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The best constants in the Khintchine inequality
by
UFFE HAAGERTUP (Odense)

Abstract. Let (r,) denote the sequence of Rademacher functions. It is shown
that the best possible constants 4, and By in the Khintchine inequality

n 1 n n
4y (S AP <([] 3 [P atir < By 3 ap'lt
=] K= Tl

-

are given by

21/2—1/p 0< P < Pos
Ap = 2T ((p+1)R2) YT po<p<2,
1 2 p< oo

and
B, =1 o<p<2,
P2 I+ 2NFE 2<p< oo,

where p, is the solution of the equation I'((p+1)/2) = Y#/2 in the interval 11, 2[.
Py ~ 1,84742.

Introduction. Let r,;(t) — gign(sin2"nt), n =1,2,... denote the

" Rademacher funections. The Khintchine inequality states that for any
"p e 10, oof there exist constants A, and B,, such that

n 1 n n
(*) A, M) <([] D wnpar)e < B, ( 3 ai)”
k=1 0 k=l k=1
for arbitrary # € N and a4, ..., 6, € R.
The Khintchine inequality ean also be expressed in the following
way: Let &, be a sequence of mutually independent random variables
with distribution P{1} = P{—1} = 1/2 (Bernoulli distribution). Then

Ap(’ézai)ung ({Ié:a’k Eklp)x/zﬂ ng(

where H(-) denotes the mean of a random variable.
A special eage of this inequality was studied by Khintchine [6] in 1923.
‘He used it to estimate the asymptotic behaviour of certain random walks.
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More systematic treatments of the inequality were given by Littlewood,
Paley and Zygmund in 1930 (cf. [7], [9]).

In the last decade, the Khintchine inequality and its generalization
to certain classes of Banach Spaces, have become an important tool in the
study of geometric properties of Banach §paces, see [8] and references
given there.

In the following A, and B, will denote the best constants, for which
the Khintchine inequality (x) is true. Although the exact values of 4,
and B, have no importance in the applications of the Khintchine inequality,
the problem of computing the best constants has from time to time gained
some interest. It is clementary to prove that B, == 1 for 0 <X p < 2, and
4, =1 for 2 << p < co. In 1961 Stedkin [10] ])1<>ved that By, == (( 7 —

—~1)1) e ", meN. This regult was recently extended by Young [12],
who computed B, for pe[3, co[. Finally Szarek [11] proved tliub
A4, = 1/¥/2. This was a long outstanding conjecture of Littlewood. (ef. [3 7).

In the present paper, we introduce & new method which enables ug
to computbe the best constants in the remaining cases (4, for 0 < p < 2,
p #1and B, for 2 < p < 3), and to give a simple proof of Szarek’s result
A, =12,

We found that

21/2——1/p
= {21/2 {T((p +1)/2)/‘/;)1/10

0<p <P,
Po<P<2
and -

B, =28(I((p+1)2)/m)"  2<p< oo,

where P, is the solution of the equation F((p +1) /2) = 1/;/2 in the interval

T, 2[. It is not hard to prove that 4, cannot exceed the number indicated, -

and that B, cannot be less than 21’2( ((p-+1)/2) /Vw)”p , 80 the problem

is to give sufficiently good lower estimates for .4, and sufficiently good
upper estimates for B,. Consider first the case 0 <p<2 We (1ef1ne
a function F,(s), s > 0 by :

F(s) =0, f (L—lcos(t/Vs)P)t—7"at,
2
where 0, = ——sm(pn/Z)I’(p +1), and prove that whon 2 af =1,

k=l
() 5(| Sanf”> Sar, e
k=1

k=1

Tf nis an even integer, and |a,| = 1/Vn for all k, one has equality in (),
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Inequality (s#) reduces the problem of giving lower estimates of 4,
from a multi-variable problem to a single-variable problem, namely to
investigate the  fynction ¥,(s). When p =1, we find that F,(s)

2 1 .
l r(“ ) /T'(s/2). This function is increasing, and F,(2) = 1/V2

= Vs

Henee it Y aj, = 1 and |ay|

( Zaﬂkl) Za‘lcFl(o —-—1/}/2

n

On the other hand, if |a;| > 1/l/2 for gome 1%, it is clear that F(| 2 aryl)
> 1/V2. This proves that 4;>1 /l/2

For 0 < p <2, p #1, the idea of the proof is the same. However,
one runs into severe technical problems, because F),(s) cannot be expressed
in terms of sunple functions, when p 1. Also when p>1,F,(s) is not
a monotone funétion of s.

The key Lemma 2.13 tells that F,(s) = F,(oo), when p,<p <2
and s> 2 (F,(oo) = limF,(t)). The proof is based on a series expansion

f—s0

of 7, (s) in the interval s (2,

< 1/V2 for all &, we geb

4] md an asymptotic estimate of F, ( )

for s — oo. As for p = 1, the case Vak =1 and || > 1/V2 for some 3,
=1

has to be treated separately, and when p =1, this case is far from bemg
trivial (see Section 3).

The computation of B, for 2 < p < 4 is quite parallel to the compu-
tationof 4,for 0 < p < 2. We define functions F, (s) similar to those defined

in the case 0 < p < 2, and prove that when 2 @ =1and 2 <p<4,
then

n

z:)l e Nt
=

5 (| 3o

The key Lemma .15 tells that F,(s) < F,(o0), When- 2<p<d,
and s = 1/2, and the proof is based on a detailed investigation of the fune-

Ty (az”).

; d
tion x(s) = %Fp(s)]pﬂ. )
Ag mentioned previously, Young [12] compubed B, for p >3 by
a different method. For the sake of completeness, we show in Seetion 5
how one can compute B for p > 4, by using the value of B, obtained for
2<p <4
The results of this paper have been a:n.nounoed in [2]. The remaining
part of the paper is divided in the following five sections:
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§1. Cage p =1.

§2. Case 0 <p <2, and |a,} < 1//2(*) for all k.
§3. Case 0 <p <2, and |a, > 1/1/2 (*) for gome k.
§4. Case 2 <p < 4.

§ 5. Case p = 4.

§ 1. Case p = 1. In this section we shall give a short proof of Szarek’s
result [11]'

inequalzty 18 A1 =1 /1/2.
Note first that 4, < 1/V2, because

J I £ 01dt = 1 = —5e (L1
5 Y V2 ‘

In the following we consider the Rademacher funections as a series of
independent random variables on the probability space [0, 1], with distri-
bution P{l} = P{-1} = 1/2 (Bernoulli dis’ori‘[zution).

LmymA 1.2, Let X be a ramdom variable with symmetric distribution;
then

2 o
B(X)) = — [ (L—px(t)ta,
[}

where px(t) = B(6"X) is the characteristic function for X.
Proof. Note first that for ¥ € B one hag

o
. 2
(1a) 2] :;f (L —cosat)t™2dt.
- 0
In fact, by the substitution # = |»|f, we have that
f(l—eoswt)t‘”dt =
0

o] [ (1—cosu)u~du.
[

By partial integration
f (1 —cosu)u™*du = f -Sl—z-q—l'— du = w2
v ]

which proves (1a). Let X be a random variable on a probability space
(2, dw), with symmetric distribution (e P{X €4} =P{X e —A4}).
— ¢

n
(*) We use the normalization ‘¥ o = 1.
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Then E(6"*) = B(¢~%X), and thus

px(8) = B{cos(iX)).
Hence by (la)

*f;f 1—ox( t))t‘zdt~%f(f 1 —cos (tX (@ )))dw)t"”dt

0 [

J(fl cos (tX (e )))t‘zdt)d

)

:llw

(X ()] do = B(|X]).

i
o

Note that the formula is also valid if sbme of the integrals are infinite.
This proves the lemma. :
LemyA 1.3. Put

Ef 1 —leos(¢/Vs)P)t™2dt, &> 0.

4

7
If,f_,‘:’] a =1, then

Eljam{ > ZnaiF(a;Z)
k=1

=1
(When a;, = 0, we put aiF(a;z) =0.)
Proof. Since H( IZakrkl

coeflicients, it is no loss of generality to assume that a; 750 for any k.

is invarviant under permutation of the

The characteristic function of the random variable X = _Z' ary 18
n

ey (t) = B(é¥) = H (gPonmid) Hcosakt

k=1 k=1

Decause the Rademacher functions are independent random variables.
Hence by Lemma 1.2

2 oo

puxy == [ 1= []

kil

0

For non-negative numbers s,...,§, and positive numbers oy, ...y dy
" ‘

cos akt)t‘zdt.
k=1

with ¥ @, =1, one has
k=1

0,
- FURIPN -snngalsl—]— Goe a8,
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. . o
Using this formula for o, = af, and s, = |cosa,l| t , we geb
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and Fubinis theorem, we get

n n I it
v 1 ,1 )
1— ] feosayt=>1— |cos aytl F(s) =—+= f (1 — |cost|®)t™2dt
L]l I!;]l * . TC)/S ;oo nn—mf2 '
n a2 ¢ 12
S>1- Vg2 k 1« 7 di
=1 Zakicos%tl . 2 f (1 —(cost) )
=1 n}/g ~ (t—{—w,—n;)a
= Z a2 (1 — |coBay] w ). 1 at
=, === f (1—(cost)?) v
Hence TV
n g @ . or '
(X) > Z . (; f (L — eos agt] " )rw) Pl = 2 3 ) i) -
= § - ;.'f (1—(cost) sin%
n .
- Since
mZa,’cF(akz). dt
. & ‘ = ~1/tgt, -
f sin?¢ fegt,
Thi
iis proves Lemma 1.3. one gets by partial integration that
LeMMA 1.4. Let F be the function defined in Lemma 1.3. .’Z’han
w2
2 f 1—(cost)®) —
1) F(s) = -17:;--1"((3 +1)/2)/T'(s/2), &>0. : ( ) sin?
kit
. /2
— (cost)* [ 1)*'sint
(2) F is an increasing function of s. = —li 1__((_:0_5_)_ 'J"sf (c088 at
o0 tgt N 5 tgt
Proof. By definition .

/2

=g | (cost)dt
F(s) = -—f — lcos(t/Vs))* )it uf

/n _
—s —‘—25 P{(s+1)[2)/E(s/2+1) = V=T ((s+1)/2)/T(s/2)

2
— f (L — [eost|?)t~*ds .
rrs (ct. [B], p- 593, formula 620). Hence F(s) = —‘7:_—1‘((8-1-1)/2)/1“(3/2).

T8

= f (1 — |cost|*)t™*qt. ' To prove (2) we expand. F(s) in an infinite product: From the equality
/s ol'(z) = I'(@+1), and the convexity of LogI'(x), we geb
Using the f
§ the formula I((s+1)2P < T(s2) (s +2)[2) = »2—1’(8/2)’
and.
sm’t 2 (t+n-n:

—1 s

I(s+1)/2) = i;r((s —1)2)T((s +1) 2) =
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Hence

Vis—1)/2 < T((s +1)/2)/T(s/2) = V3]2.

This proves, that

LmF(s) = V2/x. .

