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Subsequences of binary recursive sequences
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L. For any sequence of rational integers wy, %, +.0y Uy, - .. satistying
Uy = P,y -+ Sty fOT integers r, ¢ with r*--4s # 0, we have

Uy = ad™+5F™, m =0,1,2,...

where a and f are the rdots of the polynomial #? —~rx —¢ associated to the
sequence {u,} and

Uoff — Uy Uy gt
- p—a’ f—a
The sequence {u,} is said to be non-degeneraie binary recursive sequence
if @, b, o and B are non-zero and c/f is not a root of unity. We prove:
THEHEOREM 1. L6t g, Uyy eeey Uy -+0 b8 & non-degenerate binary reowr-

sive -sequence. Then there ewislts an effectively computable number N >0
depending only on the sequence {u,} such that the equation

b =

1) U, = Uy
hag mo solulion in non-negative integers w, n with max(m,n) > N and
W 7 N )

In particular, if & > max w,,, then the sequenece {u,} can assume the
ISmEN

value d at most once only. Compare this with a theorem of Kubota [3].
The proofs of Theorem 1 and all other results of this paper depend on the
theory of linear forms in logarithms.

Proof. Pubt K= @Q(c) and denote by ¢, ¢,, ... effectively computable
positive constants depending only on the sequence {u,}. Suppose that
non-negative integers m, » with m == n satisly (1). It ig no loss of generality
to assume that m > n. 'We assume that m > ¢, with ¢, sufficiently large.
If || < |8] or |e| > 18], the theorem follows trivially. Thus we assume thatb
jal = |B]. Bince a/f is not a root of unity, the numbers a/f and fla are
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not integers in K. Thus there exigts a prime ideal p in K such that
ord,{a/f)>0. Now from (1), we have
ac®{a™" " —1) = b1l - m"7).

Further

eatogn = ordy(B(l — ")) < ¢, o5 logm.
For the last inequality, soe Hasse [2], p. 168. Hence, by (1),
(2) iwa™ - BA™) < mPs,
The left-hand side of the above insquality does not vanish if ¢, is large
enough. Further, by a theorem of Baker [1],
(8) faa™ - B™M > o™ mTo.

Combining (2), (3) and cbserving |¢| > 1, we find that m < ¢;, This com-
pletes the proof of Theorem 1.

2. Now we congider the cquation #,, = ¢, where

Uy, = Ga™HUF", v, =0 d® (mym = 0,1,8,..)

are non-degenerate binary recurgive sequences whoge associated polyno-
mials have real roots. Assume that :

(4) lal < 181,  lyI<<14],
Then we have:

Levas. There ewists an effectively compudable posttive number N
depending only on o, b, ¢, d, a, f, v and & such that if m, n i8 a solution of

U, =V, i non-negative integers, then m, n ¢ either a solution of the system
of equations

pl>1, [d>1.

ao™ = oy,  bF" = A"
or .
max(m, n) < N,.
This is a direct congequence of & theorem of Bakor [1]. Now wo give
two applications of the lemma,

THEOREM 2. Lab thy, Ugy «rey Uy cor GG Yoy Viy eevy Uyy orn DE nON-de-
generate bimary recursive seguences whose associated polynomials have real
roois. Suppose that {v,} i & subsequence of {u,.}, Then there ewist intogers
P >0 and [ depending only on these sequences suoch that

Vg = Ypnty
Sfor all indegers n > |f|.
Similar result was proved by Mignotte [4].
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Proof. Since {v,} is & suhsequenee of {u,,}, there exist positive
integers m, and m, such that
Umy = Vapr1r Umy = Ugese
Now the lermma giver
No+i
ad™ = eyNotl,
ad™ = gy™tE

These equations give

b = dgNott
bﬁm2 m dCSN°+2.

§ = p¥

with p = m,—m,. From (4), we find that p > 0. Put
f=m—p(Ny+1).

Now, for n> |f|, we have

v, = "+ dd" = aa®H L B =y,

O, -
Y=o,

This completes the proof of Theorem 2.

