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Characterization of (p, g, r)-absolutely summing operators
on Hilbert space

by
DEBORAX P. ALLINGER (Cambridge, Mass.)

Absteact. A complofe deseription for all classey of (p, g, v)-absolutely summing
operators on Hilbert space is given. This complotes a problem of Pietsch [7].

0. Introduction. Following Pietsch [7], we say that a bounded linear
operator T between Banach spaces X and Y is (p, ¢, r)-absolutely summing,
1< p,q,7< co and 1ip<1/g--1/r, provided that the following con-
dition holds.

(0.1) Thero exists a constant M, independent of n, such that for all
finite subsots (@, ..., %,} = X and {gy, ..., ga} = ¥* we have

(jl(TmnS’OI”)U‘“ < M- sup (ﬁ’l(mi,fﬂq)l/a'”sup (i‘l(g),g»l’}l”.

Jeml Wl 7201 vily<l ' fm1
Condition (0.1) is equivalent to
(0.2) ( 3 KTw;, g:>7)"" < o whenever {z;} and {g;} arc sequences
£l

from X and Y* which satisfy

Ll
(2 [<m¢7f>lq)1/q< c for each f in X*
T ]

and

o0
(2 1<y, g,>l')1/'< o for each y in Y.
dom ]

Interest in. those operators developed from the study of (p, g)-absolutely
summing oporators [57, [4], [3], [1], and the problem we present ig the
characterization of (p, g, 7)-absolutely sumiming operators on Hilbert
space. Our results are contained in Seetion 1, but we deseribe known results
below. For tho statement of these facts, we denote by G, (G, ,) the set
of all bounded linear operators on I, which admit & factorization, UVW,
where W is a unitary operator,*U is an isometry on the range of V,and V
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icm

is a diagonal operator from, (1,,). Theideal, G, , is the Schatten r-class [8], -

and G, was described by Bennett [1]. The collection of all (p, g, r)-
and (p, ¢)-absolutely summing operators from X into ¥ are I7,,.(X, ¥)
and J7,,(X, ¥), respectively, while #(X,Y) represents all bounded
linear operators.

(1) Iy gy (X, X) € I, 4, (X, X) whenever p,<<py, 1¢y 7

210D K Py 1S oy T Fpand Upy —1/gy—1/r 2 1py— — 1/gs—1/ry.
(1]) U1J,q,r(l2, Zz) = Hp,r,q(l21 lz)-

(i) JT, 40 (Fay I) = gy o(lay 1) for 1592, 1<r<oo and 1fs
=1/p—1/g+1/2. :
B(ly, 1) for 1<g<2,1p~1/g+12<0,
. G, for 1<q<2,1/k =1[p~—1[g-+
iv) 1T, o (lay ) =1 s bl
( ) p,q( 21 2) "}*1/2 >O,
G for 2<g<p<oo.
_ |2, 1) for k= oo,
(v) Uk,m(lzy ly) = {Gk(lza ,) for 1<k< .

Combining (iv) and (v) we have
(Vi) IT, 4 (lyy b)) =TI ,(lay 1) for 1< g <2,y 1/k = max{l/p—1/g +
+1/2; 0}.
Results (i), (ii), (v) are due to Pietsch [6], [7]; (iii) to Mitiagin [3];
(iv) to Kwapien [3] and Bennett [1].
1. Characterization of IT,, , . (I, I.).
L Suppose ¢ < 2,7 < 2.
(@) If 1+1/p<1jr+1jg, np.q,r = B(ly, ly).
(b) If 14+1/p > 1jr+1/q, II,,, = G, where L[k = L[p—1Ljg-41/r*,
II. Suppose ¢<<2, r> 2.
(a) If 1ip <1Jg—1[2, Iy, = By, 1),
(0) If 1p >1/g~12, p > 4, T g, = G wherol]s = 1p—1g+1/2

(©) If Lp >1/g—12,p < ¢, 1T, ,, = Gy ,wherel /s = 1/p —1]g--1/2
and 1k = 1/2’*“%"“’(1/8—1’/2)_ s Lhp,g %08 p lg-+1]/

The resnlts for g > 2, » < 2 are obtained from IT and (ii).
ITL. Suppose q>2, r>2 and let m = min(q, #), M == max(q,r).