800

Again, using the equation aI'(2) = I'(#+1) we have

F(s+2) = l/i-o— STL Bls) = (L—1/(s -+ RF(s).

842 8
Hence for n e N
n—1
F(s+2m) =[] (1—1/(s+2-+17) T (s)
k=0

which in the limit #n — oo, gives

Vajm = [](1—1/(s+2k-+1)) 7P (s)

k=0

or

© F(s) =V2m f[(1~1/(s+2k+1)ﬂ)1/2,

k=t
This formula shows, that f iy an increasing function of s.
Proof of Theorem 1.1 By the homogeneity of the Khintchine
n

inequality, we may assume that 3 of = L.
o=

Agsume first that |a,] > 1/1/2 for some ¢; then by the I-Ioldor in-

equality,
3 $ ) || Sl
> | fro( Sanie) al

Joem1

= || >1//2.
haveAssume next that |a,) < 1/V2 for any k. By Lemma 1.3 and 1.4 we
n
(\,‘Z—;akrk D a,cF(a gw”
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2 — .
Sinee F(2) =—==TI'(3/2)/'(1) = 1/1/2, the proof is complete.

- ‘1/21c
§2. Case 0 <p <2 and |g,
we shall prove:
THEOREM A. Let 0 < p <
inequality is given by

4 21/2-—- Un
re {21/2(1’((19 1) f2) 1)

where po is the non-trivial solution to the equation I'((p+1)/ 2) =
One has p, ~ 1.84742.

This section takes care of the case, where |a;| <

< 1/V/2 for all i. In Sections 2 and 3

2. The best lower constant in the Khintchine

0<p<Po
PSP 2,

I'(3/2).

1/¥/2 for all k (we use

n
the normalization 2 ay = 1).

In [10] Steckm proved that 4, < 2”2( (2 +1)12) _1,2)1/13 For comp
leteness, we give below a more direct proof of this inequality.
Lemma 2.1

gi/2—1lp
Ap < { 1/p

<P < Pos
2 (r((p +1) /2)n)

0
PSP 2.

1
Proof. Let 0<p<2. Put X, =7:(a~1+r2+ . 1), and let Z
fn’ B

1
be a normal distributed randon1 variable with density ~‘7= oxp(—x?[2).

From the central limit law of probability it follows that X, converges in
distribution to Z, ie. for any continuous bounded function f '

(2a) hmE'(f(X ) = B(f(2).

If g is & positive, but not necessarily bounded function, one gets by approxi-
mating g from below by continuous bounded functions thab
(2b) limint B (g (X,)) > B(9(2)).
f-+00
Applying (2b) to the functions g, (®) = 0P and gs(o) = #*—
follows that, for 0 < p <2, .
H(|ZP) < lunlnfl?({X ) < Limsup B (1X,7) <

N—+00

2|? +1, it
B(|ZP).

Here we have used tha.t B(X:) = B(Z?) = 1. Hence

lim B(|X,I7)

n—+oo

= B(2P) = 7;3-—; [ tarexp (—asj2)do =22 (ip-+1)/2) ="
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This proves that
(2e) 4, < (27 ((p 1) f2) =

Putting » =2 and a; =a, =1 4 2 in the Khintchine inequality, one
gets easily A, < (2@~ BE)P — 9i=lr Therefore

(24) A, < 2% min {I((p+1)/2) =, 12}, 0<p<2.

Since the I-function is convex, the equation I‘((p +1)/2) == Vm/2 has
only two solutions, namely the trivial solubion p ==2, and a solution
P = p, < 2. By 2nd order interpolation in the table [6], p. 726, one finds
Po ~ 1,84742, Clearly I'((p-+1)/2) > V2 for 0 < p < p,, While I'((p -1);
/2) < V=[2 for p,<p < 2. This proves the lemma.

Remark 2.2. To avoid round off errors in later numerical computa-
tions involving p,, we have computed p, to 10 correct decimals. We used
the method deseribed in [1], pp. 106-114 to compute I'(x) with the neces-
gary accuracy, and found

Po = 1,84741.63361.
2
In the following, we Put.O'p — ;sin(pn/f&)l“(p +1), p > 0.

LeMMA 2.3. Let X be a real random variuble with symmelric distri-
bution, such that B(X*) < oo. For 0 < p <2,

(%e) - E(X®) =0 f (1—gx ()t~ dt,

where px(t) = E’(s“X) is the characteristio function for X.
Proof. We show first that for s e R and 0 < p < 2,

(2f) of? =0, fw (1 — cosat)t>~* &,
H
For |z| £ 0, the substitution % = lw}t, shows thitb
(2g) - - f(lwcosmt)t'”“ldt lwif’f — GO U)W
By partial integration one gets
f (L —cosu)u™?" du -~f sinw = - ! .
(2=)sin (np 2) I'(p 1)

(The last equality is trivial for p = 1. For 0 < p < 1 it follows from [5],
p. 594, formula 631. When 1 < p < 2 it follows from [5], p. 594, formula
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632, by partial integration.) Thiz proves formula (2f). However, as in
Section 1, (2e) can be derived from (2f) using Fubini’s Theorem.

LeEMMA 2.4. Let 0 < p < 2. Put

Fy(s) =0y f (1—

n
) If 3 o} =1, then

[cos(t/Vs)l*) ™2~ dE, s> 0.

k=1
E(\Z“le’"}clp)ZZ “?ch(az}—z)
k=1
@) Fy(2m) = B = 1/ Zrk] ), men.
(8) Livd ', (s pr’ 1—exp(—12/2))t~2" dt =‘2?/2F((10+1)/2)n“”2.

Proof. (1) Same as the proof of Lemma 1.3.

(2) Let X, = Zrk, m=1,2, Then the characteristic
m =y
function for X,, (cos(t/l/ m))™. Hence

H(X,,P) =C, f (1 —(cos( t/}/Zn)z"))t'p"’dt =P (2n),

n=1,2,...
(8) For fixed ¢t € R, we have
limlog (|eos (t/Vs)]") = hm(slog (cos(t/Vs))) = —t2/2.

which proves (2).

P
Hence
lcos(t/l/s_)l" — exp(—12/2) for s oo.
For 8> 1 and t< V2, we have #/Vs < V2 and hence
cos (£/V's) |8 (cos(t/V5)) = (1 —2/28)* > 1 —t3[2.
Therefore '

(2h)  exp(—t2/2) — |eos(t/Vs)[F < (1—12[2 +4/8) —(L—1*/2) = /8.

However, cosu < exp(—u?/2) for [u| < =/2, and thus

lcos (£/V5)° < exp(~1/2) for s>1 and t< V2.
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Hence for s>>1, and teR,

%8, t<V2,

(2i) |(exp (—12/2) — cos (¢/V/5)]*] < L s
] = .

_Lebesgue’s Theorem about majorized eonvergence gives now easily that
(2j) 1i111F7, (s) ‘—_—_- Oﬂf (1—6Xp( ——ta/Z))r'P“dt.
§->00 h

However, exp(—t%/2) is the ehamgterisﬁc function for a normal digtri-

1
buted random variable Z, with density o exp ( —x2/2). Henee by Lemma
2.3, d

0,

,,f (1—exp(—t2/2))t7?7 @t = B(|ZI?) = 2""I'((p +1)/2)n ",
0 .
This proves (3).

Remark 25. We put F,(cc) =limF,(s) = 272 ((p+1)/2)n 2.

8§00

From Lemma 2.4 (2) it follows that F,(2) = 222, Hence F,(2) < F,(oo)
for 0 < p <pg, Fy (2) = Fp (o) and Fy(2) > Fy(o0), for po<p<2.
In the following we shall prove that F,(s)> F,(c0) when p,<p <2
and s > 2. This will, using Lemma 2.4 (1) and (3), prove that

Y ﬂ 2 .y ‘p)llp = F, co)liP = gl (F((p +1)/2) n—llz)llp’

n —
when p, <p < 2, Y 6 =1 and |ay| < 1/V2 for all k.
k=1

We will first treat the case P = p,. Figure 2.1 below shows the graph
of F, (s). The drawing is based only on the values F, (2n), n =1,2...
which are easily computed from Lemma 2.4 (2).

v
0850 y=Foy(s)
LETCIS
e
0.948 1 / ¥ =Fao(>)
i 1 L L. L L
0 2 4 6 8 10 12

Figure 2.1
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Note that the variation of F,, (s) for s > 2 is very small (of order 1073).
It is of course possible to prove F, (s) 2> Fyp (oc) for single values of s > 2
by computing the integral in Lemma 2.4 numerically. However, to prove
analytically that I, (s) > F), (o0) for all s > 2, turns out to be quite compli-
cated, because F,(s) cannot be expressed in terms of simple funetions,
when p # 1. The proof will be divided in two cases, namely s e[2, 4]
and s > 4.
LeMMA 2.6. Let 1< p < 3. Then

SR e e
D) i <SP, A
N==-00

Proof. It is well known that

& (e T gin%t’

By differentiating this equation twice, one gets

o 1 1 2 1
Z (t+nm)*  sin*t 3 sin2t’

n=-—00

Since }a?—x+3 = 3(#—1)* (#+2) > 0 when > 1, it follows that

z—%< $#® when a2>1.
Hence

O 1 1 (1 1
= —R) <t —.
2 (t+mm)*  sin%t (sinﬁt §) <V
fn=-~00

By Holder’s inequality we have

b 1 d 1 a—a)j2 had 1 (a—2)/2
,,.Zm [t -+ 7] < (n;,.o (t+7m)”) ("‘Z_w (t+mc)“)

< 3(2—11)l2(sinat)(a—'t)/ﬂ(sin&t)(ﬂ—q)lz — 3(2”")’2lsint|“'”.
Substituting ¢ = p -1, the assertion follows.
LevMA 2.7, For 0 <p <2, put

-]
of) = [ (sineyme?lat
] :
and

B = fm (L—exp(—t3)j"t~*""dt

0
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for n =1, 2, . Then
a0 — BP0, and  a®0 < BP for n32.
Proof. We will first prove the formulas
(2K) i) = M (-1 () e,
2°T ((p +1)/2)

L S

Jemml

@ AP =
1 ~it
Using Buler’s formula sin? =37 (" —¢*) one gets

n
1 )
§in®"t = F E (—1)¥ (nz_"’_k) cos(2kt).

k=—n

Since 2( —1)

L2 (W +k) = 0, we have also

sin®™y =-4},7 Zn( —1 () (cos (21t) —1).

kre—n
. s s 2n 2n
Since the term at k¥ = 0 vanishes, and since (” - k) = (n__k) , we get
2 ¢ 2
3 —_ k—1{ &% -
(2m) sint = ;;-1 (—1) (,n 2 k) (1 —cos(2Kt)).

From (2f) with £ =2k we have
(@k)? =0, [ (1—cosgkt)t™? dt.
0

Hence usixi'g (2m):

) _
0,d® =0, f (sin )21 @t —
0

—-1"’“‘(2")k.