Now we apply the lemma to prove:

THEOREM 3. Suppose that g, Buy coiy Upyy on ONA Doy Vygeeny Uy oo
are non-degenerale binary recursive sequences with infinitely many terms
in common. Assume that the roots of their associated polynomials are positive.
Then they are subsequences of a sequence Wo, Wy, ..oy Wiy ... where (" Wi}
is a non-degenerate binary vecursive sequence for a fived integer r' depending
only on the sequences {u,} and {v,}. Furiher the polynomial associated 1o
{+"W,} has positive roots. :

Proof. Proceed gimilarly as in Theorem 2 to conclude that theve
exigt relatively coprime positive integers p and ¢ such that o = 3%, 7= 7.
Sinee (p, g) = 1, there exist integers u, » such that pu4-gv = 1. Therefore

a = o — (") = 5%, where # =y"d".
Now ‘
yq = = ,,’,m’
which implies that
y =1 ,
Similarly .
e = S“F°.
There exist positive utegors mo, %y such that ag™ = ¢p™ and Bf™ = dé"™.
This follows from the lemma. Put D = myg —n,p. Then ‘

b = oP.

=p?7, &6 =¢",  where

ela mnD,
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For 1 =0,1,2,..,pub N
|&171+le it D>0,

onf--dgt i D<O.
Then
w = Wngs v — Wepens D20,
" qu—-D; " Wnp? D < 0?

for m =0,1,2,... and » =0,1,2,...

Oleaxly {w,} and {v,} are subsequences of {W;}. Put ¢ = (8—a)x
X (8 — ). Tt is easy o check that the sequence {r'W;} is a non-degenerate
binary recursive sequence and its asgociated polynomial hag positive
roots.

Remarks. (i) In fact the lemma can be strengthened as follows:

Let {u,} and {v,} be non-degemerate binary recursive sequencos.
Suppose that their associated polynomials have real roots. Then the equation
%,, = 9, hag finitely many solutions in non-negative integers m, n if and
only if the system

o™ == ep™,  BE™ = A"

has at most one solution in non-negative integers m, n. Moreover the resuli
iz effective.

(i) It will be very interesting fio prove the lemma when the agsociated
polynomizals of the sequences {u,,} and {v,} have complex roots.
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Meilleares approximations d’une forme linéaire cubique
. par

Tueins DUBors (Jaen) et GumoReEs Rumw (Metz)

I. Introduction, notations. Lo développement d'un nombre réel’
« en fraction continne permet de bien eonnaltre les approximations ration-
nelles de e ou de la formeo lindaire ga—p. 81 p, /g, est une rédnite de o
on @ les propriétéd

(1) ana ""—Pn{ < 1/Q?’H 7= 0!

(i) lga—pl < lgue—2u = 14| > G,

(iii) Le développement esb périodique pour a = ¥D (D entier non
carré). . :

Beaucoup d’auteurs (Jacobi, O. Perron, N. Pipping, V. Brun, G. Sze-
Yeres, ...) ont tenté de généraliser cette théorie 4 plusieurs nombres réels.

 Nous renvoyons & G. Szekeres [5], p. 118-117, pour In, discugsion
des propriétés que Pon peut demander & de tels algorithmes.

Dans cet article nous proposons une nouvelle définition de la notion
de meilleure: approximation de zéro par une forme linéaire cubique,
Pot+ P10z - Pty Nous montrons au paragraphe IE que ’algorithme fournis-
sant ces approximations peut étre congidéré comme une généralisation

: 3__ E
des fractions continues. Le développement de a, = Vm, ap = Ym?, ol
m est un entier naturel distinet d*un cube, est périodique {théoréme 1).
Au paragraphe IV on étudie les propriétés générales de cet algorithme
appliqué & deux nombres réels ay, a, linéairement indépendants avec 1

ot on montre que les approximations de zéro par la forme  linéaire
Po-+Daty - Py o6 les approximations gimultanées de o, €6 g, qui en

résultent vérifient le meillewr degré d’approximation possible.
Sofent ay, a; dews nombres réels supérienrs & 1 (cette restriction
n'est pas fundamentale), po, P1, Po trois entiors. Posons:

Q = (1, g, as), P= (Dos D1y Pa)s
Cp(P) = P82 = pyt+ pai+Pavis,
€(P) = %((ﬁpo —304) 2 (P10 —Pacia)® -+ (peas “’.’Pﬁ)ﬂ*

(1.1)
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