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" An approximation problem in L7([0, 2%]), 2 <p < oo

by
DANIEL M. OBERLIN* (Tallahasses, Fla.)

Abstract. We treat the remaining case (2 < p < o) of an approximation problem
earlier considered by Kahane and Rider.

For n eZ, let e,(x) be the exponential ef’“, and for fe L*([0, 2%])
define the Fourier coefficient f n) to be (2m)” f flz .L‘)d[l‘ Then the

Fourier series of fis > f(n)e,.

We consider the followmg question. If f e L*? (= L*([0, 21:] ), is f the
limit in tho L? norm of frigonometrie polynomials g such that g(ny = g(m)
whenever f (n) = j (m)? For p =1 a negative answer follows from results
of Kahane [2], while a construction of Rider [4] gives the negative answer
for 1 < p < 2. For p = 2 the question is of course trivial. The purpose
of this note is to give a negative answer for 2 < p < co. Our method
follows the broad outline of that of Kahane, but the details are quite
different. We mention that this problem is elosely related to a question
about closed convolution subalgebras of L? —see [5], [2], [4], [1].

THEOREM. Fiw p with 2 <p < oo. There cwists a collection {Ej;};';l

of pairwise disjoint fi%ite subsets of Z and o fungtion f e L such thal f is
= 0 off of U
in L? by polywammls of the form 2 b; 3 e,
nely
Proof. Inthe following, ¢ will denote a positive constant independent
of % but which may increase from line to line. Let » be an even integer
such that

constant on each Hy, , and such that f is not approwimable

r(1/2 ~1/p) > 1.

Lot ng =0, mg =1, ny = k1), my = (k+2)"n, (k=1,2, o). Lieb
Py = 0 and let {p,}., be a sequence of positive mtegers which increases
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so rapidly that there exist trigonometric polynomials f}, fi (k = 1,2, ...)
satisfying Te

sy Uit
fla("') = {0 if

1< n < Ppor M1+,
P < Ty

(1) )
0 if

f,ﬁ(rn,) == {1 l‘f L0 < Py Mgy + My
i

P10 < Py +my -+ 1y,
Ifale = fallt)s IRl < L4172,

We can also assume P, > 2p;_1, b =1,2,...
sesk N - N . e ox
Let " = {1}. For k> 1 we will find digjoint subsets B} and If*,
of {p,+1, ..., D5+ n,+my} such that (2)~(4) below will hold.

ot ook
3,

&~ Gl

\ 7 \ 1
2 LI = z 6, It = ,}_, 6, then

"
neky, 17,611)';:

(3) There exists a sequence {g}i~, of positive numbers such that the

series kZl(—l)"a,AIZH—IZ) 572 (—1)*a,I, is the Fourier series of an L?
== (=)
function f. r
1
(4) e 0
g, =

Let us now establish

K
() Itq= D b, then [bl< Oll,

= IZel,

With (4) this will show that no sequence of such ¢'s o -
in I?. . q uch ¢’s can approximate f

By (1), fi*q =bely, fi*e = q—bglk.

Si Tl < X I
follows that Since |Ifylh < 1-+L/E, it

(Bal Lxlp < (L+1/E2) ligl,,
lg—bxlil, < (L+L/E?) |gll,-

The first of these gives [|blx 2y Il : ;
gl wlr lp, < (1+1/K )']]I"‘ 7 ligll,., which combines
. xllp

with the second to givé

H 2 bl

ok :
» = g =L, < (L+1/K%) (1 4 ﬂ%l‘ll)”q“ .
gl /7

icm
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Tterating this process, we get (1 <k < K ~1)

K
nrf*np)
1 .
( )

K

i, < | [ a1

1=l I=k+1

With (2), this gives (5). Thus it remains to find the sequences {an}, {Bh
{B%} which satisfy (2)-(4).

Let a, = ngl? = [(k-+1)!17". We will choose disjoint subsets
B, TRy of {pel, .. Pytmy o) with || =y, and |By| = my,
such that

(6) O g (my + )™ < TRl
(7) llay I7, — ak-HI;:l“p < O(ainy+ afzc-x—lm'k)m .