Fomal

This proves (2k). To prove (21) we use

2 (=1 ( ) exp( —Ht).

k=0

(L —exp(—&3))"

icm
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n

Since ¥ (—1)* (Z) =0, we have also

£=0
*

(2n) (L—exp(—t) = 3'(—1) (z) (exp( —kt) —1)

[‘4‘3 ZM:

(—1)* 1( )(1—exp(_kt2)).

k
Using Lemma 2.4 (3), we get

]
-

oo

Oy [ (L—exp(—kt%)7?~ dt = 0, (2k)7" [ (1—exp(—#2/2))¢~ > dt
0

0
= (2Ry""2RT((p +1)2) w2
Therefore by (2n)

0,89 = ¢, f (1 —exp(—t)4?—dt = WZ‘( 1)k ‘()k"”

Vr &
This proves (21). From (2k) and (21) we have
p+1 »
o = 2 and P = 2_]’((2_—[;&&1 N
40, ¢ 1/7r

Sinee I'((p,+1)/2) = Vr[2, it follows that al® — g0,

The following list gives the valnes of a(’”ﬂ) and AP0 for 1< a<
computed from (2k) and (21) (maximal error < 10™°). To avoid accumulated
round off errors in the sums, we have used the value p, = 1,84741.63361

(cf. Remark 2.2).

n a%"o) ﬁ&ﬂo) n afﬂpo) ,95’0)

1 6,82084 6,82084 9 0,19358 0,24391
2 0,68455 0,70265 10 0,18157 0,23359
3 0,43470 0,46279 11 0,17154 0,22502
4 0,33880 0,37347 12 0,16289 0,21776
5 0,28587 0,32529 13 0,15560 0,21151
6 0,25147 0,29453 14 0,14912 0,20604
7 0,22692 0,27287 15 0,14339 0,20122
8 0,20830 0,25664

One observes that offY < o) for 2 <
we will prove that for 1<p <2 and n>3:

(20) o < V2 30-P(2n—5)7,
(2p) D > —; (L +logm)~ .

4 — Studia Mathematica 70.3

n << 15. To treat the case n > 157
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From Lemma 2.6 we have for 1< p < 2 that

oo
2 [+ nm| P 3‘1—P>/21fsim|’-”' < 8O- gin g5,
Ne=—00 *

Hence

(-]
f (singy™?=! =} f(qmt )2 Pt gt

= g;f (sint)m( 2 |t+nnrf’"1) dt < F30-7" [ (sing)n- gy
0 Pmm 00" 0 .

T2

= } 8i-a)2 f (cost)*n3dt < 372 fexp — (2m — B)t4/2)d

~—e(2
= Vx/2 30222y 5)~12,

This proves (20).

[=+] 00
ﬂg) =f (l—é_”)"t”p_ldt-r: _&f — g w= @R Gy
[ 0
oo
. >3 f 1— g tyry e+ gy S f (1 ~—ng~ %)y~ B+ gy,
logn logn
o0 14logn
=% [ wrgy H( [ —neyu= o gy —
1+logn logn
00
—_ ne ™y 0TI du) .
1+log
Using "
=@ > (1 £logn)" P2 for  w<1+logn
and :

w PR (1 +16gn)“@“)’2 for w>1-+logn,
it follows that

o0
pP=% [ wehdu

1+logn
1-+logn o
+3(1+logn)~(@+as ( f (L —ne™") du— f ne™" du)
logn 1+logn

1
= (L+1ogn) P 4 (1L + logn)~P+a2(g=1 _ 5=Y)

1
=— (L+logn)™?",
p( gn)

.

The best constants in the Khintchine- inequality. 247

This proves (2p).
When # > 15, n—~% = n(1—~5/2n) > a(1—§) =3in.
Hence by (20) and (2p):-

3lmp 12 - 1/2 :
#) T < |—32-2 ~1/2
o \(4<n~5/2)) <10 "

and
‘ - 1/2
(20 A9 < (355 [0+ Togmm .
The tunction ¢ — (1+1logt)t™ "7 i decreasing for ¢ > ¢, because when ¢ > e,
d
= —[(L+logt)t™P] = t’l“””( s | +logt))

< iy 2 /p) < 0.
For p = p, and » = 15, the right side of (2q) has the value 0,97 548 .
Hence ,
o0 [gP) < 0,97548 ... for w>15.

This. proves Lemma 2.7.
Luevyma 2.8, Let 0<p <2 For 0 <s<<4:

&) Fyf) = ()40~ 380 i) (—27 (7).
k=1
Proof. For 8 > 0 we have
(28)  1—jeost|* = 1—(1—sin®)""
= 1= Y (—1 (%) sint*
k=0
= Lt 31 () s

When s € 10, 4], the sign of (——1)"“(3,/02) is independent of & for k > 2.
Therefore by (28)

@t) 2}( 1 (’/2)sm o = |

k=2 k:

718

—1/8/2\ _;
(= 1) (2) sin*]

8
= \1 — |eost|*— 5y sin“t‘ .
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Since
) X 8 8 2 4 >
1 —|cost| —»2~smt =0(") for t-0,
it follows, using Lebesgue § Theorem of majorized conver,t,enw on (28)

that

®

-1+ (s 2) (sing)®* P i

(=0 () e, |

"A gimilar argument apphed ta the axpimmon

(2w) [ (L—lcost’)t™" @t =
0

zMg

s

e

k=

—exp(-—stﬂ/z =1-(1-(1— 6“2))"/~

gives that .
oo (=] oo
2v) f(1—exp(—st“/2))t“”“dt = Z‘ —1)k 1( )f — ey -
0 k=1 0 L. v
= 2=t 1(‘“{“) o)

VRS

From Lemma 2.4 (3) we have, for s.> 0, .

(2%)  F,(5)—F,(o0) = C, [ (oxp(—1/2) — Jeos (LY/3) )t~ a

= Cps“”’zf (exp(—st*/2) — |cost|*)t~P~  di.
0
Combining (2u), (2v) zﬁnd (2x), we get (21;).
LeMma 2.9,

F, (s) > F,, (c0) for sel2,4].

Proof. When s [2, 4], (—1) (8/72) = 0 for k= 2. Hencoe the state-
ment is an immediate consequence of Lemma 2.7 (md Lemma 2.8,

Note that since (—1)% (s/ 2) <0 for 0 <s<2, it follows that F, (s)
<P, , (o) for 0<s<2

The best constants in. _tha, Khintchine inequality

To treat the cage & > 4, we introduce the functions

(2y) () = [ (exp( ~st2/9 008 £ 10, mya () 7272 0E,
0 . .

(22) by(s) = f [cost|®t~2=1dt.
/2

From formula (2x) one gets, for ¢> 0, .
(2aa) Fy(s) = Fy(00)+Cs ™" (4, (8) — b, (s)).
Lzana 2,10, Let 0 < p < 2. Then

o 1 ’
W > 6P (T - g TE D)
@ .., < 1/{),_;:(70511)8—1/2 + kg”)s—"/z);
where ‘ :
P = P (p 1)
and ; o

W = (2 [m)r (L—277) 5 (p+1) —1/2)
(¢ is the Riemann Zeta function).
Proof. For 0.t <w[2
2 £
~log(costy = [ tgudu> [ (u+u?/3)du = £ [2+t*/12.
o []
Hence ) )
(cost)’ exp( —st*/z —st‘*/lZ 0<t< nf2,
which implies that for t> 0 c
ox ( —812/2) — 08 8| 1o ma1(1) 3> exD( —st2/2) (1 —exp (—st /12))

> oxp (—st?/2) (st 12 — §(st4[12)7).

Hence

exp(—st3/2) (st /12 — H(st* [12)2) 6 @t

]

—U( 2 [Aa _ayd 2)(2 —{p+1)/2
6 (u‘/3s u* [185%) (2u[s) Jaen

\

, 1
= (127" (G5 Tl=)2) = g T (8=2)1)).

249
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This proves (1). Consider now

oa 00 N f2
by(s) = [ leostft™ @t = 3 [ |eost*t™?~"at
/2 ne=l fm—1/2
L3 0o
= f (cost)"( 2 (t+ nrs)“""‘) .
—mf2 nel

Since ¢t — cost is an even function, we have

/2

(2ab) byls) = [ (cost)'e,(t)dt
where e
(2ac) p,(t) = &2:((m:»}—t)“”“+(mr——t)"‘”"1), [t < .

Nl

The function g, is even, and it is easily seen that all the even terms in its
Taylor expansion around ¢ = 0 are positive. Writing

o0
opll) = Db, <,

=)
where &, > 0 for any », then clearly

ad) g <bit( Yo 8 for <l

Bl

Since @,(0) = by and @,(n/2) = by+ 3 by, (%/2)™, we have
ne=l

(2ae) D ban(R/2P7F = (2/m) g, (=/2) — 9, (0)).
fi==1
From (2ac) one has ,(0) = S’(n-m)“ﬂ‘l = P (p +1). Similarly

nel

p(m/2) = (2 [m)P* (1} 2 (2n+1)"P"1 43 i (2n ,_1)-m~-1)
) Bl

el
= @/rp*( 3 (e -1y g)
Phmnl
= (2/mPF (1 —277"") ¢ (p+1) —4).
Since p(0) = (2/m)P+1277" 4 (p +1), we get '
(2/m)2 (p(m/2) —p(0)) = (@ /m)P*¥((1L—277) ¢ (p +1) —4).
Hence by (2ad) and (2ae)

(2af) L 2p(0) S BP LK@, < nj2,

icm
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where
P = n i (p 1)
and
WP = (2[mPHH{(L—27") L (p +1) — ).

Since (cost)® < exp(—si?/2), [t| < =/2, we have

/2 0 -
f (cost)edi < fexp(—stz/,?)dt = Vons~ 12
—1t/2 -0
and
n/2 ©0 —_
[ (costytdi< [ texp(—st*/2)dt = Yoms™32,
—mf2 —00
Therefore
/2 /2
by(s) = [ (cost),(t)dt < [ (cost) (kP + kP1) dt
—nf2 -/

< 1/2_11:(709’)3“1/2 + kgza)s—a/z) .

This proves (2).

LeMyma 2.11. Let s> 2. Then I, (s) =y (o0).

Proof. It remains to prove that 7, (s) > Fp (o) for s > 4, By formula
(2aa) it is equivalent to prove that a,(s) = b,(s) for any s > 4.

Agsume first that s> 5. By Lemma 2.5 it suffices to prove that
for s =5,

(5120 & T4 = 12) ~ s 7162012

(2ag) 365

> l/é;(k(lpo)s—llz + kgz)o)s—sls) .

I one multiplies (2ag) with s¥*, one gets an increasing f11nqtiqn on the
loft sicle and a decreasing function on the right side. Hence it i8 enough
to check (2ag) for s = 5. From the table [6], p. 726:

(2ah) I((4—po)/2) = I'(1,07629) = 0,96133,
(@) T((8—pa)/2) = (6 —po)[2)((4— o) /2) T((4—P0) [2) = 2,1483

(correct to the number of figures indicated). Using [B], p. 609, we have
£(2) = 1,6449 and {(3) = 1,2021, Henee by the convexity of the {-func-
tion:

C(Pot1) < 2(2)(2 — Do)+ (8)(po—1) = 1,2696.
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Tngerting this estimate in the expressions for k{" and kP wo get:

(2aj) o) < 0,04876,

(20k) TP0) < 0,04669.

