b")}. Thus f~X(f(®)) is a layer
of I{a, b) (cf. [2], Corollary 2.2, p. 649).

LemMA 3. Let a continuum X be hereditarily smooth at p, let L be a subcontinuum
of X containing p and let K be a continuum of convergence in X. Then the set K n L
is comnected.

The proof is obtained by generalizing the argument of [6], Theorem 3, p. 26.
The details are omitted.

LeMMA 4. Let I(x, y) be smooth at a certain point and let T be a layer of I(x, y).
If x;, X, €T, then there is a contimmm of convergence K such that x,, x, e K<T.

Proof. Let {f~'(t): teaya,}be the decomposition of I(x, y) into layers. We
can assume that T = f~1(¢) is of left cohesion. Let %; denote the family of all neigh-
‘bourhoods of x; and put D; = | {f(U): Ue}\[t,a); i=1,2. There is a
family, say D, consisting of mutually disjoint subarcs m,m, of aya,, m;e D, such
that Lim {m, m,, m;m, € D} = {t}. Observe that the net {f *(mym,), m;m, € D}
has a convergent subnet, say {K,, ne D}. By construction, ’

Xy, X, € Liminf{ f~*(m, m,), mym, € D} = Liminf{K,, ne D}
= Lim{K,, ne D}<T
and hence K = LimK, is a continuum' of convergence as required.

Lemma 5. With X and L as in Lemma 3, take I(p, x) included in X and a layer T
of I(p, x). Then the set T n L is connected.

Proof. Fix a point x; € T. Taking a point x, € T we have a continuum of con-
vergence, say K(x,, x,), which contains x; and x, and is included in 7" (Lemma 4).
Thus T = U {K(x;, x;): x, €T} and hence TnL = U {K(x;,x;)nL: x,eT}
is connected by Lemma 3.

LemMMA 6. Let a contimum X = I(x, y) U pxy be hereditarily smooth at p and
Py nI(x,3) = {x} (the case p = x is acceptable). Let {f~(z), teaya,} be
the decompositions of I(x, y) into layers. Let (1, t,)<[ay; a,] be a component of the
set {teasa;, fUt)apy =0} Put K=cdf (1), Ko=Knf (),
Ky = Knf~Yt,). Then Ky v K, <py.
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Proof. We can assume without loss of generality that there are points bg, b, € py
such that py = [p, bg, by, ] and pbo 0 f~1(te) = {bo} and pby N f7H(ty) = {by}.
It is clear that I(x, y) is smooth at x and hence each layer of I(x, y) is of left cohesion.
Take t € (ty, ;) and consider a continuum N<lI(x,y) irreducible from f~(t) to
f7(t,). By Lemma 2 the set f™'(¢,) is a layer of N. We infer that py NFNe)
= py n N and hence N is smooth at a certain point of f~*(#;) (Theorem 1). Thus
FNt) = {b,}, ie, K, ={b;}. If byekK, then take byepb, such that
pby A K, = {by}. Thus X is hereditarily smooth at b, and hence K, = {by}. There-
fore we can assume that

® phinKy=0.

Take a subarc dby=hob; such that db, N f~Y([ay, to]) = {d}.

Case 1. f(d)<t,. Take s € aga, with f(d)<s<to. PutJ = db, U clf~*((s, #,]).
Then J is a continuum irreducible between b, and each point of f ~1(s) n J. Con-
sequently, J is smooth at b, (Thieorem 1) and hence 7~ (,) is a layer of J (Lemma 2)
such that f~1(f,)<K. Thus b, € K, which contradicts to (*).

Case 2. f(d) = t,. Take a point c € K. By Lemma 4 there is a convergent

“net{R,, ne D} of mutually disjoint subcontinua of f~'([a,,%)) such that
¢,deLimR,=f!(ty). The contimuum M = pd U f~!([ay, t,]) is smooth at p and
pd N K'= @ (here pd is a subarc of pb,), thus there is a continuum @ such that
pdcintQec Q= M\K (here int denotes the interior in M). Since each R, M and
¢,de Lim R, we can assume that R, n Q # @ for each n and that there is a net
{¢,, ne D}, ¢, R,, such that limc, = c¢. Take continua I(c,, g,)< R, irreducible
between ¢, and Q. We can assume that limg, = ge Q. Put