(a) If p<m, then IL,,. = G, whers 1l = 1/243M (Llp—1/m).
(b) If p>m, then IL,,, = Gy -

Proof of I. For (a), let p, and p, be given by the the equations
1/pa =1/g—1/2, 1/p, =1/r—1/2. Since 1/p<1/p,-+1/ps, we apply
Holder’s inequality to (0.1) to show that 7 ell,,. whenever T ell
and I ell, .. Hence I(a) follows from (iv). - o

©
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Tor (b), apply (ii) and (iii) to see that
Hp,q,r(lm ) = H(a,z,r) = H(s,r,z’) = Hk,ﬂ,ﬁ

where 1/k =1[/s—1jr+1/2; 1|8 ==1/p—1jg+1/2.

The agsertion now follows from (v).

Proof of II. Results (a) and (b) are a consequence of (i), (iii), and
(vi) beeause ’

‘[Ip,q(lm la) = 'n(p,q,r) = HK,Z,r s HK.2,2; 1/K == 1/1’*"1/(1—?'1/2-

IT (¢) follows from (iii) and TIT (a).

The interesting eage from the technical point of view is IIL (a) which
We prove now.

Proof of TII (a). We begin by showing Gy, < I1,,,. Without
loss of generality, we may agsume that T € G, is 2 diagonal operator, 4,
where 1 is a decreasing sequence of non-negative real numbers in Ir .
We observe from (0.2) that T = 4 is (p, g, r) —absolutely summing if
the Schur product, %'x% is a bounded linear operator from I, into 1,
whenever % € #(ly, l;) and % € B (ly, 1,). The Schur produet, Z+¥, is
a matrix whose (¢, ) entry is @;¢;. Under our hypotheses, 1/m<1/[p
< 1/M+1/m, and using Holder’s inequality it follows thatb

Z G € By Lygmiagrm)
and
ExGeB(lyly).
Interpolation yields
TG eB(p bp)

with 1/k = 1/2- M (1/p —1/m). Thercfore Gy,
To egtablish the inclusion I7, [

=y

29,1 "
Gl.py We construct matrices &

n.ar =
and ¥ guch that
(1.1) DT (3P < oo
bl

beeause (1.1) implics that 1 e, [1]. Asa consequence of Theorew 1 [21,
we may c¢hooso for cach positive integer 4, m, X m, finito ‘matrices A, and
By of 41 with the following properties: ‘

() my = 2] my = 2,

(b) A, = By,

(€) N4l < K (M)max(mi™, nj*) < K (M) -2,

(@) 1Byl m < K (m) max (mi™, ny*) < K (m) 242 M I
Note that the constants I (M), K (m) are independent of 4.
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Define
Zy = 4, /2‘/2
and
g, = B, 2" M |m

oo o0
and consider the associated block diagonal matrices & = 3 %,,9 = 3 4,

i=1 fr=l
where the snummation ig performed coordinate-wise. From [1], it follows

that
12 1ly, 57 < I (M)

and
11,30 < K (m).
Moreover, (0.2) becomes

oo bl 1 1\
00 > 2 oHM/2) (2M/2 —1) ( Z AKE{/? . ?m.m)
i=0 K=zt

and, because Az is decreasing, we conclude that

(1.2) D127 < oo
t=1

with 1/K =1/244M(1/P—1/m). Now (L1.1) follows from (1.2) because,
for each ¢, the partial sum
2EETDR NP (@ =)@, )P
from (1.1) is bounded by the term
ztplk(l t)p.zp/k—l
2

of (1.2). This completes the inclusion.

Proof of III (b). Letting m = min(g, r), we have from (i), (iii)
and (iv) that '

Gopimp = H(pnn)(lz’ by) = ﬂ(p.m,eo) = ”(p,m,m) e Ip, g,r).

Constructing the block diagonal matrices 2 and ¢ with m, = [2!/2],
n, = 2' permits the inclusion IT, . r © Gy e Our characterization is
completed.
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