TUsing the above estimates, the left side of (2ag) has for s == 5 the value

0,06914, while the right side is at most 0,06513 when & == 0, This proves
a4y (8) > bj,( ) for s> 5. It turns out that (2ag) fails for & - 4. Thercfore

We shall need a more carveful estimatie of b, (8) in the case & |4, B[
For convenience, pub

1 1
4(®) “‘<S/2>"’"(f r((4-p)2)- ,m;é~»l‘(<sm-zo)/z)).
Clearly -
_‘—l * ©) 2 2— | 4. .
d(s 4(6) = (a2 ("'.‘1‘2}%11‘((4~1¢)/°)~1~7§ﬂ (8- p) 2 )).

d
Henee—(Ea;(s) >0 for

d-p F((S -p)[2)  (4-p)*(6--p)
2al - .
za) PG T(a=p)E T 2 )

When p = p,, the right side of (2al) is 5,2644. Hence (»I, (8) s inercnsing
for ¢ < 5. However, it is trivial that s - b,(s) i8 docrunsmg Thus, i we
can prove that o n( ) > by, (4), it will follow that a,(¢) 2 %o( ) = by (8)
for s €[4, 5[. By (2ab) a,nd (2af):

/2
by, (4) < [ cos i (RO 4 BP0 g2) it
— /2
Using cos*t = 34 fcos2i-+3cosds, one gets
/2 /2
f cos*tdt =3n  and f costt b =, (2n - 16m),
— /2 - nf2

Hence using the estimates (2ah)-(2ak), we havo
b (4) < 2R - (2% - L) BP0 w2 ,06831
whﬂe @, o(4) = 0,06891, This proves a o(4) = by (4), and heneo a, (8)
> b, (s) also for s e [4, 5[. !

Lemya 2.12. Let a,(s) and b,(s) be the fumotions defined before
Lemma 2.10. Then for s > 2,

(L) p = (n[2)Pa,(s) s an increasing function of p e |0, 2[;
(2) p = (%[2)°b,(s) is @ dooreasing fundtion of p e 0, 2[.

icm°
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Proof. (2): We have
T g 2 d # YA AR
(2) bl f st (m/20) 7 1.
fh

For t > mfd, (1) 207 s deorensing Tunetion of p. This proves (2). Clearly

(70 [2) Ve, (#) ’ (e -nt?[2) OB g, mpa (1)) (7] 2Pt

0

Tz

R

Tenee

;1 (2, () [ (X s22) - o8t g (8) (5 120)" g e/ 28) -
ap ™ L]

finee for p oo 0 @y whvn 2> 1 and w?? < my, when 0 <@ <1, we
have m”‘”lup,.i ;';ln,q:n -1 for :my @ 0. This implics that

iy, ) if (e (1% 2) -~ |OR " g0 (1)) (/20— 1) @1

(2amm) y Ip ;

Tor 1 ¢ [0, w27, we huve by tho proot of Lemma 2.10 that
(cont)? =5 exp ( —ai*[2 81" [12).
Hence
axp (-8t [2) 5 (co8t)® oxp (st4/12) 5= (cos)” (14-8t*[12).

Therefore

2 /2

Z L8
(2an) [ (oxp ( —#t*[2) = (coB 1)?) (e (2 1) db = f (cost) .‘1‘5“(7“/27:"1)‘”
5 ]

[

# 1&/“ & ",’" )M.‘l $ afdt
L aost)! ()2 1) 1R a2 - l[ (cont)*minde
12 ‘ ( 12y v

a

Lt

8 LAY )
e ((cost)*+! —(c08?) }d(eost)
i

{«2“ (Lf(a-+2)—1[(s +4) = 8/6(s-+2)(5-+4).
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Moreover, using # = ((t—n/2) +m[2)2 2 n?/4 4 n(t—=[2), we gob

o0

(2a0) fexp(-—st"‘/2)(1——7c/2t)rlt< [exp(——stQ/Z)(l——vc/Zt) fj;da
/2 n72
-2 fexp(~st2/2)(t—n/2)dt |
T i

2 ~ 8

<= exp(—smtf8) f pr(’ (»M/ﬂ)) (e 7e/2)

3 “ v
/2

o
2 §

= — eX]P( —8§n?/8) f exp ( — ‘S—; u) wdu
T 9 P

2 a 8 -
== (2 /sm)2exp ( —sn?/8) ey exp ( —sn*[8).

Combining (2am), (2an) and (2a0) we geb

d ‘ 8
7 ((m[2)7ay (5)) = g(“sjiji;(s"{_l) — iy OXP(—8nt/8)

1 s 8 \
T GaTEmaam W P,

The funection in the bracket is an increasing function of s, For ¢ = 2 it

18 . d
has the value T exp( —n2/4) = 0,03367 > 0. Hence 72—};((7:/2)” X
Xay,(s)) > 0 for s 0 and 0 < p < 2. This proves (1),

Lmmma 2.13. Lot po<p < 2. Then F,(s) > F,(co) for se[2, oof.

Proof. By (2aa) F,(s)—F,(o0) = s "% (a,(s) —b,(s)). Henco by
Lemma 2.11, ap (s)—b,,(s)= 0 for s = 2. By Lemma 2.12 the function

Vg (7?/2)‘”((1/])(5‘)—6 ('5‘))
is increasing, when s > 2. Therefore a,(s) = by (8) for poe p < 2 and ¢ 2 2.
This proves the lemma.
K

; Lemua 204, Zet X = 3 ap,. Then logH(IX[") iy a convew function
of p. t=1

Proof. Let p < g <7 Sinee |X|? = (|X2)00/tr—2)(| x|r)a-p)t=m) pnd
(r—q)[(r—p)+(g—p)/(r—p) = 1 one gets by the Hslder inequality that
(2ap) B(XY< E(|X|p)(r—q)/(r—p)E('X|r)(a—m)/(r—zo)_

The assertion follows now by taking the logarithm on bothlsidos of (2ap).

icm
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. W . —
PROPOSITION 2,15, Lot X == Y ary, where St =1, and |a;| < 1/V2
. g=al
for all 4. Then

2(7)“2)/3,
2V ((p 1) [2) 1,

Proof. For py=p -2, we have by Lemmas 2.4 and 2.13 that

0 < p < pqg,
ML p < B

B(1X|?) 2

(3
BXP) L‘ (lf;.]f",((l,i“z) G LB (8) = B (00) = 211/2]1((? MF]‘)/,‘?,)-;:'“I/"' .
ol aia

In particular, for p == py, wo have

B X[y 2x 20098 egause  1'((pe 41)/2) = Vee/2.

Let now 0 < p <2 p,. Then by Lemma 2.4
B (XM < B(X\P)E-PE-2) 1 (| X|2)eo=1)/G-2)
. E(‘XIJ'J)(Z»wo)/(ﬂwzv)
or equivalently
B s BP0yl -0) 5 (9mo=i2y-p)iE=r0) o o(n=2i2,

This completes the proof.

§3. Case 0 <z p <22 and |a,| > 1)V2 for some 4. In the case p =1

n

a one line axgunent gave (see § 1) that when X = 3 agz;, where 3 af = 1
1

i-
and. |a,| > 1/V2 for some ¢, then H(X]) > 1/V2. The same argument
applied to the case 1 < p < 2 gives E(|X|") > 2777 However, to prove
that A, = 2"~ for 1< p < po, we need to prove that

B(XP) = PIERS LI b 70
Tt turns out that F(X?) = 2092 for 0 < p < & when |¢] > 1/¥/2 for

some 4. The proof which wo present-in this section is not very elegant,
but we have not been able to find an easier solution. We reduce the

problem to prove thut when Z == i_%a"m and éloﬁ @1 (no further
conditions on o), and b e [0, L], then
(3a) Hip(®2) <0,
where
p(@) == }[(w+1)7log o 41|+ (@ —1)*log | —1|] — (log 2 —}) — (log2 +'1g-)m".

Inequality (3a) is proved by constructing a polynomial @, such that
p(w) < @ (v), » ¢ R, and such that M(Q(bZ)) < 0for allb € [0,1], and all Z
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of the above form. The latber inequality is verified by expressing B (Z*),

p eN in terms of the numbers g, = N, r=1,2,..,p After some
i

=1
investigation of the problem we found that the degree of @ has o be
at least ten, and after some more work, we found that

Q) = g log 11(a* —1)*(* — 280" + 3360" —958)

can be used.
LevMMA 3.1, Put

(@ -+1)logle-+1] + (o —L1)*log le —~1]], || # 1,
(B0 gl@) =1, ' e
| 2log?2 ] == 1.,

Then there ewists a constant K > 0 such that Yo e R
(3¢) ¢(@) < (log2 —}) + (log2 +§)a* -+

+K (22 —1)%(a® — 282" 4 336w* —958).
Proof. Put

(3) (@) = p(@)— (log2 —}) —(log2 -+ })a*
and ' ' v
Pla) = (@2 —1)2(x" - 98" -+ 33502 — 0538)
= w19 —304° -+ 3922° —16560" -- 22512 - 958 .
It ig easily seen that v iy differentiable,. and
(38) Y (@) = (m—l-l)log]w—}—ll+(w—1)10g|;a———1|-—(210g2)w

for |z| # 1 and gb’ (1) = 9'(—1) = 0. Moreover, y is twice  differentinble
except at # =1 and & = —1, : ‘

(3f) ¥’ (o) = loglot—~1]+2—2log2, |o| #1
and ‘ :
(3g) limy' (#) = limy”(#) = — oo.

a1 Zre—1

However, ¢ is integrable and’
b : )
v (@)de =y (B)—y'(6), a,beR, a<b.
a

also if 1 or —1i8 contained in [a, b]. We now choose

, , 3log3 —4log2
K =/ (2)[P'(2) = ‘—'%6%“& = g log(27/16) > 0.
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Put A(w) == I(]lf((t{)——y)(ar). We ghall prove that A(z)z 0 for »# ¢ R. Since
Aw) == A(~m), it is enough to consider o > 0. We need thoe following facts
which follow by dirvect computation:

(3h) 20)>0, A1) =0, i(2)>0,
(31) A(0) s (1) == A(2) = 0,
i) 20) <0, limA"(l) = oo, A7(2)> 0.

(2]
Indeed,

A(0) o= ~O58 - K +log2 -} = 0,1048 > 0,
A(L) == 0 (twivial),
A(2) = —18K ~log3+5log2-+§ = 0,0203 > 0.

(3k). P (@) == 902° —1680a° --117602* ~19872a% — 4502,
we got

A(0) == 4502 K ~2--2log2 = —0,1985 < 0
and

A(2) = 28694 - K —logd —2+log2 = 0,2407 > 0.
The lagh statement in (3j) follows from (3g). Using (3f) and (3k) we have

. )
T;T'a V) = K 1203t —14)2 1/t =1)3 >0 for >0, ¢ 1.