P=0Qudb; Uf Y(Ito, D U el U {I(c,, 4,): ne D}

The continuum R is irreducible between p and ¢. Thus by the smoothness of P at p
there are continua I(p, ¢,)<P such that LimI(p, c¢,) = R. By the definition of P
we can assume that I(c,, g,)<=I(p, ¢,) and hence L = LimsupI(c,, g,) is 2 continuum
included in R nf~*(t;). Furthermore, L = (pb; nL) (KN L) and ce K L.
We have either pb; "L = Gorpby nL n K # &. If ppy n L = @, then ge Lc k.
But g€ Q and hence ge Q N K. On the other hand Q n K = &, a contradiction.
If pby "L N K # & then pby, nf~1(t,) N K # @, a contradiction. This completes
the proof. ‘

LemMA 7. Let a contimuum X be hereditarily smooth at a point p. Let I(a,b)c X
and let T be a layer of I(a, b). If there is an arc py such that py n T = {y}, then
T={y}

Proof. If pyn T = py n I(a, b), then I(a,b) is smooth at y and T = {y}.
Assume that T is non-degenerate and py n I(a, b) # {y}. Take an arc px< py such
that px n I(e,b) = {x} and a continuum. I(x,y)& I(a, b). Let {f7(), teapas}
be the decomposition of I(x,y) into layers. Then I(x,y) is smooth at x and

- f74ao) = {x},f " !(ay) = T.EBach component of the set {t € apa,: f~1(t) N px = &}

and R=pb UK.
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is an interval of the form (t,, ¢;). Denote all of them by {(#5, 17): o € &} and put
R=(IGx,y) npy) v U{f7H(5, 1)): e o}

Take seaya,. If f7(s) npy = @, then se(t§, ;) for a certain o, and hence
fYs)eR. If f7(s) N py # @, then f~1(s) n R = f~*(s) N py, and hence the set
f7(s) N R is connected. If R were closed, then the partial mapping f|R would be
monotone and R would be a proper subcontinuum of I(x, y) containing x and y,
a contradiction. Thercfore R is not closed. Since I(x, y) N py is closed there is
a convergent net {g,,ne D} of points of U {5, t5): « e} such that
limg, = ¢q € I(x, yNR. Thus

o) @) npy + 0

Suppose that there were a subnet {g;, i€ E} of {g,, ne D} and a certain a e &/
such that each g; is contained in (¢§, ¢). Then lim f(q;) = f(q) and by (*) either
Flg) =& or f(g)=1tf But then gecf (5, th)N " '((t5, D)<= py according
to Lemma 6, contrary to (*). Therefore there is no such a subnet. Define «, € o
by g, ef (@&, ) and choose 1, ef "} ({t5", £). By Lemma 6, each f~'(f (1)
is degenerate and we can assume that the net {f~*(f(#{"), ne D} is convergent
to a point z e py. For ne D choose an arbitrary z,eI(x,y) such that 5°<f(q,)
<f(z,)<tf. We can assume that the net {z,, ne D} is convergent. Thus limz, = z
and z, g € Limsup f~}((#5), f(z,)) = S and S is contained in a layer of I(x, y).
Put

and gé¢py.

P=pyuSudU{f ¢S (z): neD}.

The continuum P is smooth at p and hence there are continua I(p, z,) =P such that
LimI(p, z,) = pz (here pz is a subarc of py). Each g, is contained in I(p, x,), and
hence g € pz. But this contradicts to (¥). The proof is complete.

PROPOSITION 2. Let a continuum X be hereditarily smooth at a point p. Let
f: X — Y be a monotone mapping of X onto a Hausdorff space Y. Then Y is a continuum
hereditarily smooth at f(p).

Proof. Suppose that Q is a subcontinuum of ¥ containing f(p). Then f ()
is a subcontinwum of X containing p, and hence f ~!(Q) is smooth at p. Applying
Proposition 1 to the proof of [4], Theorem 6.2, p. 90, we obtain the conclusion of
the proposition.

TrEoREM 2. Let a continuum X be hereditarily smooth at a point p. If T; are layers
of the point x in irreducible continua I(p,z), i = 1,2, then Ty = T,.

