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Soit 5, wne unité fondamentale positive de K.

o = gz =

& uy &
i o = 41 —;'
:f 4

ot €, j, h sont des fonetions de & dans [L, N] eb u;, g des entiers dépen-
dants de k.

Les relations (IV.11) permettent de borner les entiers w, o6 u,. Alors
d? et of® ne prennent qu'un nombre fini do valeurs.
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~ Graham [2] has conjectured that if ¢, @a, ..., a, is any increaging.
gequence of positive integers, then ’

max =
et (@ %)

Various necessary conditions have been cstablished for a sequence
that falsifies the conjecture. Among these are the following:

(1) Not all the a; are square free (Mariea and Sehinheim [3]).

(2) n is nob a prime (Szemeredi [21). ‘

(3) n—1 is not a prime (Vélez [4]).

(4) If p is a prime, and ple, for some 4, then p < (r—1)/2 (Boyle {1]).

(5) -TIi any e, is o prime p then p = (a;+ a,)/2 for some j, & (Weinstein [B1).
In this note we improve () by showing:

TueosEM. If a,, 6y,

vy @, 45 0 sequence thal falsifies the comjecture,
then no o, i8 o prime. )

Proof. The proof is by contradiction. We agsune the opposﬂ;e and
geparate the sequence in two sebts: (i) thoge integers less than n and (ii)
those which are grester than or equal to =.

By (4), p is a member of the fivst set. It i3 clear that p mugt divide
each wember of the second.

Let kb = [—?—5:—1—], where square brackets denofe integer part, let

B = {b;} be the set of positive integers which are relatively prime to p
and less than #, and let ¢ = {¢;} be the set of integers greater than k
and less than . Note that the number of elements of B and the number
of elements of ¢ are both equal to # —k —1. There are k positive integers
los than » and divisible by »- :
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The integers in set (ii) above are of the form ¢p. We will show that
for each b, that is a member of the gequonce, there eorresponds unigue
¢;p that cannot be a mewber. It will follow that there are at most »—1
numbers a; in the sequence, which is a contradiction.

Agsume that b, is o member of the sequence. Let m be the smallest
integer such that

(6} p(p™b; —1) = n.
Then :
2 {p™b, 1)

{8z, 2 (5™ 1))
Thus p{p™b;—1} cannot be & member of the sequence. Furtherinore,
no two ¢;p’s of this form ecan be equal, fov if p(p™h; —1) = p(p°b; —1),
by # by
M 27 = 7.

So plb, or plb;, which contradiets the definition of the b;.
" Wo next show that for all but at most one b, p™b,—1 is less than
n and thus an elemont of C.
If p™b; —1 == n and p(p™ b, —1)< n then

= p(p™h; 1) = n.

il

(8) < Py << n--p
or
] W
(8) — < ™ < L
2 T

There can be only one integer that satisfies this inequality. By the
reagoning uged after equation (7) it can be satizfied by only one b;.

We have now paired all but at most one of the elements of B -with
elements of C. If an element of ¢ is still unaccounted for it must equal
51, For if #-1 had already been excluded we would have

(m~1)p = pdp™—1) for some ¢ and m.
8o n = bp™, and p divides n, butif this is go there camn be no b, satialying (9).
We finally show that if b, is the single remaining element of B, then

(n—1)p
B —1yp] = "

Lot (b, n—~1)=q, by = byg, and n—1= ny. Putting these values
Jin (8) we get, :

N ~+1 < Do < Mo +P; Mol < Do < Mo+ DG -
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But p™b, i an integer, so pjg > 1. Equality is impossible since this
would irmply p|b,. Thercfore

(n—1)p
{by, (n—1)p)

Thug by, and p{n—1) cannot both be members of the sequence.

For every b, that is a member of the sequence there corresponds
a mumber ¢p thet is not & member. Thus the members of the sequence
must come from the % multiples of p less than », and a single member
of each of the w —1 —& pairs of incompatible elements of B and (. This
allows at most # —1 integers in the sequence, which is a contradiction. This
completes the proof.

= (n ;1)19 > 1.
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