Hence the function ¢ -4’ (V1) is strictly convex fort €10, L[ andt e J1, oof.
Therefore the cquation A7 (f) = 0 can have at most two solutions in each
of the intervals 10, L[ and JL, oo[. Howaver, by (3j) there is an odd number
of roots for A" for 0 < < 1, and an ever. number of roots (counted with
multiplicity) for L << 2.

Therefore A" has precisely one root a, between 0 and 1. Assume
that A7 has 1o voots or o double root between 1 and 2. Then again by (3j),
M) = O for 16 J1, 2 exeopt possibly ab one point. Hence 4'(2) 4" (1)

%

e [ A (t)dt > 0, which contradiets (3i). Thevefore A" hag precisely two
1
distinet roots ay, gy g <@g betwoen. L and 2, and as A" hag at most two
roots in. |1, eof, there are no roots in [2, oof. Henee wo have the following
signg of A'':
X 0w 1 e @ 2
W L~ 0+ i40-04 &
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Sinee A'(0) = A'(1) = A'(2) =0, it follows from (3l) that A(w) << 0 for
@ 10, 1[. Moreover, A’ can have only one root fe i, 2.
Hence A’'(z) must have the following sign varintion

x =0 1 [ 2
Mx) 0 - 0 + 0 - 0 +

Therefore the minimum of A(x), # > 0 is attained either in @ = 1 or @ == 2,
As (1) =0, and A(2) > 0 by (3h) we have proved thut A(e) 20 for
€ [0, oo[. This completes the proof of Lemma 3.1.

Remark 3.2. Since

7‘% (® — 28" + 3852 — 958) = 2u (3wt — H6x? -+ 335) > 0

for @ > 0, the polynomial R(z) = °— 284" - 3350* — 958 is strietly in-
creaging for @ 3> 0. Since RB(2) = —2, wehave R(x) < Ofor# e [0, 2]. Hence
also P(x) < 0 for # = [0, 2]. It is not hard to check that the positive root
of R(x) is contained in the interval 2 < ¢ < 2,01. Figure 3.1 below shows
how the polynomial KP(») “tits” with the function y(2).

y

06 -
» y=KP (x)
2t
y=${x)

22k

.0 1

Figure 3.1

LuMma 3.3 Let Z = Z“ﬂu where Z af =1, and put g, =
geN. Then

(* ) Zﬂ)_= 1,

(2) E(Z2*) = 3—2¢,,

(3) B(Z°) = 15—300,+160s,
(4) .

(8)

n .
3 aE,
Fron B

4) B(Z*) =105 — 4200, + (4480, +14043) —272¢,,
B(Z") = 945 — 63000, + (100800, +6300¢%) —
: — (122400, + 6720050,) -+ 7936 ;.
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Proof. (1) is trivial. (2): Using that the Rudemacher functions
are independent random variables, one gety e»sﬂy that

= 20&%—62@,‘(13

k=l lo<l

s (Zak) —~2 3 af =82,

(3)~(B) ean in principle be proved in the same way. Flowever, for (4)
and (B), the cmmput.‘ntions bocomo 80 involved that an alternative method

il

is necessary. Lot ¢yl 1 [ cosat be the characteristic function for Z.

We will prove (3)~ (l“)) hy omn putmgr the Twylor series for gu(f) in two ways.
Put B, = H(Z*), p e N. By differentiating the expression

pz(t) = B (")
2p-times, one obtains

o = B() = (-1 [ Tt .
o)

Hence

oo 01)
(3m) palt) = 3 (~1) ﬂm(;p) 1eR.
el

Let a, be the coefficients in the Taylor expression

g {291
" t_:z — i .
8= sy 1<
From [6], p. 603, we get
(Bn) @y =1, ag=2, @ =16, a, =272, o =T7936,...
We have
S
log(cont) = j bgudu =5 — Z Oy oy [t] << 72
7 @)
Sinco |a €1, 4 =1, ..., 0 we got for Ji| < =/2 -
log ey (1) Z log (cos ayt)
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e o 6 .
Hence a0 eales— ) = ) [0}~ af) — a3 (uf — a8)] (a2 — a2)

¢z (f) = exp (IOE‘Pz(t)) hperd
= ﬂ\w af (af — af)? (I—af—~af) =0

= 2‘ (—1)k(2 0, e )k mj
k! R (2p)! , 0 . . .
=0 Pl beeause T—af - af = Z’ﬂ,.‘-k 0, when 4 = j. This proves (4).
% i , a' 1:1) hehd
~—Z /c' Z ETAL —2 (]I“w»m) Lyvima 3.8, Let Z - \ ) it where ﬁ‘ o == 1, let be[0,1], and
ProensPk i let ¢ be the function (chmcd m Lemma 3.1, Then N
Comparing this formula with (3m) we see that R(p(02) <= (1022 — §) + (log? +-4) b2
2, |
(30)  B(Z¥) =8, Proof. From Tiemma 3.1 we have
w k .
= !:3_2_”1( BN 2L e (3p) ¢ (@) < (log2 —4) + (log2 +}a* + KP(a),
= ) ¢ § )y Spy)
k=t " B S U (2pa)! - (i)t Gl where I > o, and
»i
In the first sum one ean take upper limit k = p, becatse py -+ ... +p; = p (3q) P(w) == (0% --1)2 (0° — 280 -+ 335:0% — 9538) .
implies & < p. Inserting the values forhap irom (13n.) in (3:)) & ;;(Li.(gs, 1;11111 sa g0 3030 - 39208 — 16560 - 22510° — 058 .
straightforward computation, gives the formulas (1)-(5). This finishes . )
the groof. P ' & (-(5) Heneo, using B((b%)?) = b, wo get by (3p)
Lmmma 3.4. With the notation of Lemma 3.3, (1) B{p(dZ)) = (log2 —4) -+ (log2 --§) ¥* + KB (P(b7)).
1) << S =1, Thus it remaing to prove that B (P(bZ)) <% 0, Putting § = b%, we get by
(2) Qi 2 G (dq) h] 5 10 4 8 3 6
f 0 ‘J ._) ,1 e "A""v /, ___'l LW (1 ___‘« ‘r j % —
@) sa—Bos+ 80, —4os > 0, (38) B(PBZ)) = FHE") 3088 (2°) + 30285H (25
(4) 0308 > Ol — 05+ 04 — 165088 (Z*) + 225185 (Z*) — 958
Proof. (1) and (2) are trivial, (3) follows from Tmmtlng Lemma 3.3 (L)—(5) in (3s), we obtain
‘ (8t) B (P(BZ)) == Qu(B) +Qo(B) 0+ QalB) a1~ Q(f) 0+
92“593+894_495 2 “t (1— a,)(l 2%) 0. ) ( “ ) (B) o(f) 02 Qq(ﬂ)és Q4<[)@4
" =1 o Qs (8) 051 Q6 () 05 + @1 (B) 0a0s,
(4): Using 3 a? =1, we get where
= e e . Q) () -+ DABLS o BLBOB |- BEBOS® — AO6BH? 4 22514 — 958,
— — (P — ; ,
€ 0~ 02(0y—@s) MZ}’ (0 (af — af) — a} (af — a)) Qu(f) =+ U000 1126004 ~11T604° -1 33124,
), v 1 ‘1: . L) B‘l
I, Qu(B) - LOOBOS 1&440'[‘} k62740,
< (A Qu(f) =5 —-122404% |- 81608,
. ; Qs(p) = TH364°
Since the diagonal terms in the double sum vanish, we can split the sum %s(h) . ’ ,ﬁa .
over ¢ < j and ¢ > j. By intertwining the indices in the last s, and add Q(B) = 6300F° - 42004*,
it to the first, we get Q(B) = —0T208°.

§ — Studis Mathematica 70,4
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Since Q. (8) < 0 for g e[0,1], we geb b'ir Lemma 3.4(4) that -
Q1(B) 0305 < Q1(B) (02— 03+ €4) -
Hence by (3t):
(3n)  E(P(b2)) < Qu{B)-+Qu(h) 02 +[@s(8) ~ @ (Al eyt
+19u(B) - Q2 (A1 01+ Qs (B) 051 [Qe (B) - @ (1)1 3.

However, Qg (8)+Q,(B) = —4208°—42008"<< 0 for pa[0,1]. Using
0> 04 We geb

[Q6(8) FQNJ 03 < [Qo(B)--Qr(B)] 0y
Therefore by (3u)
(3v) E(P(b2)) < @u(B) -+ Q2B +95(B) 03+ Q4(B) 0+ @5 (B) 05,
where
QX (B) = Qs(B) —Q,(B) = L168005° —134408" +62726°,
QB = Qdﬁ )4+Qu(B) +2Q:(f) = —193804°4-39608*.

By Lemma 3.4(3), 1984f%(p,— Bos+80,—40s) is non-negutive, If wo
add this term to the right side of (3v), we geb

(8w) B(P(b2)) < Qu(8) -+ Q5" (B) 00+ Q5™ (B) 02+ Q3" (B) 04
where )

TH(B) = —43168°+126005" —117604° + 331247,

35 (B) = 68808° —134408" +62726%,

2 (B) = —3B08S° 39608
Clearly @;*(8) = 0 for g [0, 1]. Since g, < g, Wo get from (3w):
(3x) B(P(b2)) < @1(B)+ 03" (B) e+ (@3 () -+ @ () es-

However, @y*(8)-+Q:*(8) =337265——94806‘"-[«6272ff“ s non-negutive for
B e[0,1], because the two roots of 33724° 9480416272 are hoth
greater than 1. Since o; < gy, We get from (3x):

(3y) E( )<Q1 +(Q - @™ ( (B) -1 Q ﬂ))@u'

Moreover,

2B+ (B -+ (B)

1

—944,6° 4 31208 — 488" - 3312
B (1 —B)(9448* — 21768 - 8312) = 0
for B e[0,1], because 944f°—21768-3312 has megative discriminant.

i

@ o)
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Hence using gy 1 we geti from (3y):
(32) B(PDZ)) < Qu(B) 4 [QF (B) Q3™ (B) -+ @1*(A)]
== 7~ B0F% - 3928 16664 - 22514 — 958 )
By (3q), the right side of (3z) is just P(b), because f == b%. Hence for
bel0,1], ‘
H(P@Z)=P®) =0 (¢ Bomark 3.2).

This proves the lemimi,

Lumma 3.6, Let X = i’ ay, such that ﬁ‘ o =1, and |a) > 1/V2
for some 4. Then fend fd

I(X*og | X)) < log2

(we put loglt] = 0 for ¢ == 0), .