Sinee |BY*| = my_,, we have |I}*[, <mjZy? by the Hausdorfi-Young
theorem. Since #(1/2—1/p)>1, (2) is a consequence of (6), while (4)
follows from (6) and the definition of a,. Statement (3) follows from (7)
since 73> 4 implies that 3 (ain,+aj M) < oo, Thus it remains

k=1
to establish (6) and (7). Since 1,4y, = Myay,, these follow from the prop-

osition below.

PROPORITION. Suppose 2 < p < co. Let m, m be positive integers and
let a, b be positive nwmbers such that na = mb. Then there exists a partition

" of the set {1,2,...,n+m} into two sets B and T with B} =n, |F| =m

such that

@) 1 3ol > A7 (m+m)",
; £
(ii) “-ZF ae].-%,‘ beyll, < A, (na? -+ mb)2.
Jjel jel

Here A, depends only on p.

The proof of the proposition depends on two lemmas.

LEMMA 1. For 1< p < oo, there is a positive constant B, (depending
only on p) such that for any positive integers 1, m ands any choice of numbers
0, L< < ntm, '

ntm  nt

n.-_(:%n 1 m

2 0| < [__W‘_ E’ ‘ E ' oyt
P [

1 l==1 d=1

(See Theorem 7.10, p. 30 of [6].)
LeMua 2. For 1< p < oo, there is & positive constant C, such that
the following holds. Fix positive integers n, m and numbers 6;, 1 < j < n-+m,

B!

»p
.| < B‘”

P

n-tm
E 0165
.


GUEST


224 D. M. Oberlin

n-+m
such that ) ¢; = 0. Let 8 be the symmetric group on {1, ..., n+m}. Then
1 .

1 n+;n » &y /2
23| Seunlp S ]
2 1 1

(This is a consequence of Lemma 1 above and Lemma 2, p. 261 of [3].)

The proof of the proposition is now easy. Let ¢, = ... = ¢, = a,
Opy1 = +on = Gy = —b. Then it follows from Lemma 2 that there exists
o €8 such that

ntm
l 2 By J!z: < O, (na?+ mb?)',

1

Let E= il<g<o(f) g}y F = {j: n+1l<o(f) < n+m} Then (ii) of the
proposition holds. Statement (i) of the proposition. is an immediate con-
sequence of Lemma 1.

. Added in gronf. The theorem of this paper can also be found in the work
of G. Bachelis and J. Gilbert, Banach algebras with Rider subalgebras, Bull,
Inst. Math. Acad. Sinica 7 (1979), pp. 333-347.
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Xdentity of Taylor’s joint spectrum
and Dash’s joint spectrum

by

MUNEO CHO and MAKOTO TAKAGUCHTI (Hirosaki)

.

Abstract. In this note we show that Dash’s joint spectrum coincides with Taylor’s
joint spectrum in the cage of normal operators, and operators on a finite-dimensional
Hilbert space.

1. Since the concept of joint spectrum for a family of operators
was first introduced by R. Arens and A. P. Calderén [1], some authors
have asserted its definition and properties. The typical and successful
definitions among them have been carried out by J. L. Taylor [7}and A. T.
Dash [4]. '

Throughout this note, let H be a complex Hilbert space and B(H)
be the algebra of all continuous linear operators on H. Let A = (44, ...
very 4;) < B(H) be ‘an n-tuple of commuting operators, and A', A’ be
commutant, double commutant algebra of the set {Ag, ..., 4,} in B(H),
respectively.

Now, let {¢;,...,6,} be a set of indeterminates and denote by H*
the exterior algebra, over the complex field C, with the generators ey, ..., éu.
B will stand for the space of elements of degree p in B"(p =1, ..., n).
Then we denote by By (H) the tensor product HQ Fy. An element #Qe; A ...
cAGy € Bp(H) will be written simply @e, A ... A€ . The space Hy(H) can
be endowed with a mnatural strueture of a Hilbert space.

We define the map &5: Hy(H) - Ep_,(H) guch that

b4
85 (y) = Z’ (=1 Ay @0, A AE A NG,
. Tl
for y = we; A.. NGy € H3(H), where the gymbol ~ means that the ecorres-
ponding letter is omitted. For convenience, we put ¥ = &4 = 0. Then
we see that every 6% is a continuons linear map and 35005 = 0. Thus,
we get the sequence
gl o an—1 o2 ot 80
04 g Ay B (H) s . s B (HE) > BYH) 0.
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