Proof. The continuum K = I;(p, x) v I,(p, x) is hereditarily smooth at p.
Define a relation ¢ on K by: yez if and only if either y = z or y and z lie in the
same layer of I,(p, x). Let ¢ denote the quotient mapping of X onto Kfe. It is clear
that @|L,(p, x) is monotone and ¢(I,(p, X)) is an arc joining ¢(p) and ¢(x) in Kfo.
By Lemma 5 the set @~ () n I;(p, x) is connected and by Lemma 7, T, = {x}.
Then ¢(I,(p, x)) is a continuum irreducible between ¢(p) and ¢ (x). Also Kjg is
3 — Fundamenta Mathematicae CXIV/2
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hereditarily smooth at ¢ (p) by Proposition 2. Thus Ty =@ *p(Ty) = ¢ ¢ (x) = T}.

The conclusion of the theorem follows because the role of Ty and T, is symmetric.
COROLLARY. Let a continuum X be hereditarily smooth at a point p. If

zel(lp,x)nI(p,y) and T and S are layers of z in these continua, then T = §.
Proof. It is an immediate consequence of Theorem 2.

3. Monotone decompositions of hereditarily smooth continua. Throughout this
section let X denote a continuum which is hereditarily smooth at a point p. Define
a relation ¢ on X by the condition:

xgy if and only if there are continua I(p, x) and I(p,y) such that I(p, x)

PROPOSITION 3. The relation g is reflexive, symmetric and tramsitive. The equiy-
alence classes of ¢ are precisely layers of continua of the form I(p, x).

Proof. It is clear that g is reflexive and symmetric. That g is transitive follows
from Theorem 2. Now if T<I(p, x) is a layer of the point x, then T is contained in
the equivalence class [x], of x with respect to g. It follows by Corollary that [x], =T

For a continuum M, Vought [8] has obtained a unique monotone upper semi-
continuous decomposition & of M such that layers of the irreducible subcontinua
of M are contained in the elements of 2 and @ is minimal with respect to these
properties. We prove a similar theorem for hereditarily smooth continua. The
following is a generalization of [3], Theorem 5.2, p. 58 and of [6], Theorem 12,
p. 31 .

THEOREM 3. Let a continuum X be hereditarily smooth at a point p. Then the
decomposition 9 of X induced by o satisfies the following conditions:

() @ is upper semi-continuous and monotone,

(i) the quotient space X]o is arcwise comnmected,

(i) @ is minimal among all decompositions of X satisfying (i) and (i) Gi.e., if 2’
satisfies (i) and (ii) then 9D refines 9").

Moreover, each element of 9 has empty interior, Xlo is hereditarily smooth at [p],
and Xo is hereditarily arcwise connected.

Proof. In order to prove (i) it suffices to show that g is a closed subset of X' x X,
Let {(xs,»,),ne D} be a net in ¢ which converges to a(x, »). Let I(p, x) be an
irreducible subcontinuum of X. By the smoothness of X at p there are continua
I(p, x,) such that LimI(p, x,) = I(p, x). Since x,0y, there are continua I(p, x,)
and I(p,y,) such that I(p, x,) = I(p, y,). Thus y, belongs to the layer of x, in
I(p, x,). Therefore y, € I{p, x,), and hence y € I(p, x). Take an irreducible continuum
I(p, y)<I(p, x). As above we obtain x € I(p, y). Thus I(p, x) = I(p, y), hence xgy.

(ii) Let ¢ denote the quotient mapping of @. If () is an arbitrary point of
X/e\{o(p)}, take a continuum I(p, x) = X. By Proposition 3, ¢ (I(p, %)) is an arc
in Xjo joining ¢(p) and ¢(x). Thus X/o is arcwise connected.

(iii) Suppose that there is a mapping y: X — H such that the decomposition
& = {Y"'(h), he H)} satisfies (i) and (). If 2 does not refine & then there exists
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an element D e @ and elements E; and E, of & such that EnD# @, i=1,2.
Since H is arcwise connected, there exists an arc 4 in H containing the points ¥ (p)
and (E,) but missing ¥ (E,). Now y~*(4) is a continuum which contains p and
intersects D properly. This contradicts to the definition of 2; consequently, & re-
fines &.

1t follows from Proposition 2 that X/g is hereditarily smooth at ¢ (p), thus X/g
being arcwise connected is hereditarily arcwise connected by Lemma 7. That the
elements of @ have empty interior follows by Proposition 3.
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