Proof. We may assume that |ay) > 1V 9. Put ¥ = (1/ay)X. Then

.

ki3
(Ban) / L X =t Zblﬂ"m

K

L
where by, == ayfa,. Put b = ( 3 b3)". Then
fomn2

"
b2 = a;‘”(Za}j) = 4y (L—-af) = a7 ~1 < 1.
o

It ig no loss of generality to assume b > 0 because b = 0 would imply
that X =, and hence H(X*log|X]) = 0 < $log2. Put now

(8ab) = "‘Z by, = 2%"’1«5

ko2
wheve ¢, = b,/b, and 2% = 1, Then ¥ =, -bZ, 8ince r, and Z are
. Fowald

independent random variables, sngl sinee v, takes the values -+1 and -1
each with probability ¥, one gots

(Bac)  H(X*log|Y|) = $B((b% 1LY log DZ I-1| 4 (bZ ~1)*log |bZ —1])
- W (p(b%))
where @ ig the funetion detined in Lommsa 3.1, Since a7® = 1 b, we have
(Bad)  Ylog| Y| == a7 X*log a7 X
== gy X og | X+ a7 M log ey X2
= (L4 0% X2 log | X| 4 $(L-+b*)log (L4 %) X2
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Since B (X?) = 1 we get from (3ac) and (3ad) that
(1402 B (X log|X|) = B(T*log|Y|)— $(1-+-b*)log(1 - b?)
_ = I (p(0Z)) — % (1-+b%)log (1 - b¥).
Hence, uging Lemma 3.5,
(14 %) B(X*log | X|)

< (L+5)1og2 — $(1L— %)~ F (1 b3) Tog (1 -+ b¥)

< (14021082 — (L~ (L4 8%)/2) ~
Using that tlogt >

(L4-8%) 2 Tog((L 4% 2},
t—1 for any ¢ > 0, one gety
(140 B(X log | X|)<§ (L +b")log2,
or equivalently
B(X*loglX|) < $log2.
Proof of Theorem A. By the homogencity of tho Khintehine

= 1, Put X o= Z ;.

Al

. - X . . &
inequality, it suffices to consider the case ) af
fral

If o<1 /1/2 for all 4, we have from Proposition 2.15 that
2(r—2)/2

(3a0) BUXP) > [ /, 0 < p < Do,
PRIO((p+1)2)n R py<p < 2.

It |a,| > 1/1/5 for some 4, we have from Lemma 3.6 that

74
—log B (|X|") — i
| goem0ze)]| - [ B]

= B(X*log)|X|) < $lo
Since the function p —log B(|X|?) is convex (Lenmy 2.51‘4‘),‘ we have for
0 < p <2 that .
Lo B(XP") > log(BIXF) +(p~2)[ 1l
d:p e

= —(2—p) B(X*log X)),
L = $(p —2)log2.
Hence F([X|”) > 20792 0 < p 9.

Since I'((p +1)/2) < Vr/2 for po < p < 2 (ef. the proof of Temms 2.
it follows that , Po fI) < 2 (ef. ‘, 1e proof of Lemma 2,1),

B(XI) > 20798 > 9920 ((p 1) o), pyp 2.
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Henee (3ac) s satistiod also if |a,] > 1 1/2 for some 4. This together with
Lenma 2.1 shows that

2(‘1»—'.!)/2’

AP
» 21”2.['((17 ~F<],)/2)TC~"1/2, Do <p < Q.
Taking the pth root, we geti Thevrem A.
: Y2 )
§4. Case 2:7p <
Turorkm B, !mb R
equal ity 48 given by

. T Sections 1 and 8 we shall prove:
9. The best constant B, in the Khintchine in-

By o 2 (111 f2) 1Y )
This section takes eare of the case 2 =5 p << 4,
TaeaMA 4.1 (Stodkin [L0]). Let p 2= 2. Then B, 2 2% (I'((p 1) /2) V)P,

Proof. Let Z be a normal distributed randont variable with density
1 .
N =oxp(~*f2). By the proof of Lemma 2.1 (cf. formula (2b)), we have
¥ R
RRPTPpe TP A - 4 2 7 -
limint B e s B(\ZPY e 202 ((p~i~~1‘)/2)/;/w
T l/’ﬂz
from which it Tollows Ghat BE 222 1'((p41)/2)/Vr As in §2 we put
N
p e ginse Dp-41),  p > 0.
™ 4

Note thut 7, < 0 for 2.<p <4
Lumma 4.9, Let X bo a real, symmairic random variable that satisfies
B{X') << oo, Jlor 2 <p <<y
[25]
(4a) BXNP) s (=) [ (g0 -1 +-3E (X270t
[
 B(0™Y ix the characteristio funetion for X.

Wo show Liest that for we b and 2 < p <4,

where g ()
Prool.
oy

(4D) o] o (1)) f (BORDE 1. 4 J22) b2 a8,
Note {hat cosmt 1. do2s 2 0 for any o Moreover, cosmi -1 - ot
= Q84 for 4 -0 und 0( 2y for # -> co, 8o the integral in (4D) is bounded

Cfor 2 < p <<, For w 4 0, the substitubion w == |w[? ghows that

o~ 0
f (CoRaE -1 JuMR) P @ e fnl”f (cosw —1L -Fiu) ™ du.

0 ]
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By repeated partial integration, we get

.

. 1r
(cosu —1 - fut)u™? " du = ~1-»’— f (w— sinwu)w™? du
0

1 e
s o [ (L GO WY
p(ﬁ ~1) J )
Sinee 0 < p—2 < 2, we geb from the proof of Lemma 2.7
(2£)) that

(ef, formula

1 1
e | (A —cosu)um? T U s el
sy e P10,
_ 2, (p-2w ) 1
= (17 (p--1) . §in, - P 1 (7)'»-.1.))
2 pr -l
RN [t P (41 am () )1
( ™ (p - 1)) (=)

Hence

oo

f (coswt 1 - J*2) 0P At = ()" P,
which proves (4h). (4a) follows now from (4b) precisely as in the proof

of Lemma 2.3.
LeMMA 4.3. Let 2 <p < 4. For $2- 0 pul

F,(s) = (—0,) [ (R—1-+lcos(t/Vs)l?)tr " at.

"
L) If X ai =1, then

Jo=1
‘tb "
EHE“M |p) E“ﬁ:ﬁn((‘}z)
Fe=l Fonsl
(@) Fy2n) = B(| == (4 ... +m)f),  meN.
(8)  HmF,(s) = (—~C,) [ ($2—1-Fexp(~1/2))t" " at
BBO0 QO

= 27'((p +1) /2) |V .
The p?oof of Lemma 4.3 is almost identic with the proof of Lemma 2.4,
and will be left to the reader. For 2 < p < 4, we pub F,(oo) == Hmk,(s)
= 272 T'((p+1)/2) V=, *

O
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Note that the same formuly for 2, (00) holds for 0 < p < 2 (ef. Lemma 2.4).
Phe use of the notation F, for the function in Lemna 4.8 is justified by
the following lemmmz,

ey I08) = B, ()40, | (oxp (—1212) — leos (¢ Vs)1P) Mk

. [

Proof, When 0.0 p-c2, it follows from Lenuna 2.4 (3). When
9. p s dy wo have Trom Lemma 4.3(3) thatb

() € [ (B L e (B2 2R ((p 41)/2) W == Byl 00).

0

Subtracting () from the expression

By(s) 2o 0, [ (B8 =14 lcos@/s)|e) > dt
]

one oblaing ().

. ‘ ; o

Teemurk 4.6, Sinee ¢, = 0 for p =2, and since J7(3/2) == Vr/2,

(4¢) is true also for p = 2 if onoe defines Fo(s) == 1, ¢ > 0. From Lemma
4.3(L) wo have

1. Menee if we could prove, that

1(1;“(8) \ 'Fp( 00)1

I

"
\ FL N
24 (”Itrk' ) £ 5‘“1)1”11(8)9
Tl gl

where ) aj, =
2 p< 4, sell, o],
we could conclude that

BY s I (00) = 2700 ((p 1) 2) VR, 2<p <t

Unfortunately it fums ont that F,(1) > I, (o0), when p comes close
0 2 (ef. Bomnark £.10). Fowever, we are able to prove that £,(s) < I, (00),
when & & [V2, oof. This will take care of the case where |a,) < 271 for
all & The remaining cases are treated by the following lenuma.

N
LMMA 4.6, Lot 225 p s dy and put & = 3 ayryy where > ap =1
If Ny o+ %W for some b, then =1

B(XI) < 2@ < 208 ((p 1) (2) V.
Proof. We have B(lXP) = 3 == 1, and from Lemmw 3.3

N
DX =82 2’ ab.

Joeml
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Hence, when |a,| > 27'%, for some %, B(|X]*) <
we get now !
B(X)) < B(X? )("’1’)’2E(\X| )(D— LS ow—2)2

for p e [2, 4]. Since the Ifunction is convex, and since I'((p --1)/2) = Vrj2
for p =2, and P = p, < 2, we have I'((p+1)/2} = Vw2 for p < p, and
p>2.. Hence 27°I((p+1)/ [2)/Vm = 20" for p3=2. This proves the
gsecond inequality.

The proof of F,(s) < I,(c0), s€ [1/5, oo, p €12, 4[ will be bused
on a detailed inv ostlgamon of the funetion

< 2. By Holder’s inequality

2(8) = —E%Fz,(s)p==2
LeMya 4.7. The function yx(s) m—ilﬂ},(s)tp==2 w well  defined  for
5 €10, ). Moreover, dp
(1) ¢(s8) = x(oo)—2j° (exp(‘Mtz/Z)—]cos(t/l/s—)}s)t“3(lt, 5> 0;
0 . .
(2) z(o0) = limy(s) = 3(2—log2—y)

8-r00

where y is Bulers constant;
(3)
Proof. Since F,(c0) = 271((p+1)/2) V=, we got

2(2) = §log2.

d
(te) gy Faloo)l/Fy(e0) = Hlog2+4I"((p+1) 2)/ T ((p +1)/2).

By [4], 6.3.4, P’(3/2 |I'(3/2) =2 —2log2—y. Hence, putting p = 2 in -

(4e), we geb y(oo) = 4(2—log2—y). Since €, =0 for p =2, and
a 2 d :
o N =7El7(sm(pn/2 (D 4+1)|pay = —L(3) = 2,
we get by differentiating (4¢) at p = 2 that
7(8) —2 [ (exp(—12/2) — [cos (1/V5)|*) ¢~ dit.
0

This proves (1). However
exp(—1/2) — |cos (£/Vs)}* ~ 0

[cos (¢1V/s) | <

for s 0

and for s > 1, |exp(—1*/2)— h(t),
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where
1 tlt
h(t) ="
1, (ef. proof of Lomma 2.4),
ineo ‘ Wyt dé -2 oo, it Tollows from Lebesgue's dominated convergence

1}]’1001'(*11\ that limg(e) = z(=). This proves (2). From Lemma 2.4(2)
LR
and Letmma 4.3 we have
I .
. . " n a2 + "
) MH Vi (ri 1 7*.!)‘ ) S fap 0w p o 4
Henee
1
(2 oo (R o Hog?
2 Iy Lo
Remark 4.8, To five correet decimals, one hus
2(2) == flog = 034657

and

g(oo) o F(2~logl—yp) = 0,30482.

Tn the following wo shall prove thab x(s) =7 x(oo0) whon s : = V2. Fig. 4.1
bc-luw shows the graph of x(8). Tho drawing is based on the v.mlum z(2n),

..... 1,2y .0y which are awily computed, using
i i
I, (2n) R ) ):
Y Von
and a numerieal computation of x(1) based on Lemma 4.9 helow.
¥
0.8
B
0.34 |-
L 1 ! i |
0 2 4 3 8 n §

Fignre 4.1

log(n/2)—

2
LismmA 4,9, (1) g (1) == log 2 — "

(2) 0,36584 < (1) < 0,87623.
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Proof. For p e 10, 1[ we have by Lemma 2.4 that

~o,fa

We can expand |cost| in a Fourier series

(4£) — |eost])t™2~ 4L,

>
|coRt| ~ ay-- Z @, COR 2nt,

n=1
where
2 4 (--1)""1
4g Ay = — 4 = — )
(4g) o= and @, g P ——y Wz 1,

-
Sinee Y |a,| < co, we have in fact

n=1

(4h) leost] = ao+ D a,c082nt.

n=1

In particular, 1 = ag+ 2 @,

=1

. Subtracting (4h), we geb

(#)
Since .

(4)) fa
0

1—|eost| = Zau(l-—cosfzm).

=1

1—cos2nt)t™? @t = (2n)? [ (1—cost)t™P " dt
0

= 07 (2n)?

we have for p €10, 1[ that

| j (z_/ @, ) (1 — cos2mt) £~ 1)0”

0 n=1

T || f

n=1

=05 Mla,l(2n)? < co

na==l

—co82nt) 7P dt

Hence, using Lebesgue’s dominated convergence theorem, we obtuin
by (4f) and (4i) that
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Using the identity (2m)"/(4nd —1) == (2n)P*

|- (20)2% |(4n? 1),
for p e 0, 1] that

we geb

‘ o 28 & 1 s 1 1opes
(4k) (1) - = (4}{ (1) +,_‘:14 (—1)"~in ‘/(i-'n,a——-l)).
o Nz
Qineo ; (1) ® e (1210) D78 s (L2170 (s) for s > 1, where
Hual

g(s) m 1.]\(\ Riennn zeti funed don, it follows bhad, for 0 < p <1,

L

@y - F) |12 e - p) \ (L) - 1)
i 1 ’
The Tunetion a »~~>:}J(-~I)" Wt (dmt 1) i owell defined  and analytic

ol

in the coruplex halfplan Re(a) < 3. It i well known that £ ig an snalytic
funetion in GN{L} with & simple pole in 1. Thevefore the right side of
(41) can he extended to an analytic funetion in the half plane Re(p) < 3.
Tront Lemma b it follows casily that p —» I, (1) can be extended to an
analytic fanetion in the sbeip 0 < - Re(p) <= 4. By uniqueness of analytic
continuation we conelude that (41) is tene also for p & 1, 3[. Differentiating
(41) termwise ab p < 2, one gety, 1 remembering that #,(1) == 1,

(dm) [£/(0) -

2log2£(0)] 1

4
2(L) w log2 o

1 \ﬂ

T 4._.4

Wend

(The termwise differentintion is legal, because both the sum in (41) and
the termwise (ifforentinfed sum iy absolutely convergent.) From [1],
P12 and po 60, we have ¢(0) == —§ and £'(0) = — $log2m. Binee the term

= logn [(4n® —1).

for » = 1 in {lm) vanishes, we obtuin
(4u) 2(1) == log2 - itlng(nlz)"»w g-E(--»»J,)“l(»gaz/(ilrc.ﬂ 1),

e

This proves (1), The terms in the infinite sum in (4n) have alternating
signg, Moreover, tho absolute vadues of the torms are strictly decreaging,

hocwuge for 4.2
d f!og'l,” . _
FIAPT Y

1% 1, ~8t”10g‘
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Hence, for n €N, n > 2, we have o and
m—1 % - o« & 2n * !7’,,‘ T
A ) -« =17 < .,(:_J_)__l 3 \ -1 ’"“1( ) - lim 2 —)k3 '") kP == 0
;‘é_’l yi logk\;}; yTE—) 10gk\k pTE—) ogh. ,4{ ) ot £ (--1) (L G
Patting n — 4 i
uﬁtmg n =4 we get _ Sineo - w2, it follows by differentiating (4o) and (4p) on both
o W pentt
1)k ides at p =2 that
0,023119 < N0k < 0,081275. sides at p == 2 that
peg &
= 208 - lim (’37 ) Nty (z“ )Ia“lo k
Inserting these bouunds in (4n) we obtain " e 40 ﬁﬁ( ) v
5 _ and.
0,36584 < (1) < 0,37623. n i
T 1y oty T e
Remark 4.10. By Lemma 4.9 and Remark 4.8, x(1)> 0,36584 —2f0 = 1;}:;(2"1“(@ 1) 2)m )24 (-1 ( ) 5 logk-
> y(cc).. Hence, when p is sufficiently close to 2 (p > 2), one has F, (1) =t
> T, (oo). | Honee
' P o=2,3, 4 ‘ ) : i X1 2 g
Luamva 411, For n =2, 3,4, ..., put (4q) ) e 4} "%(—»—1)" (ijk) Wlogh
o0 0 =3 '
o = J sin®t7 dt, pP = f {1 —exp ()~ dt. and
] 0 (4r) B e -ikz ’”( )70]0;.,7&
Then of = B2, and o < p2 for n = 3. foend .
Proof. Since sin®< 0(*) and (1—exp(—t)}*<< O(") for -0 Putting » == 2 one finds af) = ﬂ‘"’ =log2. The following list gives
when » > 2, it is clear that the above integrals are hounded. Morcover, the valuos of af and g, for 2 < n <20 computed from (4q) and (4x),

. (maximal evrox < 107%).
o = lim ¢ and AP = lim g,

rore o) G 0 <p <3 4 I . NN O W
where a'? P) 0 < p <2 are tined 28 i s 2 o - o
0<p <n2’ﬁn y P 2 defined as in Lemma 2.7. We have, for 1 n N n 0,16006 0,10454
’ 2 | 0,00816 0,00315 12 | 0,15104 | 0,18768
N 8 | 0,42175 0,43152 13 | 014403 | 0,18179
gp+l M . n . .
2 2l 1 20 4 | 0,32504 0,38080 14 | 0,13880 | 0,17607
(40) Oyl = —5 2 (—1)+1 ( " )l” s | oerosr | oz20164 || 15 | 013339 | 017215
k=1 6 | 0,23709 0,26138 16| 0,12850 | 0,10814
and 7 | 021322 0,24082 17 | 0,12422 | 0,10464
g | 0,100626 0,22407 18 | 012020 | 0,10129
2°I((p +1)/2) g | 018111 0,219248 10 | 0,11670 | 0,15833
(4p) OB = (—17—'*/**) y(vl)"“l(’,z) kPR, 10 ] 000008 0,20266 20 | 0,11842 0,15503
™
Jes=1
Since im0, =0, we get from (40) and (4p) that One observes that o << g for 3« < 20. The estimates (20) and (2p)
Lae in the proof of menn. 2.7 give in the lnmi. P -» 2~ for o ;2 8 that,
n " o
! (2) i el CORVU2 0 e T L2
2(_1)k_1(2n )k - lim (1) ( 2“7)70” _ (48) al® = V2 87 (20— B) (/12 (n—5/2))",
2 n—k . :
k= pa- (4t) Y = §(L-Flogn) ™.
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When n > 20, =1in. Hence, for

n = 20,

n—5[2 = n(l—5/2n) > n{l—5/40) =
a@ (60 < (n[12-10)""2 (1 +logn) = V8r/2L(L +logn)n ™.

The funection t — (1-+log#)t™?* is decreasing for ¢ > e, because
d . -
Tﬁ((l—}-logt)t"”") =¥ (1—§(1+1logt)) < 0

when ¢ > e. Therefore

1--log20
a® B < VBr[2l ———— =0,9774... <1
1Bn */ /30 97T,
for » > 20. This proves the lemma.
LEMMA 412 Let 0 < s< 4. Then

(4n) = log2+ % }i’ (89— of) (—11 (%) .

Proof. Let 0 <p <2, From Lemma 2.8 we have the expansion
(%)
k]

— 0;1 opi2 (217/2p (p+1) /2) —1f2 __2(12—2)/!)

(47) Fy(0) = By (o) + 0,57 3 (60— o) = 0<s<d.

From (40) and (4p) it follows that
89— o

=0, 27" (F,(o0) —F,(2)).
Since €, = 0, we get
lim i =[—§~0p] = 9,
p2 P—2 dp | p=2

v

i () — i (22 (Bl 1))
»

P2 P2

~(z(0) = %(2)).
Differentiating (4v) after p at p = 2, one obtaing

Hence

It

)

2(8) ~x(oo)+— i 3 (60— alP)(—1) (3/2)

8 por-

icm
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. .8 .
The 1st term in the sum is 5 (B —a™). Hence uging lm (B — af®)
= 4(2)— (), we geb P

2 2
(4w) #(8) = 7(2)-} < lim Z (B — o) (—1)* 1(8/)
Ll e
Put
My = mp{d®) pell, 2]} <
and

My = sup{pP| p €1, 2]} < co.

. Then cleaxly of =5 My, and ) < M, for p 1, 2] and % = 2. Congider
H

now the Taylor expansgion

a0

- .;~-z~1— Z (~1)* (“"ﬁf) *, <1

Jowa2

(L)% o= L

When s & 10, 4], the sign of (1) (84:“) k> 2 igindependent of k. Therefore
for t e [0, 1],

()

In the limit ¢ ->1 one geby )j

o0

>1 = (L =-1)" —1 —(/2)1].

* e ‘2( J)’”(”/°) z’°

Jomal

= |L~-8/2| <1, when 8¢€10,4].

Hence the soquence () — af@) (~1)* ( / 2) is dominated by the summable

l sequence (.M - M. ﬂ)‘(z/f)i for p e [L, 2]. Therefore the limit in (4w) can

be taken termwise, i.e.

=y (2) 2\ -1 (8[2
x()x~8%9’5 "()

Since A = o by Lemma 411, we have proved (4u),

Lovwra. 408, g(8) =5 g(o0) for ¢ Ve,

Proot, We divide the prool in 3 cases (L) ¢ ¢ [1/2 27, (2) s e[2, 4]
and (3) ¢ €[4, oof.

(L) Onoe has

) 1 . . 7
: (ﬂl/c ) = gy (@ o (@h—28), k2.

(dx) (=-L)F~? - 8) (e 8)
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Hence (—1)*~ E('géf) 0 for g € 10, 2]. Moreover,
s

& 2 3/2 1 - ¢ ~. ¢ &
s ((—1)’c 1;(;5 )) =’2‘F—Wzn(‘”““‘)?° for  selo,?2

TH 1A
14

(¢,j,1=1,2,..., k—1). From the formula
v 2 * ¥ 2
(g “ ) _ @) ( —1 k—l(ﬂ/ )
(4y) 1(8) = Hlog2 + = }?Z;wk aff) (—1)+ (%]

and the fact that g2 > o, k = 3,4, ... (Lemma 4.11), it follows now
{hat x''(s) = 0 for s €10, 2], i.e. 7 is @ convex function in the interval
t0, 2]. Hence, for s e [1, 2],

28 <(2—8) gL +(e—1)x(2) = z(1) +(—1) (x(2) — x(1)).
By Remark 4.8 and Lemma 4.9, x(1)> x(2). Hence, for s e[v@, 2],
() < 2D +(V2=1) (2(2) —2(1)
= 2—y2)2()+(V2-1)%(2).
Inserting x(2) = $log2 and x(1) < 0,37623, one obtains
2(s) < 0,36395 < y(o0) for se[V2,2f.

(cf. Remark 4.8).
(2) Let now se[2,4]. Using formula (4y) and the fact that

1)"" 8/ < Ofor s € [2, 4] one gets x(s) < $log2 < y(oo) fors e [2, 4]
(— ‘ 3

(3) From Lemma 4.7 we have

(42) 2(8) )—2 [ (exp(—#/2) —|cos t/;/s NI
= x(c0)— %J(exp( —s1?/2) — [eost{*) ¢~ dt.

The functions

o

(4aa) a,(s) =f exp( —st?/2) — |08y yaj(t ))ri)"ldt’
i)

(dab) "+ by(s) = [ |eost[% P idt
2

icm
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defined in § 2 (formulag (2y) and (24)), are well defined also for 2 < p < 4
By (4z) we huve
©)

(0] 2(6) = 2(59)~ > (ay(6) = 1y(s)).

From Lemma 2,10, we geb in the limit p - 2 — that

w1 1 1 1
oy (¥) o we e () e e PUBY | s e e
(%) 2 ()= w1 )) 12 80s

and
by(s) << Vam (kg1 B2y
where ‘k‘l”) w0 (3) wnal
WY eo 4m5((2°-2)2(8) ~2%) = 4n™ (6L(3) —4).
Using {(3) == 1,20205 ... (¢, [5], p. 8L1), one geta
B < 0,0888  and kD « 0,0420.
Hence

1

Uy (8) = by(8) 2o 5 — V2 (0,03884™ 1 4.0, 04205 ™2),

.“.
The right gide of the ineguality iy an increaging function of s. Henece for
s> 4
ag(8) = by (8) > (g —5¢) =V 2m(0,0888 - 4712 40,0420 - 4-*1)
== 0,07639 —0,00178 > 0,

Therefore by (dae), x(¢)=ig(eo) for ¢ @ [4, co[. This proves the lemma.

LiMmMA 414, Let a (tnd b, () be the function defined by the formalas
]) [ ’

(4an) and (4ab). Lhen for s

(;) P w (m)2)00,(8) 18 an z/mwmﬂing Sfunotion of p a2, 4[;

(2) p - (m[2)%,(8) v a decreasing function of p {2, 4[,

Proof, The proot is essentinlly flie same ag the proof of Lemma 2,12,

[} y !

However, u slight change is neeessary beeanse the estimates given there
do not work for ¢ -« 2,

(#): We have easily that
y o
(m[2)7, (5) = [ |oust|*(m/20)"+ it
w ok
is a decrensing function of p.

8 — Sludla Muthematlon 7.3
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As in the proot of Lemma 2.12 we have
(1): o0 el
9 (4af) f exp( —8t*[2) (/20 (L —m [28) i << f exjp(—sl’/2)(1 — 7 [2t)di
(le)pa’p( = "f eXP( '—3t2/2 100‘3“ 1o, n/)] ) 7!/26):0 g, . /2 /2
ki
0 8
Hence ’ < i exp (—8n2/8),
a ((m[2)7a, (s)) Combining (4ad), (4ae), and (4at), one gets
yil .
d ¥ 8 8
SN 9\¥ o S e YR .
2 i (@) 2 < i) = g xR (9 8)

= ;‘f (exp(—s*/2)— [CO8 2| g0,mpmy (1)) (70 /28)7F Jog (m [2¢) dlt

The funetion on the right side is an increasing funection of s. For ¢ = Y2

' it has the value
Since wlogw > #—1, and since 2? > 2 when #>1and o® < 2° when o < 1

for p e[2, 4[, it follows that i V2

4 .
T exp(—~Vmd/8) = 0,06263 ... > 0.
4 19(/2+92) !

2Pt Jogw = o® (vlogw) > o (e —1)

. . i | )
for any # > 0. This implies that This proves that —d;((nlﬁi)”ap(a)) >0 for §3 V2 and pel2,4.
(4ad) (/27 (s) : Luwnia 415 Let p & 2, AL Then F,(s) < Fy(oo) for s> V3.

Proof. By Lemma 4.4 and formulag (dan) and (4ab) we have

2 "
_11:_5{ exp( "‘St /2) |cost|® o, n/"]( ))(W/Zt (T=/2t "'"1 (49@‘) .F'P(ﬂ) o= ]!1p( C‘O) "f"()x)“‘”plsuf ((BX.]?( "—'8#/2) _ i(‘«OS”')iwpﬂldt

Now froni the proof of Lemma 2.12 we have = B, 00) + 08P (a,,(8) — by (8)).
exp( —s12/2) > (cost)*(1 —}—st“ A2y  for te[0,w/2], &>0, Simirly, by Lemma 4.7
! Ll
Therefore‘ 2(8) = x(oo)—m%f (exp( —st2/2) — lcost}®)t* di
/2 L

(42e) f(exp(—sta/z) (co8)*(/20)% (m /2t —1)) dt

o

= 1(09) = 2 (ay(8) = Dal6))-

By Lemmy 4.18 x(8) = x(o0) for ¢ = va. I‘Iumeq a,(8) 22 by(8) for &= Yo
Lemma 414 gives 10w a,(#) > by(s) for 8> V2, p €12, 4[. Sinee ¢/, < 0
for p €12, 4[, we get by (4ad) that

/2

> ﬂf (cost)’%(n/2t)2(n/2t——1)dt

/2 )
8 E - " o 1/ 4
= 75 (%/2) f (cont)'t(r/2 — 1)t : C B iy (), 83V |
¢ PROPOSITION 4,16, For p e [2,4[, BE = 2721 ((p41)/2)n 12
8 e nt Proof. The ease p =2 is trivial. Let 2 < p < 4. By Lemma 4.1
2 gy (=2 f (costy*isintdt = — o o S
) 0 : 4 12(-+2)7 BE > 20R1((p 1) [2) .
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X = 2 s 2 ai =1, and {a,]'< 27 for all , one ‘hag by Lemma
4. 3(1) and Lemmm 4.15 that

BXP) = 2 akzﬂ az* 2 @, (

k=1
"= F,(00) = 27T ((p 1) 2)m R,
This together with lemma 4.6 proves that B < 2P21((p-1)/2)n= ',
§5. Case 4 <p < co. The case p >4 will be reduced. to the case
2<p <4, by use of the-following lemma:
Lemma 3.1. Let p >0, and ay,...,a, ER. Thm )
n

(52) E(‘Zum{“) (p+1 Z%f’"(

sy -+ L ukfrk\p) ds.

= WA
Proof. Assume first 0 < p < 2JP1113X Igl 'y, and @ = él’la';’;)”-
Then E(X?) -kg,‘l a;, = a®. Hence by Lemnm 4.2,
(8b) BXP*) = —Umzf(‘l’x(t) —L1+4ar )2,
8
where @y (¢ H; cosat is the characteristic function for X, We hw‘e
—0p+2=L~%smu}—4_~)~T(ﬁ+3:) e

™

2 '
—~sm?¥<p+1><p+°)r<p+1> ()P 2)0,.

Sinee px (1) —1440%2 = O(#) for ¢ -0, we get by. partial integration
of (5b), that : '

5e B(XP+) = () )
(50) (1X[P*) = (p+1)(p-+2)0, f (et o) - a
= (p4+1)C, [ (gl®)ft+ @)t~ at. ' ."1
Now b AR R
1, 1
7‘?}’@) == —[2 a sma,tnco.sakt

ik -

8 najt
Z ] Y cos akt
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Uhl]l'” ﬂlllt l coxstds, we have -
[
1
- fp\(l i Z af I oS 845 irl cosa,t)d
Fanl, 0 Ietsd

and hence

n 1

5 I
(8el) a* | ~’ Wy X ( wwajt]]eoﬁa, ) s .

e 0 hed
Sinee 1. «nwujI”v(bhu,I, 20, we ' eul App]y Pubini’s Theorem in the
i) .
following mln]mbufmn By (r“m) andd (),

a3 f (1_ - (mssaﬂ‘,fl c(ma,,t)(ls)t"""‘(lt
I Rt

< N#

BUXP) = (p 1) ‘l';f(

= é:’ ajfl( f( - msm,t]] cosakt)r’”‘ldt)ds.
Jamd ) 0 Teotd

II(mmrox CoR gl [ [ cosat i the characteristic funetion of sar; -+ e 3 gty

Honee, by Imlxmm. 2.3,

.(./-l 1) (],‘, (l — (*()Hsajtﬂ o8 4y ) Pt

Jo( say b L%

Therefore

BOXP ) = (p-k 1) \’ fl«’(sa, rj+ p am[ \s.

This proves formula (Ba) for 0« p <2, [[4)\V0V01', it iy eawsily seen that
hoth :

k ' 1?’ 1
H\ar'”) and  (p 1) Buflf(

doinerd
Jmi 0

eui 1m v,\i.omlwl i anulytic luuubuum of » in the cmnphx haliplano
Re(p) =» 0, Honee by uniqueness of analytic continuation (Ba) i true
for any p > 0

K2
Loanma B2, Lot p L, anéh Tt gy oovy by € B such that k):'l al == L.
L’han : N , S -

sa,7y - \ ‘W‘k* )de

)

. Ib‘("éakrk‘””) s rom(| X

Iv“"l
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Proof. Since sa;;+ Z‘ i 081, is a convex combination

of ajr;+ 3 az, and —~a,1 + 2wy, We have
k#j k]

‘i ol . . ! "
v ol < sl Sovnl |-or+ Zor)
faer) s T

n
=[ 2w
= "7 |,
k=1

(p-norm in LF(0,1)). Eguivalently

' E('sa,rﬁ— %;ako‘k{p) < E( ’ké: a,crkip). |

Hence, by Lemma 5.1,

5(] S <41 S am(| Sanf) = o05(| e,

where we have used } aj =1,

Proof of Theorem B. Let p> 2. From Lemma 4.1 we have By
> 2720 ((p +-1)/2) )V 7. We prove by induction in keN that 2k<p
<2(k+1) implies BL< 2°°I((p+1)/2)/ V= When % =1, this follows
from Proposition 4.16. Moreover, if B < 2921 ((p41)[2) [V for 2k <
» < 2{k~1) for some fixed %k e N, we have by Lemma 5.2 that BJfi<
(p+1) Bf and hence

BRI (p+1)2720 (p+1)/2) V'

= 2:2°I((p +1)j2) L (r +1 Vr = 2W+950((p +3) [2) V=
or equivalently ‘
By <22 I((p+1)/ )n/n 2(k+1) < p < 2(k+3).

Therefore B < 27 1((p +-1) /2)/1/71 for pe U (2%, 2(k41)[ == [2
This completes the proof.

for

, oof.
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